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PREFACE 


rpHIS volume completes the collection of my Father’s published papers. 

The two last papers (Nos. 445 and 446) were left ready for the press^ 
but were not sent to any channel of publication until after the Author’s 
death. 

Mr W. F. Sedgwick, late Scholar of Trinity College, Cambridge, who had 
done valuable service in sending corrections of my Father’s writings during 
his lifetime, kindly consented to examine the proofs of the later papers of 
this volume [No. 399 onwards] which had not been printed off at the time 
of the Author’s death. He has done this very thoroughly, checking the 
numerical calculations other than those embodied in tables, and supplying 
footnotes to elucidate doubtful or obscure points in the text. These notes 
are enclosed in square brackets [ ] and signed W. F. S. It has not been 
thought necessary to notice minor corrections. 


RAYLEIGH. 


Sept. 1920 . 
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NOTE ON BESSEL’S FUNCTIONS AS APPLIED TO THE 
VIBRATIONS OF A CIRCULAR MEMBRANR 

[Philosophioal Magazine, Vol. xxi. pp. 53 — 58, 1911.] 

It often happens that physical considerations point to analytical con- 
clusions not yet formulated. The pure mathematician will admit that 
arguments of this kind are suggestive, while the physicist may regard them 
as conclusive. 

The first question here to he touched upon relates to the dependence of 
the roots of the function Jn (^) upon the order n, regarded as susceptible of 
continuous variation. It will be shown that each root increases continually 
with n. 

Let US contemplate the transverse vibrations of a membrane fixed along 
the radii ^ = 0 and ^ = j8 and also along the circular arc r = 1. A typical 
simple vibration is expressed by* 

to = . sin . cos (1) 

where is a finite root of {z) = 0, and n = 7r/y3. Of these finite roots the 

lowest gives the principal vibration, i.e. the one without internal circular 

nodes. For the vibration corresponding to the number of internal nodal 
circles is s — 1. 

As prescribed, the vibration (1) has no internal nodal diameter. It might 
be generalized by taking n = vTrj^, where v is an integer ; but for our 
purpose nothing would be gained, since /9 is at disposal, and a suitable 
reduction of /9 comes to the same as the introduction of v. 

In tracing the effect of a diminishing yS it may suffice to commence at 
ii — TT, or n— 1. The frequencies of vibration are then proportional to the 
roots of the function J^. The reduction of /3 is supposed to be effected by 

* Theory of Sound, §§ 206 , 207 . 
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increasing without limit the potential energy of the displacement (w) at 
every point of the small sector to he cut off. We may imagine suitable 
springs to be introduced whose stiffness is gradually increased, and that 
without limit. During this process every frequency originally finite must 
increase* finally by an amount proportional to cZ/S; and, as we know, no zero 
root can become finite. Thus before and after the change the finite roots 
correspond each to each, and every member of the latter series exceeds the 
corresponding member of the former. 

As /3 continues to diminish this process goes on until when /S reaches 
n again becomes integral and equal to 2. We infer that every finite root of 
t/g exceeds the corresponding finite root of Jj. In like manner every finite 
root of t/g exceeds the corresponding root of J^, and so onf. 

I was led to consider this question by a remark of Gray and Mathews^ — 
“ It seems probable that between every pair of successive real roots of Jn 
there is exactly one real root of Jn^x • It does not appear that this has been 
strictly proved; there must in any case be an odd number of roots in the 
interval.” The property just established seems to allow the proof to he 
completed. 

As regards the latter part of the statement, it may he considered to he 
a consequence of the well-known relation 

..( 2 ) 

(O' 

When Jn vanishes, Jn+i has the opposite sign to both these quantities 
being fimte§. But at consecutive roots of must assume opposite signs, 

and so therefore must J’n+.i. Accordingly the number of roots of /"n+i in the 
interval must be odd. 

The theorem required then follows readily. For the first root of Jk+i 
must lie between the first and second roots of We have proved that 

it exceeds the first root. If it also exceeded the second root, the interval 
would he destitute of roots, contrary to what we have just seen. In like 
manner the second root of lies between the second and third roots of 

Jn, and so on. The roots of Jn^-x separate those of ||. 

■* Loc. cit. §§ 88, 92 a. 

+ [1915. Similar arguments maybe applied to tesseral spherical harmonics, proportional to 
cos s<p, where 0 denotes longitude, of fixed order n and continuously variable a.] 

J BesseVs Functions^ 1895, p. 50. 

If <7^1, could, vanish, together, the sequence forinula, (8) below, would rcQ^uire that every 
succeeding order vanish also. This of course is impossible, if only because when n is great the 
lowest root of is of order, of magnitude lu 

' II I have since found in Whittaker^s Modern Analysis, % 152, another proof of this proposition, 
attributed to Gegenbauer (1897). , 
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The physical argument may easily be extended to show in like manner 
that all the finite roots of {z) increase continually with n. For this 
purpose it is only necessary to alter the boundary condition at r == 1 so as to 
make dwjdr = 0 instead of w=Q. The only difference in (1) is that now 

denotes a root of <//(^) = 0. Mechanically the membrane is fixed as before 
along ^ = 0, = /?, but all points on the circular boundary are free to slide 

transversely. The required conclusion follows by the same argument as was 
applied to 

It is also true that there must be at least one root of J'n+\ between any 
two consecutive roots of but this is not so easily proved as for the original 
functions. If we differentiate (2) with respect to z and then eliminate Jn 
between the equation so obtained and the general differential equation, viz. 


we find 



— 

- -^J 


•A.+. + !,{«”- 1 - Jn + ( 1 




ri- 


+• n' 




j. 


0. 


,.( 4 ) 


In (4) we suppose that z is a root of Jn, so that Jn = 0- The argument 
then proceeds as before if we can assume that z'^ — 'n^^ and z^ ~ n(n + 1) are 
both positive. Passing over this question for the moment, we notice that 
Jn and /'h +1 have opposite signs, and that both functions are finite. In fact 
if JJ' and Jn could vanish together, so also by (3) would" J.^, and again by 
(2) Jn^ri j this we have already seen to be impossible. 

At consecutive roots of J^, Jn must have opposite signs, and therefore 
also J'n+i. Accordingly there must be at least one root of J'n^x between 
consecutive roots of JJ. It follows as before that the roots of ./'w+i separate 
those of JJ. 


It remains to prove that z"^ necessarily exceeds w (n 4-1). That z'^ exceeds 
is well known*, but this does not suffice. We can obtain what we require 
from a formula given in Theory of Soimd, 2nd ed. § 339. If the finite roots 
taken in order be Zj, z. 2 , ... we. may write 

log Jn' (z) ~ const. + (u — 1) log z + S log (1 — z'^jzj), 

the summation including all finite values of z^', or on difterentiation with 
respect to z 

Jf (z) __ 71 — 2g 

JJ z zi — ■ 

This holds for all values oi z. If we put a; ~n, we get 


:S 




* Partielle iytjffere7itialglei<}hungen^ Theory of Sound, § 210. 


1—2 
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since by (3) 

Jn' (n) Jn {n) = — 

In (5) all the denominators are positive. We deduce 


Zx — vi? _ z-l 

= l + ~ 


z-x — 


— n® As® — n^ 


+ ...>■ 1 j 


and therefore 

Zx > > n {n + 1). 

Our theorems are therefore proved. 

If a closer approximation to Aj® is desired, it may be obtained by sub- 
stituting on the right of (6) 2n for — n® in the numerators and neglecting 
n® in the denominators. Thus 

^ 2 

- ^ 2n "" > ^ + ...) 

>1-1- 2^1 •[ Ai~® -1- Ag””® -H As””® 7— f . 

( n (n + 2) j 

Now, as is easily proved from the ascending series for Jn, 

„ „ 71-1-2 


so that finally 


Zx ®-|-A2 ®-l-As = 


Ai® > n® -f 271 + 


4in (77 -f- 1) ’ 


' (Tl -f 0(77 + 2) ^ " 

When 77 is very great, it will follow from (7) that Ai® > 77® + 3?7. Howevei 
the approximation is not close, for the ultimate form is* 

^,2 ^t7®+ [1*6130] 77^^ 

As has been mentioned, the sequence formula 


(O — >1—1 (a) 4- J (a) 


prohibits the simultaneous evanescence of J^-x and Jn, or of and Jn+i- 
The question arises — can Bessel’s functions whose orders (suj)posed integral) 
differ by more than 2 vanish simultaneously ? If we change n into 77 + 1 
in (8) and then eliminate Jn, we get 

[4 77 (?7 +1) T 1 r r . T / 1 \\ 




j, ^10 j. 

n~^i — ^ n—\ H T" ^ 9 


from which it appears that if Jn—\ and J« 4.2 vanish simultaneously, then either 
Jn+i = ^, which is impossible, or a® = 4?7 (?7 + 1). Any common root of Jn—x 
and Jn+‘i must therefore be such that its square is an integer. 


* Phil. Mag. Tol. xx. p. 1003, 1910, equation (8). [1913. A correction is here introduced. 

See Nicholson, Phil. Mag. Vol. xxv. p. 200, 1913.] 
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Pursuing the process, we find that if Jn—i, have a common root 2 ^, 
then 

(2n + 1) = 4n (n + 1) (w + 2), 

so that is rational. And however far we go, we find that the simultaneous 
evanescence of two Bessel’s functions requires that the common root be such 
that satisfies an algebraic equation whose coefficients are integers, the 
degree of the equation rising with the difference in order of the functions. 
If, as seems probable, a root of a Bessel’s function cannot satisfy an 
integral algebraic equation, it would follow that no two Bessel’s functions 
have a common root. The question seems worthy of the attention of 
mathematicians. 
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HYDRODYNAMIGAL NOTES. 

[Fliilosophioal Magazine, Vol. xxi. pp. 177 — 195, 1911.] 

Potential and Kinetic Energies of Wave Motion. — Waves moving into Shallower 
Water. — Concentrated Initial Disturbance with inclusion of Capillarity. — Periodic Waves 
in Deep Water advancing without change of Type. — Tide Races. — Rotational Fluid Motion 
in a Corner.” Steady Motion in a Corner of Viscous Fluid. 

In the prohlems here considered the fluid is regarded as incompressible, 
and the motion is supposed to take place in two dimensions. 


Potential and Kinetic Energies of Wave Motion. 

When there is no dispersion, the energy of a progressive wave of any 
form is half potential and half kinetic. Thus in the case of a long w^ave in 
shallow water, “ if we suppose that initially the surface is displaced, hut that 
the particles have no velocity, we shall evidently obtain (as in the case of 
sound) two equal waves travelling in opposite directions, whose total energies 
are equal, and together make up the potential energy of the original dis- 
placement. Now the elevation of the derived waves must be half of that of 
the original displacement, and accordingly the potential energies less in the 
ratio of 4:1. Since therefore the potential energy of each derived wave is 
one quarter, and the total energy one half that of the original displacement, 
it follows that in the derived wave the potential and kinetic energies are 
equal ” 

The assumption that the displacement in each derived wave, when 
separated, is similar to the original displacement fails when the medium is 
dispersive. The equality of the two kinds of energy in an infinite pro- 
gressive train of simple waves may, however, be established as follows. 

* “On Waves,” Phil. Mag. Vol. i. p. 257 (1876); Scientific Papers, Vol. i. p. 254:. 
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Consider first an infinite series of simple stationary waves, of which the 
energy is at one moment wholly potential and [a quarter of] a period later 
wholly kinetic. If t denote the time and E the total energy, we may write 

K.E. =.E^sin2nf, = E 7it. 

Upon this superpose a similar system, displaced through a quarter wave- 
length in space and through a quarter period in time. For this, taken by 
itself, we should have 

K.E = E cos^ nt, p.E. = E sin^ nt. 

And, the vibrations being conjugate, the potential and kinetic energies of 
the combined motion may be found by simple addition of the components, 
and are accordingly independent of the time, and each equal to E. Now the 
resultant motion is a simple progressive train, of which the potential and 
kinetic energies are thus seen to be equal. 

A similar argument is applicable to prove the equality of energies in the 
motion of a simple conical pendulum. 

It is to be observed that the conclusion is in general limited to vibrations 
which are infinitely small. 

Waves Who'oing into Shallower Water. 

The problem proposed is the passage of an infinite train of simple 
infinitesimal waves from deep water into water which shallows gradually 
in such a manner that there is no loss of energy by reflexion or otherwise. 
At any stage the whole energy, being the double of the potential energy, is 
proportional per unit length to the square of the height ; and for motion in 
two dimensions the only remaining question for our purpose is what are to be 
regarded as corresponding lengths along the direction of propagation. 

In the case of long waves, where the wave-length (X) is long in comparison 
with the depth {1) of the water, corresponding parts are as the velocities of 
propagation ( V), or since the periodic time (t) is constant, as X. Conservation 
of energy then requires that 

(height^ X V = constant ; — .(1) 

or since V varies as Z^, height varies as Z“^*. 

But for a dispersive medium corresponding parts are not proportional 
to V, and the argument requires modification. A uniform regime being 
established, what we are to eqxiate at two separated places where the waves 
are of different character is the rate of propagation of energy through these 
places. It is a general proposition that in any kind of waves the ratio of the 
energy propagated past a fixed point in unit time to that resident in unit 


Loc. eit. p. 256. 
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length is U, where U is the group-velocity, equal to dcr/dk, where <t = 27 r/T, 
k = 2'rrlX*. Hence in our problem we must take 

height varies as U~^, (2) 

which includes the former result, since in a non-dispersive medium U = V. 

For waves in water of depth I, 

cr^ = gk tanh Id, — (S) 

whence StrCT/g = tanh kl -f M (1 — tanh^ kl) (4) 

As the wave progresses, a remains constant, (3) determines k in terms 
of I, and XT. follows from (4). If we write 

(5) 

(3) becomes M . iajihkl — V , (6) 

and (4) may be written 

2o- Ujg =kl^ (V - l'^)/kl * . (7) 

By (6), (7) CT is determined as a function of V or by (5) of 1. 

If kl, and therefore V, is very great, kl= V, and then by (7) if Z7o be the 
corresponding value of U, 

2aTT,/g^\, (8) 

and in general 

Uf U,^kl-h (r - V^)lkl (9) 

Equations (2), (5), (6), (9) may be regarded as giving the solution of the 
problem in terms of a known cr. It is perhaps more practical to replace cr in 
(5) by Xoj bhe corresponding wave-length in a great depth. The relation 
between cr and Xo being cr® = 2rrrg/Xf,, we find in place of (5) 

r =2'Trl/Xo = hi ( 10 ) 

Starting in (10) from Xq and I we may obtain V, whence (6) gives kl, and 
(9) gives U/Uq. But in calculating results by means of tables of the hyper- 
bolic functions it is more convenient to start from kl. We find 


M 

V 

UjVo 

kl 

V 

1 

i 

OO 

hi 

/ 1-000 

•6 

•322 

■ 1 

•964 

10 

kl 

1-000 

•5 

•231 

-855 ; 

5 

4-999 

1-001 

•4 

•152 

•722 

2 

1-928 

1-105 

•3 

-087 

•566 

1-5 

1-358 

1-176 

•2 

•039 

■390 1 

1-0 

-762 

1-182 

•1 

•010 

•200 1 

•8 

•531 

1-110 

kl 

{kVf 

Ikl 

•7 

•423 

1-048 



— 




Proe. Land. Math. Soc. Vol. ix. 1877 ; Scientific Papers, Vol. i. p. 326. 
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It appears that UIUq does not differ much from unity between V — *23 and 
Z' = 00 , so that the shallowing of the water does not at first produce much 
effect upon the height of the waves. It must be remembered, however, that 
the wave-length is diminishing, so that waves, even though they do no more 
than maintain their height, grow* steeper. 


Concentrated Initial Disturbance with inclusion of Capillarity. 

A simple approximate treatment of the general problem of initial linear 
disturbance is due to Kelvin*. We have for the elevation r] at any point os 
and at any time t 

1 

'r) = — cos kx cos crt dh 
vr J 0 

If" 1 r” 

= ^ J ^ cos (Jcx — crt) dk j ^ cos (kx ■+• e^^) dk, (1) 

in which cr is a function of k, determined by the character of the dispersive 
medium expressing that the initial elevation (t = 0) is concentrated at the 
origin of x. When t is great, the angles whose cosines are to be integrated 
will in general vary rapidly with k, and the coiTesponding parts of the 
integral contribute little to the total result. The most important part of the 
range of integration is the neighbourhood of places where kx ± at is siationary 
with respect to k, i.e. where 

, da - 

± ^ = 0 (2) 


In the vast majority of practical applications da jdk is positive, so that if 
X and t are also positive the second integral in (1) makes no sensible contri- 
bution. The result then depends upon the first integral, and only upon such 
parts of that as lie in the neighbourhood of the value, or values, of k which 
satisfy (2) taken with the lower sign. If ki be such a value, Kelvin shows 
that the corresponding term in n has an expression equivalent to 


_ cos (ait — kiX — ^ir) 
~ Il- ^t d^ajdki^] ’ 
(Xi being the value of a corresponding to ki. 


....(3) 


In the case of deep-water waves where a — f(gk), there is only one pre- 
dominant value of k for given values of x and t, and (2) gives 


making 
and finally 


ki = gt^j4ix^ 
(T 1 1 kiX — 

gh 


V 


27r^x^ 


; cos 


cTj = gtl2x, 
gt^liiX - ^TT, 
'gf-^ tt ) 


4® 4) 


..(4) 

..( 5 ) 

..(6) 


the well-known formula of Cauchy and Poisson. 


* Proc. Roy. Soo. Vol. xmi. p. 80 (1887) ; Math, and Phya. Patera, Vol. iv. p. 808. 
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In the numerator of (3) and are functions of cg and t. If we inquire 
what change (A) in oc with t constant alters the angle hy 27r, we find 

so that by (2) A — i.e. the effective wave-length A coincides with that 

of the predominant component in the original integral (1), and a like result 
holds for the periodic time*. Again, it follows from (2) that /ci® — crit in (3) 

may be replaced by j* as is exemplified in (4) and (6). 

When the waves move under the influence of a capillary tension T in 
addition to gravity, 

cT^^=gk+Tk-lp, (7) 

p being the density, and for the wave-velocity (10 

— cr^/k^ = gjk -\r Tk/p, (8) 

as first found hy Kelvin. Under these circumstances V has a minimum 
value when 

k^ = gplT. (9) 

The group-velocity U is equal to dcr/dlc, or to d(kV)jdk \ so that when V 
has a minimum value, fT and V coincide. Referring to this, Kelvin towards 
the close of his paper remarks “ The working out of our present problem for 
this case, or any case in which there are either minirnums or maximums, or 
both maximums and minimums, of wave-velocity, is particularly interesting, 
but time does not permit of its being included in the present communication.” 

A glance at the simplified form (3) shows, however, that the special case 
arises, not when K is a minimum (or maximum), but when (7 is so, since then 
d?Gjdk-^- vanishes. As given hy (3), g would become infinite — an indication 
that the approximation must be pursued. If Ar = A;i q- we have in general 
in the neighbourhood of A;i , 


kx 


Gt/ — X G "t — I" ( X "t ^ < 




(d’G 




r-sP. ---(lO) 


In the present case where the term in p disappears, as well as that in we 
get in place of (3) when t is great 


V 


COSik^X— tTit) f"'"'” „ , 




27r d^GjdJc^]^ . 

varying as instead of as 

The definite integral is included in the general form 


r-f-co 

cos a™. doL 

./ — ro 


m 


(~) 

\my 


cos 


TT 

2m 


* Cf. Qxeen, JProc. Boy. Soc. JEd. Vol< xxix. p. 445 (1909). 


(12) 
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giving 

J cos a®, (^a ; j cos a.^ . da = ~g T Q) (13) 

The former is employed in the derivation of (3). 

The occurrence of stationary values of 27 is determined from (7) hy means 
of a quadratic. There is but one such value (C/q), easily seen to he a minimum, 
and it occurs when 

*» = (V# - 11 ^ = -1547 ^ (14) 

On the other hand, the minimum of V occurs when = gpjT simply. 

When t is great, there is no important effect so long as a? (positive) is less 
than Ufit. For this vahie of x the Kelvin formula requires the modification 
expressed by (11). When cc is decidedly greater than TTat, there arise two 
terms of the Kelvin form, indicating that there are now two systems of waves 
of different wave-lengths, effective at the same place. 

It will he seen that the introduction of capillarity greatly alters the 
character of the solution. The quiescent region inside the annular waves is 
easily recognized a few seconds after a very small stone is dropped into smooth 
water*, but I have not observed the duplicity of the annular waves them- 
selves. Probably the capillary waves of short wave-length are rapidly damped, 
especially when the water-surface is not quite clean. It would be interesting 
to experiment upon truly linear waves, sxich as might be generated hy the 
sudden electrical charge or discharge of a wire stretched just above the 
surface. But the full development of the peculiar features to be expected on 
the inside of the wave-system seems to require a space larger than is con- 
veniently available in a laboratory. 

Periodic Waves in Deep Water advancing without change of Type. 

The solution of this problem when the height of the waves is infinitesimal 
has been familiar for more than a century, and the pursuance of the approxi- 
mation to cover the case of moderate height is to be found in a well-known 
paper by Stokes f. In a supplement published in 1880.]: the same author 
treated the problem by another method in which the space coordinates x, y 
are regarded as functions of (f>, \Jr the velocity and stream functions, and 
carried the approximation a stage further. 

In an early publication! I showed that some of the results of Stokes’ 
first memoir could he very simply derived from the expression for the 

A checkered background, e.g. the sky seen through foliage, shows the waves best. 

t Garni. Phil. Soc. Trans. Vol. yiii- p. 441 (1847) ; Math, and Phrjs. Papers, Vol. i. p. 197. 

J Loc. cit. Vol. I. p. 314. 

§ PhiL Mag. Vol. i. p. 257 (1876) ; Scientific Papers, Vol. l. p. 262, See also Xiaiab’s 
Hydrodynamics, § 230. 
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stream-function in terms of sc and y, and lately I have found that this method 
may be extended to give, as readily if perhaps less elegantly, all the results 
of Stokes’ Supplement. 

Supposing for brevity that the wave-length is 27 r and the velocity of 
propagation unity, we take as the expression for the stream-function of the 
waves, reduced to rest, 

ir = y~ ae-y cos X — cos 2x — gosSx, ( 1 ) 

in which x is measured horizontally and y vertically downwards. This 
expression evidently satisfies the differential equation to which is subject, 
whatever may be the values of the constants a, J3, <y. From ( 1 ) we find 

~ ^gy = (dfldacy - 4 - {d-yp'fdyy - 2gy 

= 1 — 2^|r -I- 2 (1 — y) y + 2^e~^ cos 2a! + ^y e~^y cos Zx 
+ a?e-^y +- ^ gye-sy 4 . 4a^e-^y cos x 

+ 6aje~*y cos 2x -i- 12/3ye~^v cos x (2) 

The condition to be satisfied at a free surface is the constancy of ( 2 ). 

The solution to a moderate degree of approximation (as already referred 
to) may be obtained with omission of and y in ( 1 ), ( 2 ). Thus from ( 1 ) we 
get, determining yfr so that the mean value of y is zero, 

y = a (1 -1- cos x — | a® cos 2x -4- ^ a® cos 3a?, (3) 

which is correct as far as a® inclusive. 

If we call the coefficient of cos x in (3) a, we may write with the same 


approximation 

y = acosas— 2 -:b - t_ |a,3cos 3a: (4) 

Again from (2) with omission of /3, y, 

CT'a _ 2gy = const. -f- 2 (1 — y — — a^) y 4 - cos 2x — cos 3a? (5) 

It appears from (5) that the surface condition may be satisfied with ce on 
provided that a"* is neglected and that 

1-y-aP^O (6) 


In (6) a may he replaced by a, and the equation determines the velocity 
of propagation. To exhibit this we must restore generality by introduction 
of k (= 27r/X,) and o the velocity of propagation, hitherto treated as unity. 
Consideration of “ dimensions ” shows that (6) becomes 


kc^ —g — =0, (7) 

c® = glk . (1 -4- k^af) (8) 


Formula (4) and (8) are those given by Stokes in his first memoir. 

By means of /3 and y the surface condition (2) can he satisfied with 
inclusion of and a®, and from (5) we see that is of the order a* and y of 
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the order a?. The terms to be retained in (2), in addition to those given 
in (5), are 

2/3(1 — cos -f 47 cos Bx + 4a/3 cos cc 

= 2/3 cos 2ai — 2a/3 (cos x + cos 3^) +• 47 cos Zx 4- 4iai3 cos x. 

Expressing the terms in cos x by means of y, we get finally 
IT’S _ <^gy _ const, -f 2y (1 — ^ — ot^ -1- /3) 

4- {p& + 2/3) cos 2x 4 - (47 — -fa® — 2a/9)cos Sx (9) 

In order to satisfy the surface condition of constant pressure, we must 
take 

/3 = -^-A y = ( 10 ) 

and in addition 

1 -y-a2-|a^= 0, (11) 

correct to a® inclusive. The expression (1) for thus assumes the form 

-x/r — y — cos x +■ cos 2x — cos 3a?, (12) 

from which y may be calculated in terms of x as far as a® inclusive. 

By successive approximation, determining 'yjr so as to make the mean 
value of y equal to zero, we find as far as 

y = (a 4- -fa®) cos x — (^ a^ •+ fa*) cos 2a? 4- 1 a® cos 3a? — fa* cos 4 a 3 , ... (13) 

or, if we write as before a for the coefficient of cos r, 

y — a cos X — {^a? 4- cos 2a? 4- fa® cos 3a; — fa* cos 4a?, . . .(14) 

in agreement with equation (20) of Stokes’ Supplement. 


Expressed in terms of a, (11) becomes 

^=1 - a^ - la* (16) 

or on restoration of k, c, 

g = hd^ — — llda/d (16) 

Thus the extension of (8) is 

d — gjk . ( 1 -f Ida? + f h*a?), (17) 

which also agrees with Stokes’ Supplement. 


If we pursue the approximation one stage further, we find from (12) terms 
in a®, additional to those expressed in (13). These are 

y = a? \ g-^cos X 4 - cos Sx 4- cos 5a4 (18)*^ 

It is of interest to compare the potential and kinetic energies of waves 

^ [1916. Barnside (Proc. Lioml. Math. Soc. Vol. xv. p. 26, 1916) throws doubts upon the 
utility of Stokes’ series.] 
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that are not infinitely small. For the streana-function of the wa^/es regarded 
as progressive, we have, as in (1), 


so that 


cos (it? — ct) + terms in 


{d’\{rjdxy -f (d-y^ldyf — a^e~~^ + terms in a®. 

Thus the mean kinetic energy per length x measured in the direction of 
propagation is 


^ j” dx j" e~^dy = ^ jda; f — 2 y + 2^*^) = jit? 4- 2 j' , 

■where y is the ordinate of the surface. And by (3) 

I y^dx = (a^ + -fct^) H- x. 

Hence correct to 

K.E. = ia2(l +a^)a) (19) 

Again, for the potential energy 


P.E. 


J y^dx= ^yx(^a^ 


or since ^9? == 1 — a^, 

P.E. — :|a2(l + ^a2)ic. (20) 

The kinetic energy thus exceeds the potential energy, when is retained. 


Tide Races. 

It is, I believe, generall}^ recognized that seas are apt to be exceptionally 
heavy when the tide runs against the wind. An obvious explanation may be 
founded upon the fact that the relative motion of air and water is then 
greater than if the latter were not running, but it seems doubtful whether 
this explanation is adequate. 

It has occurred to me that the cause may be rather in the motion of the 
stream relatively to itself, e.y. in the more rapid movement of the upper strata. 
Stokes’ theory of the highest possible wave shows that in non-rotating water 
the angle at the crest is 120° and the height only moderate. In such waves 
the surface strata have a mean motion forwards. On the other hand, in 
Gerstner and Rankine’s waves the fluid particles retain a mean position, but 
here there is rotation of such a character that (in the absence of waves) the 
surface strata have a relative motion backwards, i.e. against the direction of 
propagation*. It seems possible that waves moving against the tide may 
approximate more or less to the Gerstner type and thus be capable of 
acquiring a greater height and a sharper angle than would otherwise be 
expected. Needless to say, it is the steepness of waves, rather than their 

* Lamb’s Hydrodynamics, § 247. 
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mere height, which is a source of inconvenience and even danger to small 
craft. 

The above is nothing more than a suggestion. I do not know of any 
detailed account of the special character of these waves, on which perhaps a 
better opinion might be founded. 


Rotational Fluid Motion in a Corner. 


The motion of incompressible in viscid fluid is here supposed to take place 
in two dimensions and to be bounded by two fixed planes meeting at an 
angle a. If there is no rotation, the stream-function satisfying = 0, 
may be expressed by a series of terms 

sin irOja, sin 2'irdju, . . . sin nirOja., 

where n is an integer, making ■yjr =0 when ^ = 0 or ^ = a. In the immediate 
vicinity of the origin the first term predominates. For example, if the angle 
be a right angle, 

^=r^sin2^ = 2icy, (1) 

if we introduce rectangular coordinates. 

The possibility of irrotational motion depends upon the fixed boundary 
not being closed. If a < tt, the motion near the origin is finite ; but if a > w, 
the velocities deduced from become infinite. 


If there be rotation, motion may take place even though the boundary be 
closed. For example, the circuit may be completed by the arc of the circle 
r — 1. In the case which it is j)roposed to consider the rotation fo is umform, 
and the motion may be regarded as steady. The stream- function then 
satisfies the general equation 


or in polar coordinates 

1 dir 1 d^yjr _ 
O' dr d6‘‘‘ ~ 


< 2 ) 

(3) 


When the angle is a right angle, it might perhaps be expected that there 
should be a simple expre.ssion for ir in powers of a; and y, analogous bo (1) 
and applicable to the immediate vicinity of the origin; but we may easily 
satisfy ourselves that no such expression exists^. In order to express the 
motion we must find solutions of (3) subject to the conditions that %fr=0 
when 0=0 and when 0 = a. 

For this purpose we assume, as we may do, that 

ir = SRn sin ntrOja, (4) 

* In strictneBs the satisfaction of (2) a.t the origin is inconsistent with the evanescence of \p on 
the rectangular axes. 
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where n is integral and Rn a function of r only ; and in deducing we 

may perform the differentiations with respect to 0 (as well as with respect 
to r) under the sign of summation, since = 0 at the limits. Thus 




<PRn 

dr^ 


1 dRn 
r dr 




n'TrO 


The right-hand member of (3) may also he expressed in a series of sines 
of the form 

2(0 — Boofir . sin nTrOja, (6) 

where n is an odd integer; and thus for all values of n we have 

d^Rn dRn ri / t /hta 


dj^Rn ^ dRff i 
dr^ dr 


{1 - (- 1)-}. 


The general solution of (T) is 

7 ? _ 4 I » WTr/a i ^COaV- [1 (— 1 )"'] ^ 

' +U„r ! + (8) 

the introduction of which into (4) gives ■<//'. 

In (8) An and Bn are arbitrary constants to be determined by the other 
conditions of the problem. For example, we might make Rn, and therefore 
vanish when r—ri and when r = rg, so that the fixed boundary enclosing 
the fluid would consist of two radii vectores and two circular arcs. If the 
fluid extend to the origin, we must make — 0 ; and if the boundary be 
completed by the circular arc r = 1, we have An = 0 when 7i is even, and when 
n is odd 

j — 8co<x^ 

^~n7r(4a^-n^7T^j " 

Thus lor the fluid enclosed in a circular sector of angle a and radius unity 

,^.mTja. — ^2 TITtO 

■\k = 8coa“ 2 / ■ --r sin , (10) 


'p' = Scoct^ 2 


( 10 ) 


r — “•u7r(yiV^-4a0 « ’ " ' 

the summation extending to all odd integral values of n. 

The above formula (10) relates to the motion of uniformly 7 ’otatirg fluid 
bounded by stationary radii vectores at 9 = Q, 6 = a. We may suppose the 
containing vessel to have been rotating for a long time and that the fluid 
(under the influence of a very small viscosity) has acquired this rotation so 
that the whole revolves like a solid body. The motion expressed by (10) is 
that which would ensue if the rotation of the vessel were suddenly stopped. 
A related problem was solved a long time since by Stokes*, who considered 
the irrotational motion of fluid in a revolving sector. The solution of Stokes’ 
problem is derivable from (10) by mere addition to the latter of 
for then yp + ypo satisfies {yp -h yp^) = 0 ; and this is perhaps the simplest 


Gamb, Phil. Trans. Vol. viri. p. 533 (1847) ; Math, and Phys. Papers, Vol. i. p. 305. 
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method of obtaining it. The results are in harmony; but the fact is not 
immediately apparent, inasmuch as Stokes expresses the motion by means of 
the velocity-potential, whereas here we have employed the stream- function. 

That the subtraction of makes (10) an harmonic function shows that 
the series multiplying can be summed. In fact 


_ 2 sin (nTrOfa) _ cos (20 — a) 
^ TiTT (n®7r® — 4a^) 2 cos a 


1 

2 ’ 


so that 


. ; 1 r® cos (2^ — a) o «-cv 

yh^/co = — i -}- 

^ ^ 2 cos a 


^nw/a. nirOja 
TITT fw^TT*^— 4a'*) ' 


..( 11 ) 


In considering the character of the motion defined by (11) in the immediate 
vicinity of the origin we see that if a < the term in preponderates even 
when n=l. When a — exactly, the second term in (11) and the first 
term under iS corresponding to n = X become infinite, and the expression 
demands transformation. We find in this case 


B\ , 2 sin 2nd 


yir/co = (0 — ^rnr) COS 2d -f- sin 2d ( — log r — ~ ) + — 2 , „ _ . , 

T / -• ^ \ ^ a 2'7rJ tt n(n^—l) 

( 12 ) 

the summation commencing at 71 = 3. On the middle line & = we have 


VI (J 


r 


ao 


2 f 

.;./<» = V logr - 5 _ 24 


• # 


....(13) 


The following are derived from (13) : 


r 


r 




r 


0-0 

•ooooo 

0*4 

•14112 

0-8 

•13030 

0-1 

•02267 

0-5 

•16507 

0-9 

•07641 

0-2 

•06296 

0-6 

•17306 

1-0 

■OOOOC) 

0-3 

•10521 

0*7 

•16210 




The maximum value occurs when r = *592. At the point r= ‘592, 0= ^tt, 
the fluid is stationary. . » 

A similar transformation is required when a = 37rJ2. 

When a = TT, the boundary becomes a semicircle, and the leading term 
(n= 1) is 


^|r/co = 


8 


Srr 


rsin d 


3 

Btt 


1 / 


which of itself represents an irrotational motion. 


( 14 ) 


B. VI. 
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When a = 27 r, the two bounding radii vectores coincide and the containing 
vessel becomes a circle with a single partition wall at ^ = 0. In this case 
again the leading term is irrotational, being 

■y^jco — — sin ^6 (15) 


Steady Motion in a Corner of a Viscous Fluid. 

Here again we suppose the fluid to be incompressible and to move in two 
dimensions free from external forces, or at any rate from such as cannot 
be derived from a potential. If in the same notation as before represents 
the stream-function, the general equation to be satisfied by is 


( 1 ) 

with the conditions that when ^ = 0 and 0 = a, 

ylr — O, d^fd6=0 ( 2 ) 


It is worthy of remark that the problem is analytically the same as that of 
a plane elastic plate clamped at d = 0 and 6 — ol, upon which (in the region 
considered) no external forces act. 

The general problem thus represented is one of great difficulty, and all 
that will be attempted here is the consideration of one or two particular 
cases. We inquire what solutions are possible such that i/r, as a function 
of r (the radius vector), is proportional to r'^. Introducing this supposition, 
into (1), we get 

+ + = ( 8 ) 

as the equation determining the dependence on 6. The most general value 
of consistent with our suppositions is thus 

■yj/ = r’” {A cos md + B sin mO G cos (m — 2) 0 + JD sin {m — 2) 0], . . .(4) 
where A, B,G, D are constants. 

Equation (4) may be adapted to our purpose by taking 

m — mrja., ( 5 ) 

where n is an integer. Conditions (2) then give 

A + C = 0, A G cos 2ol — D sin 2a = 0, 

VF: B + (~ ~2)j[) = 0, 

a \ cx. ) 

+ sin 2a + (^ - 2 ) i>cos 2a = 0. 
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When we substitute in the second and fourth of these equations the values 
of A and B, derived from the first and third, there results 

(7(1 —• cos 2a) + JD sin 2a = 0, 

C sin 2a — D (1 — cos 2a) = 0 ; * 

and these can only be harmonized when cos 2a = 1, or a = stt, where s is 
an integer. In physical problems, a is thus limited to the values tt and 
27r. To these cases (4) is applicable with G and jD arbitrary, provided that 
we make 

A + G=0, j5 + (l = 0 (6 bis) 

Thus -[cos — 2d\ — cos -—1 


f 

- 2e\ 

n6) 

■{ cos 

— cos — > 

1 V 5 

) 

« ) 


making 

= 4 


-4- |sin 


^e) - (l - I) sin 


l) |a cos -2e^ + D sin ” 2^)} - • • •(^) 


When 8 = 1, a = TT, the corner disappears and we have simply a straight 
boundary (fig. 1). In this case n = l gives a nugatory result. When n = 2, 
we have 

^ = Gr^ (1 - cos 26) = 2Gy\ (8) 

Fig. 1. Fig. ‘2. 




s=l «=2 

and = 4(7. When Tt = 3, 

= (7r‘ (cos 6 — cos 3^) 4- i7r“ (sin 6 — sin 3^), (9) 

= 8r ((7 cos 6 D sin 6) = 8 {Cx -I- Dy) (10) 

In rectangular coordinates 

= 4 (7 xy'^ -1- I ( 1 1 ) 

solutions which obviously satisfy the required conditions. 

When 8 =2, a = 2'ir, the boundary consists of a straight wall extending 
from the origin in one direction (fig. 2). In this case (6) and (7) give 
^ _ QA't’' {cos Qn6 — 26) — cos ^n6} 

_l_ jy^hn I sin (|nd ~ 26) — (|^1 — sin , (12) 

= { 2 n — 4) [G cos (^716 — 26) •+ D sin {^n 6 — 26)]. . . .(13) 

2—2 
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Solutions of interest are afforded in the case ?^ = l. The (7-sohition is 

(C' = i) 

-xjr = (cos %6 — COS ^6') = — cos sin^ -^6, (14) 

vanishing when ^ = 7r, as well as when ^ = 0, 6=2’k, and for no other 
admissible value of 6. The values of i/r are reversed when we write 2'rr— $ 
for 6. As e 2 J:pressed,, this value is negative from 0 to tt and positive from 
IT to 27r. The minimum occurs when 0 = 109° 28'. Every stream-line which 
enters the circle (r = 1) on the left of this radius leaves it on the right. 

The velocities, represented by dyjrjdr and r~^dyp'ld0, are infinite* at the 
origin. 


For the Z)-solution we may take 

= ri sin** ^<9 (15) 

Here yp- retains its value unaltered when 27 r — 0 is substituted for 0. When 
r is given, yp increases continuously from d = 0 to (9 — tt. On the line 9 = tt 
the motion is entirely transverse to it. This is an interesting example of the 
flow of viscous fluid round a sharp corner. In the application to an elastic 
plate \p represents the displacement at any point of the plate, supposed to be 
clamped along ^^=0, and otherwise free from force within the region con- 
sidered. The following table exhibits corresponding values of and 0 such 
as to make 1 /^= 1 in (15) : 


9 

r 

1 

e 



r 

180“ 

1*00 

60° 

64-0 

150“ 

1-23 

i 20° 

10^x3-65 

120“ 

2-37 

10° 

10“ X 2-28 

90“ 

8-00 

0° 

oo 


When ‘ti — 2, (12) appears to have no significance. 

When.Ai == 3; the dependence on 0 is the same as when n— 1. Thus (14) 
and (15) niay be generalized : 


For example, we 
the circle r= 1. 


yp = (Ar'i -f cos ^0 sifr -^0, 
'yp = (A +■ B'r^) sin® ^0 


(16) 

(17) 


could satisfy either of the conditions = 0, or d->p]dr = 0, on, 


For n_ 4 the H-solution becomes nugatory ; but for the C'-solution we 
aave 

(1 - cos 20) = 20r^ sin® 0 = 2Gy\ ( 18 ) 

with^f^eSet^ elastic plate problem the clamping) along ^ = 0 is now 
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It will be seen that along these lines nothing can be done in the apparently 
simple problem of a horizontal plate clamped along the rectangular axes of x 
and y, if it be supposed free from force*, Ritzf has shown that the solution 
is not developable in powers of x and y, and it may be worth while to extend 
the proposition to the more general case when the axes, still regarded as lines 
of clamping, are inclined at any angle a. In terms of the now oblique coordi- 


nates X, y the general equation takes the form 

{(Pldoci^ + dj^/dy'^ — 2 cos a d^jdx dyy w = 0, (19) 

which may be differentiated any number of times with respect to x and y, 
with the conditions 

w = 0, dwjdy = 0, when y == 0, (20) 

w = 0, dwjdx = 0, when x = 0 (21) 

We may differentiate, as often as we please, (20) with respect to x and (21) 
with respect to y. 


From these data it may be shown that ab the origin all differential 
coefficients of w with respect to x and y vanish. The evanescence of those 
of zero and first order is expressed in (20), (21). As regards those of the 
second order we have from (20) d^wjdx^ d'^wjdxdy = 0, and from (21) 
dhufdy^ = 0. Similarly for the third order from (20) 


dhujdx^ = 0, 

and from (21) 

d^wjdy^ — 0, 

For the fourth order (20) gives 

d^wjdaf- — 0 , 

and (21) gives 

d^wjdy^ = 0 , 


dH/jjdx'^dy ~ 0, 
d^wjdxdy^ = 0 . 


d^wjdot?dy — 0, 
d^wjdxdif — 0 . 




So far di^wjdod^dy- might be finite, but (19) requires that it also vanish. This 
process may be continued. For the m + 1 coefficients of the mth order we 
obtain four equations from (20), (21) and wi — 3 by differentiations of (19), so 
that all the differential coefficients of the "/Hth order vanish. It follows that 
every differential coefficient of w with respect to x and y vanishes at the 
origin. I apprehend that the conclusion is valid for all angles a less than 27r. 
That the displacement at a distance r from the corner should diminish rapidly 
with r is easily intelligible, bub that it should diminish more rapidly than 
any power of r, however high, would, I think, not have been expected without 
analytical proof 


* If indeed gravity act, io=x‘^y‘^ is a very simple solution, 
t An«. d. Phijs. Bd. xxviii. p. 760, 1909, 
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ON A PHYSICAL INTBEPRETATION OF SCHLOMILCH’S 
THEOREM IN BESSEL’S FUNCTIONS. 

[Philosophical Magazine, Vol. xxi. pp. 567 — 571, 1911.] 

A 

This tlieorem teaches that any function f(r) which is finite and con- 
tinuous for real values of r between the limits r = 0 and r = tt, both inclusive, 
may be expanded in the form 

/(r)=ao+cii^oO') + <^2‘^o(2r)+ (* 3 / 0 ( 3 ^) + ..., ( 1 ) 

/fl being the Bessel’s function usually so denoted ; and Schldmilch’s demon- 
stration has been reproduced with slight variations in several text-books*. 
So far as I have observed, it has been treated as a purely analytical develop- 
ment. From this point of view it presents rather an accidental appearance ; 
and I have thought that a physical interpretation, which is not without 
interest in itself, may help to elucidate its origin and meaning. 

The application that I have in mind is to the theory of aerial vibrations. 
Let us consider the most general vibrations in one dimension ^ which are 
periodic in time 27 t and are also symmetrical with respect to the origins of 
J and t. The condensation s, for example, may be expressed 

s = 60 + &iCosf cost+ 62COS cos ..., (2) 

where the coefficients ho, hi, &c. are arbitrary. (For simplicity it is supposed 
that the velocity of propagation is unity.) When ^ = 0 , ( 2 ) becomes a 
function of f only, and we write 

F(f) = 6 o + 6 icosf-f ^2Cos2f-l- ..., (3) 

in which F(f) may be considered to be an arbitrary function of J from 0 to tt. 
Outside these limits F is determined by the equations 

F(-|)=F(f+ 2 ^)=ni) (4) 

* See, for example, Gray and Mathews’ JBesseVs Functions, p. 30; Whittaher’s Modern 
Analysis, § 165. 
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We now superpose an infinite number of components, analogous to (2) 
with the same origins of space and time, and differing from one another 
only in the direction of these directions being limited to the plane ocy, 
and in this plane distributed uniformly. The resultant is a function of 
t and r only, where r = independent of the third coordinate and 

therefore (as is known) takes the form 

s= ao -f (r) cos t + a2^o(2r)cos 2t+ asJ'o(Sr) cos 3^ H- ...(5) 

reducing to (1) when ^ = 0*. The expansion of a function in the series (1) 
is thus definitely suggested as probable in all cases and certainly possible in 
an immense variety. And it will be observed that no value of ^ greater 
than TT contributes anything to the resultant, so long as r < tt. 

The relation here implied between F and f is of course identical with 
that used in the purely analytical investigation. If cjj be the angle between 
^ and any radius vector r to a point where the value of f is required, 
^=:r cos <f>, and the wean of all the components F {^) is expressed by 

/(^) = ~f^J^(rcos<l))dcp ( 6 ) 

The solution of the problem of expressing JP by means of / is obtained 
analytically with the aid of Abel’s theorem. And here again a physical, or 
rather geometrical, intei-pretatiori throws light upon the process. 

Equation (6) is the result of averaging over all directions indifferently 
in the a’?/ plane. Let ua abandon this restriction and take the average 
when f is indifferently distributed in all directions whatever. The result 
now becomes a function only of R, the radius vector in space. If 0 he the 
angle between R and one direction of ^ = Rcos0, and we obtain as the 
mean 

cos <?) sin = (Fi (R) -F^ (0)}, (7) 

where F-l — F. 


This result is obtained by a direct integration of F (f ) over all directions 
in space. It may also be arrived at indirectly from (6). In the latter /(?') 
represents the averaging of F (^) for all directions in a certain plane, the 
result being independent of the coordinate perpendicular to the plane. If 
we take the average again for all possible positions of this plane, we must 
recover (7). Now if 6 he the angle between the normal to this plane and 
the radius vector M, r = R sin 0, and the mean is 


Jtt 


0 


f(R sin 6) sin 0 d0. 



^ It will appear later that the a^B and 6’s are efiual. 
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We conclude that 

R [' f{R sin 6) sin ^ d0 = Fj (R) — Fj (0), (9) 

Jo 

which may he considered as expressing F in terms of /! 

If in (6), (9) we take F{R) — cos R, we find^ 

r Jo (-^ sin sin ^ sin jK. 

0 

Differentiating (9), we get 

F{B') = /(R sin 0) sin 0 dS ~h R f {R sin d) (1 — cos^ 0) d9. . - .(10) 

Jo Jo 

Now 


R cos" 0/' {R sin 0)de=l cos 0.df(R sin 0) 


-/(O) + f f(R sin 0) sin 0 d0. 
0 


fiir 


Accordingly F (R) =/(0) +• jR sin 0) d0. 


.( 11 ) 


That f{r) in (1) may be arbitrary from 0 to tt is now evident. By 
(3) and (6) 


/(’”) 


2 
TT j 


'Jtt 


d<p (5o H- hx cos (r cos cj)') + bz cos (2r cos/>) 4- . . .} 


= 6o-+- hJ^o(r) + hJi (2r) (^12) 

where Jo = ~ |^ ^ (I) (IS) 

Further, with use of (11) 

&. =/(0) + I ''df.f. 

TT J 0 Jo 

^ ^ f' sin 0) d0, (15) 


by which the coefficients in (12) are completely expressed when / is given 
between 0 and tt. 


The physical interpretation of Schlomilch’s theorem in respect of two- 
dimensional aerial vibrations is as follows : — Within the cylinder r = tt it is 
possible by suitable movements at the boundary to maintain a symmetrical 
motion which shall be strictly periodic in period 27 r, and which at times 
t — 0,t = 27r, &c. (when there is no velocity), shall give a condensation which 


Enc, Brit. A.rt, ‘‘Wave Theory,” 1888; Scientific PajperB^ Vol. m. p, 98. 
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is arl)itrary over the whole of the radius. And this motion will maintain 
itself without external aid if outside r = tt the initial condition is chosen in 
accordance with (6), F for values of ^ greater than tt being determined 
by (4). A similar statement applies of course to the vibrations of a stretched 
membrane, the transverse displacement w replacing s in (5). 

Reference may be made to a simple example quoted by Whittaker. 
Initially let f (r) = r, so that from 0 to tt the form of the membrane is conical. 
Then from (12), (14), (15) 

^0 == X ’ K~0{n even), 5^ = - — (n odd) ; 

and thus 

/ (^) = “ 2 |«/o(r) + i Jo (3r) 4- ig J„ (5r) + . ..| , (16) 

the right-hand member being equal to r from r = 0 to r = tt. 

The corresponding vibration is of course expressed by (16) if we multiply 
each function J« (nr) by the time-factor cos nt. 

If this periodic vibration is to be maintained without external force, the 
initial condition must be such that it is represented by (16) for all values 
of r, and not merely for those less than tt. By (1 1) from 0 to tt, F(^) = 1-^1, 
from which again by (4) the value of F for higlrer values of ^ follows. Thus 
from TT to 27r, F (|) = Jtt (27r - ^) ; from 27 r to Stt, F(^) = ^tt (f ~ 27 r); and 
so on. From these / is to be found by means of (6). For example, from 

TT to 27r, 

puie=:7r/)’ . f sin 0=1 

/ (r) = r sin 6 d$ -f (27r - r sin 6) dd 

. 0 J sin^sT'ir/r 

= r - 2 V(r^ ~ tt'-*) 4- 27r cos“^ (w/r), (17) 

where cos-^ (tt/v) is to be taken in the first quadrant. 

It is hardly necessary to add that a theorem similar to that proved above 
holds for aerial vibrations which are symmetrical in all directions about a 
centre. Thus within the sphere of radius tt it is possible to have a motion 
which shall be strictly periodic and is such that the condensation is initially 
arbitrary at all points along the radius. 
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BREATH FIGURES. 

[Nature, YoL lxxxvi. pp. 416, 417, 1911.] 

The manner in which aqueous vapour condenses upon ordinarily clean 
surfaces of glass or metal is familiar to all. Examination with a magnifier 
shows that the condensed water is in the form of small lenses, often in 
pretty close juxtaposition. The number and thickness of these lenses depend 
upon the cleanness of the glass and the amount of water deposited. In the 
days of wet collodion every photographer judged of the success of the 
cleaning process by the uniformity of the dew deposited from the breath. 

Information as to the character of the deposit is obtained by looking 
through it at a candle or small gas flame. The diameter of the halo 
measures the angle at which the drops meet the glass, an angle which 
diminishes as the dew evaporates. That the flame is seen at all in good 
definition is a proof that some of the glass is uncovered. Even when both 
sides of a plate are dewed the flame is still seen distinctly though with 
much diminished intensity. 

The process of formation may be followed to some extent under the 
microscope, the breath being led through a tube. The first deposit occurs 
very suddenly. As the condensation progresses, the drops grow, and many 
of the smaller ones coalesce. During evaporation there are two sorts of 
behaviour. Sometimes the boundaries of the drops contract, leaving the 
glass bare. In other cases the boundary of a drop remains fixed, while the 
thickness of the lens diminishes until all that remains is a thin lamina. 
Several successive formations of dew will often take place in what seems 
to be precisely the same pattern, showing that the local conditions which 
determine the situation of the drops have a certain degree of permanence. 

An interesting and easy experiment has been described by Aitken 
(Proc. Ed. SoG. p. 94, 1893). Clean a glass plate in the usual way until the 
breath deposits equally. 
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“If we now pass over this clean surface the point of a hlow-pipe flame, 
using a very small jet, and passing it over the glass with sufficient quickness 
to prevent the sudden heating breaking it ; and if we now breathe on the 
glass after it is cold, we shall find the track of the flame clearly marked. 
While most of the surface looks white by the light reflected from the de- 
posited moisture, the ti’ack of the flame is quite black ; not a ray of light is 
scattered by it. It looks as if there were no moisture condensed on that 
part of the plate, as it seems unchanged ; but if it be closely examined by a 
lens, it will be seen to be quite wet. ' But the water is so evenly distributed, 
that it forms a thin film, in which, with proper lighting and the aid of a 
lens, a display of interference colours may be seen as the film dries and thins 
away.” 

“Another way of studying the change produced on the surface of the 
glass by the action of the flame is to take the [plate], as above described, 
after a line has been drawn over it with the blow-pipe jet, and when cold let 
a drop of water fall on any part of it where it showed white when breathed 
on. Now tilt the plate to make the drop flow, and note the resistance to its 
flow, and how it draws itself up in the rear, leaving the plate dry. When, 
however, the moving drop comes to the part acted on by the flame, all 
resistance to flow ceases, and the drop rapidly spreads itself over the whole 
track, and shows a decided disinclination to leave it.” 

The impression thus produced lasts for some days or weeks, with diminish- 
ing distinctness. A permanent record may be, obtained by the deposit of a 
very thin coat of silver by the usual chemical method. The silver attaches 
itself by preference to the track of the flame, and especially to the edges of 
the track, where presumably the combustion is most intense. It may be 
protected with celiuloid, or other, varnish. 

The view, expressed by Mr Aitken, which would attribute the effect to 
very flne dust deposited on the glass from the flame, does not commend itself 
to me. And yet mere heat is not very effective. I was unable to obtain a 
good result by strongly heating the hdcJc of a thin glass in a Bunsen flame. 
For this purpose a long flame on Ramsay’s plan is suitable, especially if it be 
long enough to include the entire width of the plate. 

It seems to me that we must appeal to varying degrees of cleanliness 
for the explanation, cleanliness meaning mainly freedom from grease. And 
one of the first things is to disabuse our minds of the idea that anything 
wiped with an ordinary cloth can possibly be clean. This subject was ably 
treated many years ago by Qnincke {Wied. Ann. ll. p. 145,' 1877), who, 
however, seems to have remained in d<nibt whether a film of air might 
not give rise to the same effects as a film of grease. Quincke investigated 
the maximum edge-angle possible when a drop of liquid stands upon the 
surface of a solid. In general, the cleaner the surface, the smaller the 
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maximum edge-angle. With alcohol and petroleum there was no difficulty 
in reducing the maximum angle to zero. With water on glass the angle 
could be made small, but increased as time elapsed after cleaning. 

As a detergent Quincke employed hot sulphuric acid. A few drops may 
be poured upon a thin glass plate, which is then strongly heated over a 
Bunsen burner. When somewhat cooled, the plate may be washed under 
the tap, rinsed with distilled water, and dried over the Bunsen without any 
kind of wiping. The parts wetted by .the acid then behave much as the 
track of the blow-pipe flame in Aitken's experiment. 

An even better treatment is with hydrofluoric acid, which actually renews 
the surface of the glass. A few drops of the commercial acid, diluted, say, 
ten times, may be employed, much as the sulphuric acid, only without heat. 
The parts so treated condense the breath in large laminae, contrasting strongly 
with the ordinary deposit. 

It must be admitted that some difficulties remain in attributing the 
behaviour of an ordinary plate to a superficial film of grease. One of these 
is the comparative permanence of breath figures, which often survive wiping 
with a cloth. The thought has sometimes occurred to me that the film 
of grease is not entirely superficial, but penetrates in some degree into the 
substance of the glass. In that case its removal and renewal would not be 
so easy. We know but little of the properties of matter in thin films, which 
may differ entirely from those of the same substance in mass. It may be 
recalled that a film of oil, one or two millionths of a millimetre thick, suffices 
to stop the movements of camphor on the surface of water, and that much 
smaller quantities may be rendered evident by optical and other methods. 
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ON THE MOTION OP SOLID BODIES THEOUGH 

VISCOUS LIQUID. 

[Philosophiciil Magazine, VoL xx.i. pp. 69*7 — 711, 1911.] 

§ 1. The problem of the uniform and infinitely slow motion of a sphere, 
or cylinder, through an unlimited mass of incompressible viscous liquid 
otherwise at rest was fully treated by Stokes in his celebrated memoir 
on Pendulums*. The two cases mentioned stand in sharp contrast. In the 
first a relative steady motion of the fluid is easily determined, satisfying all 
the conditions both at the surface of the sphere and at infinity; and the 
force required to propel the sphere is found to he finite, being given by 
the formula (126) 

-i?'==67r/^a7, (1) 

where g is the viscosity, a the radius, and Y the velocity of the sphere. 
On the other hand in the case of the cylinder, moving transversely, no such 
steady motion is possible. If we suppose the cylinder originally at rest to 
be started and afterwards maintained in uniform motion, finite effects are 
propagated to ever greater and greater distances, and the motion of the 
fluid approaches no limit. Stokes shows that more and more of the fluid 
tends to accompany the travelling cylinder, which thus experiences a con- 
tinually decreasing resistance. 

I 2 . In attempting to go further, one of the first questions to suggest 
itself is whether similar conclusions are applicable to bodies of other forms. 
The consideration of this subject is often facilitated by use of the well- 
known analogy between the motion of a viscous fluid, when the square of 
the motion is neglected, and the displacements of an elastic solid. Suppose 
that in the latter case the solid is bounded by two closed surfaces, one of 
which completely envelopes the other. Whatever displacements (a, 7 ) be 

imposed at these two surfaces, there must be a corresponding configuration 

, * Camh. Phil. Tram. Vol, ix. 1860; Math, and Phys. Papers, YoL ixi. p. 1 
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of equilibrium^ satisfying certain differential equations. If the solid be 
incompressible, the otherwise arbitrary boundary displacements must be 
chosen subject to this condition. The same conclusion applies in two 
dimensions, where the bounding surfaces reduce to cylinders with parallel 
generating lines. For our present purpose we may suppose that at the 
outer surface the displacements are zero. 

The contrast between the three-dimensional and two-dimensional cases 
arises when the outer surface is made to pass off to infinity. In the former 
case, where the inner surface is supposed to be limited in all directions, the 
displacements there imposed diminish, on receding from it, in such a manner 
that when the outer surface is removed to a sufficient distance no further 
sensible change occurs. In the two-dimensional case the inner surface 
extends to infinity, and the displacement affects sensibly points however 
distant, provided the outer surface be still further and sufficientlj’- removed. 

The nature of the distinction may be illustrated by a simple example 
relating to the conduction of heat through a uniform medium. If the 
temperature v be unity on the surface of the sphere r = a, and vanish when 
r—bf the steady state is expressed by 



When b is made infinite, v assumes the limiting form a/r. In the corre- 
sponding problem for coaxal cylinders of radii a and b we have 

,, = log b - lo g r 

log h — log a ^ 

But here there is no limiting form when h is made infinite. However great 
r may be, v is small when b exceeds r by only a little ; but when b is great 
enough v may acquire any value up to unity. And since the distinction 
depends upon what occurs at infinity, it may evidently be extended on the 
one side to oval surfaces of any shape, and on the ocher to cylinders with 
any form of cross-section. 

In the analogy already referred to there is correspondence between the 
displacements (a, 7) in the first case and the velocities (w, v, w) which 

express the motion of the viscous liquid in the second. There is also another 
analogy which is sometimes useful when the motion of the viscous liquid 
takes place in two dimensions. The stream-function for this motion 

satisfies the same differential equation as does the transverse displacj^ment 
{w') of a plane elastic plate. And a surface on which the fluid remains 
at rest (t/t = 0, d^p'/dn = 0) corresponds to a curve along which the elastic 
plate is clamped. 

In the light of these analogies we may conclude that, provided the square 
of the motion is neglected absolutely, there exists always a unique steady 
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motion of liquid past a solid obstacle of any form limited in all directions, 
which satisfies the necessary conditions both at the surface of the obstacle 
and at infinity, and further that the force required to hold the solid is finite. 
But if the obstacle be an infinite cylinder of any cross-section, no such 
steady motion is possible, and the force required to hold the cylinder in 
position continually diminishes as the motion continues. 


§ 3. For further developments the simplest case is that of a material 
plane, coinciding with the coordinate plane = 0 and moving parallel to y in 
a fluid originally at rest. The component velocities u, w are then zero ; and 
the third velocity v satisfies (even though its square be not neglected) the 
general equation 

dv d^v 


dt 


V 


daf ’ 


.(4) 


in which v, equal to /x/p, represents the kinematic viscosity. In § 7 of his 
memoir Stokes considers periodic oscillations of the plane. Thus in (4) if v 


be proportional to we have on the positive side 

V = Ae‘‘^^ 0—X\/{in/v) 

When <r=0, (5) must coincide with the velocity ( F) of the plane. If this 
be Vne'^^*, we have A = V.n', so that in real quantities 

V — cos [nt — x (6) 

corresponds with F= FiCoa??i (7) 

for the plane itself. 

In order to find the tangential force (— 2\) exercised upon the plane, we 
have from (5) when, x = 0 

(s), = - w 

and 2\ = — fju {d/ujdx^ = p ^/{inv) 

= p ^/(i»z.) . (T + i) = p + (0) 


giving the force per unit area due to the reaction of the fluid upon one side. 
“ The force expressed by the first of these terms tends to diminish the 
amplitude of the oscillations of the plane. The force expressed by the 
second has the same effect as increasing the inertia of the plane.” It will 
be observed that if Vn i><-- given, the force diminishes without limit with n. 

In note B Stokes resumes the problem of § 7 : instead of the motion 
of the plane being periodic, he supposes that the plane and fluid are initially 
at rest, and that the plane is then (t = 0) moved with a constant velocity V. 



32 ON THE MOTION OF SOLID BODIES THROUGH VISCOUS LIQUID [354 


This problem depends upon one of Fourier’s solutions which is easily verified^. 
We have 

dv V 

^ ao) 

doc \/{7rvt) ^ ^ 



For the reaction on the plane we require only the value of dvjdx when x = 0. 
And 


\dxJc 


.( 12 ) 


V (^TTvt) 

Stokes continuesf "now suppose the plane to be moved in any manner, 
so that its velocity at the end of the time i is F (t). We may evidently 
obtain the result in this case by writing W(t)cZt for V, and t—r for t 
in [12], and integrating with respect to t. We thus get 


^dv\ 

JixJo 


V(7n/) 


V' (t) dr 




oo '\/(^ r ) \/(' 

and since T^ — — fjudvjdxQ, these formulae solve the problem of finding the 
reaction in the general case. 

There is another method by which the present problem may be treated, 
and a comparison leads to a transformation which we shall find useful further 
on. Starting from the periodic solution (8), we may generalize it by Fourier’s 
theorem. Thus 

(S.““/« ■ 

corresponds to ' ' . 

F(^)=r Vnd^^^dn, (1.5) 

Jo 

where' Vn is an arbitrary function of n. 

Comparing (13) and (14), we see that 


f. 


Vn ni dn = 


t 


V'{r) d-r 


.(16) 


>v/(^'7r)j_co 

It is easy to verify (16). If we substitute on the right for V' (t) from 
(15), we get * 

1 f* dr r" . tt- ■ , 

“77^ \ I TTi \ I Q dn ; 

'd{%'rr) J ^/{t — r) J Q ” " 

and taking first the integration with respect to t, 

rt e^^^dr P // 7 r\ 

. -»V0!-T)“jo V «1 

when (16) follows at once, 

* Compare Kelvin, Hd, Trans. 1862 ; Thomson and Tait, Appendix D. 
t I have made some small changes of notation. 
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As a particular case of (13), let us suppose that the fluid is at rest and 
that the plane starts at ^ = 0 with a velocity which is uniformly accelerated 
for a time Ti and afterwards remains constant. Thus from — oo to 0, 
y ( t) = 0 ; from 0 to tj, V(T)—]tT\ from tj to t, where t>Ti, V(t') = 
Thus (0 < ^ < Tj) 

^ cZy ^ 1 h dT _ 2 A. \/t c\7\ 

\dx}o J 0 — t) v^(7ri/) ’ 

and (t > Ti) 



1 

\/(irv) J 0 


h dr ^ _ 2h 
\/{t — r) AJiirv) 


[\/t — — T-i)]. 


...(18) 


Expressions (17), (18), taken negatively and multiplied by fx, give the 
force per unit area required to propel the plane against the fluid forces 
acting upon one side. The force increases until t — that is so long as 
the acceleration continues. Afterwards it gradually diminishes to zero. Eor 
the differential coefficient of Vt — a/(^ — tj) is negative when i ; and 
when t is great, 

\/t — ^/{t — Ti) = ultimately. 


§ 4. In like manner we may treat any problem in which the motion of 
the material plane is prescribed. A more difficult question arises when 
it is forces propelling the plane that are given. Suppose, for example, 
that an infinitely thin vertical lamina of superficial density a begins to fall 
from rest under the action of gravity when i = 0, the fluid being also initially 
at rest. By (13) the cjquation of motion may be written 


dV 2flJf‘V'(T)dT_ 

V(i~rj 


09 ) 


the fluid being now supposed to act on both sides of the lamina. 

By an ingenious application of Abel’-s theorem Boggio has succeeded in 
integrating equations which include (19)’*^. The theorem is as follows : — 
If -^(f) be defined by 

^(^)=: f (20) 

. " (t - rf 


then r = TT {(jt> (0 - (0)}. 

J 0 (j{ _ 

For by (20), if {t - r)^ = y, 

^ (i) = 2 I <^' {t - ^if) dy ; 


( 21 ) 


* Boggio, Rend. d. Accad. d. Lincei, Vol. xvi. pp. 613, 780 (1907) ; also Basset, Quart. 
Jourri. of Matheviatics, No. 164, 1910, from which I first became acq.uamted with Boggio’s 
work. 


B. VI. 


3 
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f^i^(T)dr fVf fy/t 

.K (Tz:;:^ ^ .1 0 dx j^ 4>'(t-«^-y'‘)dy 

rs/t 

=-27r (P' (t~r^)rdr = -7r{<jiit)- <^(())\, 

where = sc^ + y^- 

Now, if if be any time between 0 and t, we have, as in (19), 


V' (O + 


V'(t) dr 


cttt' 


■ f*' F'O 

Jo V(t' 


t) 


■9- 


Multiplying this by {t — if) ^ dt' and integrating between 0 and t, we get 

f* V'{t')dt' 2py_^ p dt' p' V' (r) dr __ f* dt' 

•<* {t-t'f Jolt-if)i]o (t' - rf ^ h 

In (22) the first integral is the same as the integral in (19). By Abel's 
theorem the double integral in (22) is equal to 7 rF(^), since F(0)=0. 
Thus 

f* V' (t) dr _ 2pv^7r^ n ^ , 

Jo V(t - T) + F(r!)-2s.V« (23) 

If we now eliminate the integral between (19) and (23), we obtain 
simply 


dF 4p^i^ 4pr^ 

dt 0-2 

<T7r 


gVt 


.(24) 


as the differential equation governing the motion of the lamina. 

This is a linear equation of the first order. Since F vanishes with t, the 
integral may be written 



9^ Jo V ^TT J 



2>dt' ^ 2 „ r 

~ 1 + -r-e* 1 e-*" dx, . . 

VTT Vw J 

(2S) 

in which t' ~ 

t . 4p2j,/o-2. When t, or if, is great. 



r ^•d.=f:Ui-A+. )■ 

J^t' 2>dt' \ 2t'^ J’ •' 

(26) 

so that 

4pVF 2 a/^" , 1 f ' 1 ' 

9^'" Vw V(7rj5') (^ - '• \ 

) (27) 

Ultimately, when t is very great, 




(28) 



1911] ON THE MOTION OF SOLID BODIES THROUGH VISCOUS LIQUID 


36 


§ 5. The problem of the sphere moving with arbitrary velocity through 
a viscous fluid is of course more difficult than the corresponding problem of 
the plane lamina, but it has been satisfactorily solved by Boussinesq* and 
by Basset f. The easiest road to the result is by the application of Fourier’s 
theorem to the periodic solution investigated by Stokes. If the velocity 
of the sphere at time ^ be F = Vn a the radius, M' the mass of the 
liquid displaced by the sphere, and s = v being as before the 

kinematic viscosity, Stokes finds as the total force at time t 


Thus, if 



Of the four integrals in (31), 


the first 



the fourth = 


9v 
2 a® 



gin« _ 


9v 
2 a® 


V. 


Also the second and third together give 


(29) 

(30) 

(31) 


9J1 ± i) 
4a 



Vn dn, 


and this is the only part which could present any difficulty. We have, 
however, already considered this integral in connexion with the motion of a 
plane and its value is expressed by (16). Thus 


F=-M' 


ldV 9v^^ 9i^^ f* V'iT)dr) 

2 dt ^ 2a® 2 a 7 r^' ' — (7- r)^ I 


(32) 


The first term depends upon the inertia of the fluid, and is the same as 
would be obtained by ordinary hydrodynamics when y ~ 0. If there is no 
acceleration at the moment, this term vanishes. If, further, there has been 
no acceleration for a long time, the third term also vanishes, and we obtain 
the result appropriate to a uniform motion 


QvAf'V 

^ ~ ~ 67rapv F = — 67r/aaF, 

as in (1). The general result (32) is that of Boussinesq and Basset. 


* G. JR. t. c. p. 935 (1885) ; Theorie Analytique de la Chaleur, t, ii. Paris, 1903. 
t PML Trans. 1888 ; Hydrodynamics, Vol. it. chap. xxii. 1888. 

3—2 
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As an example of (32), we may suppose (as formerly for the plane) that 
17" (^) = 0 from — GO to 0 ; Y (1}) — ^ from 0 to Tj ; F"(i5) hr^, when t > Ti. 
Thenift<Ti, 


F=^-hM' 


1 9vt 


(33) 


and when j5 > Ti, 


F=~hM' 


9vti 9v 

15?+- 


air 




{a/^ - V(i-Ti)j 


.(34) 


When t is very great (34) reduces to its first term. 

The more difficult problem of a sphere falling under the influence of 
gravity has been solved by Boggio {loc. cit.). In the case where the liquid 
and sphere are initially at rest, the solution is comparatively simple ; but 
the analytical form of the functions is found to depend upon the ratio of 
densities of the sphere and liquid. This may be rather unexpected; but 
I am unable to follow Mr Basset in regarding it as an objection to the usual 
approximate equations of viscous motion. 


I 6, We will now endeavour to apply a similar method to Stokes* 
solution for a cylinder oscillating transversely in a viscous fluid. If the 
radius be a and the velocity Y be expressed by Y = Y^ Stokes finds for 
the force 

F^^M' inVn^^*{k-ik'). (35) 

In (35) M' is the mass of the fluid displaced ; k and k' are certain functions 
of m, where m — ^a^/{njv), which are tabulated in his § 37. The cylinder is 
much less amenable to mathematical treatment than the sphere, and we 
shall limit ourselves to the case where, all being initially at rest, the 
cylinder is started with unit velocity which is afterwards steadily maintained. 


The velocity Y of the cylinder, which is to be zero when t is negative 
and unity when t is positive, may be expressed by 


, r ^ If* sin nt ^ 
TT J 0 ^ 


( 86 ) 


in which the second term may be regarded as the real part of 



£jxnt 

— dn. 

n 


(37) 


We shall see further below, and may anticipate fi’om Stokes’ result relating 
to uniform motion of the cylinder, that the first term of (36) contributes 
nothing to F ; so that we may take 



TT 



ik') dn, 
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corresponding to (37). Discarding the imaginary part, we get, corresponding 
to (36), 

= ~ f (k cos nt 4- ¥ sin nt) dn (38) 

•n" Jo 

Since k, k' are known functions of m, or (a and v being given) of n, (38) 
may be calculated by quadratures for any prescribed value of t. 

It appears from the tables that k, h' are positive throughout. When 
m = 0, ^ and k' are infinite and continually diminish as m increases, until 
when m = , Z; = 1, k' = 0. For small values of m the limiting forms for 

k, F are 

—-I _i Js' =, ^ 

m^(logm)=^’ m^logm’ ^ ^ 

from which it appears that if we make n vanish in (35), while is given, 
F comes to zero. 

We now seek the limiting form when t is very great. The integrand in 
(38) is then rapidly oscillatory, and ultimately the integral comes to depend 
sensibly upon that part of the range where n is very small. And for this 
part we may use the approximate forms (39). 

Consider, for example, the first integral in (38), from which we may omit 
the constant part of A We have 


.(39) 


7 X j r ®os nt dn Airrv C cos t . ir) dso 

k cos nt dn = -r / - - = — — / A, ^ i 

4 J 0 (log m)® J o ^ (log £oy 


j« 4 jo m“(logm)» 

Writing 4r^/a“ = t', we have to consider 


cos fo} . doc 


...(40) 


.(41) 


Jo a; (log a;)® ' 

In this integral the integrand is positive from .■37 = 0 to a; = 7r/2i', negative 
from 7r/2i' to 37r/2<', and so on. For the first part of the range, if we omit 
the cosine, 

_ ^ f log ^ i . /.ox 

Jo a?(iogivy J (log ocy log(2t'/7rj’ ^ ^ 

and since the cosine is less than unity, this is an over estimate. When t' is 
very great, log (23577^) may be identified with logt', and to this order of 
approximation it appears that (41) may be represented by (42). Thus if 
quadratures be applied to (41), dividing the first quadrant into three parts, 
we have 

cos 7r/12 Stt r 1 1 1 Stt r 1 1 "1 

log Gt'/TS" 12 [_log S^Ytt log C^/tt i 2 Jog^M'Inr logM'fTr ’ 

of which the second and third terms may ultimately be neglected in com- 
parison with the first. For example, the coefficient of cos (37r/12) is equal to 

log 2^1og ---.log 
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Proceeding in this way we see that the cosine factor may properly be 
identified with unity, and that the value of the integral for the first quadrant 
maybe equated to 1/log i'. And for a similar reason the quadrants after 
the first contribute nothing of this order of magnitude. Accordingly we 
may take 

I k COB ntdn= ■ . , . ... — (43) 

Jo aHogt 

For the other part of (38), we get in like manner 


f , , . , , 8vf sm tx.dx 8p f sm x dx .... 

k 8mntdn=^ , = — Tjrrrr (44) 

0 J 0 a: log X J q x log {1/lx ) 

In the denominator of (44) it appears that ultimately we may replace 
log (t'/x) by log t' simply. Thus 

f k' sin nt dn = - , (45) 

Jo a^logl/' ^ ^ 

so that the two integrals (43), (45) are equal. We conclude that when t is 
great enough, . 

j, ^vM' SvM' 

a^logt' a^\og{46vtja^)' ^ 

But a better discussion of these integrals is certainly a desideratum. 


I 7. Whatever interest the solution of the approximate equations may 
possess, we must never forget that the conditions under which they are 
applicable are very restricted, and as far as possible from being observed in 
many practical problems. Dynamical similarity in viscous motion requires 
that Vajv be unchanged, a being the linear dimension. Thus the general 
form for the resistance to the uniform motion of a sphere will be 

F=pvVa.f{Valv), ; (47) 

where f is an unknown function. In Stokes' solution (1) f is constant, and 
its validity requires that Vajv be small*. When V is rather large, experi- 
ment shows that F is nearly proportional to In this case v disappears. 

“ The second power of the velocity and independence of viscosity are thus 
inseparably connected ”f. 

The general investigation for the sphere moving in any manner (in 
a straight line) shows that the departure from Stokes’ law when the velocity 
is not very small must be due to the operation of the neglected terms 
involving the squares of the velocities ; but the manner in which these act 
has not yet been traced. Observation shows that an essential feature in 
rapid fluid motion past an obstacle is the formation of a wake in the rear of 
the obstacle ; but of this the solutions of the approximate equations give 
no hint. 

^ Phil. Mag. Vol. xxxvi. p. 354 (1893) ; Scientijic Papers, Vol. iv. p. 87. 
t Phil* Mag* VoL xxxiv. p, 59 (1892) ; Scientijic Papers, Vol. in. p. 576. 
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Hydrodynamical solutions involving surfaces of discontinuity of the kind 
investigated by Helmholtz and Kirchhoff provide indeed for a wake, but 
here again there are difficulties. Behind a blade immersed transversely in a 
stream a region of “ dead water ” is indicated. The conditions of steady 
motion are thus satisfied ; but, as Helmholtz himself pointed out, the motion 
thus defined is unstable. Practically the dead and live water are continually 
mixing ; and if there be viscosity, the layer of transition rapidly assumes a 
finite width independently of the instability. One importani} consequence 
is the development of a suction on the hind surface of the lamina which 
contributes in no insignificant degree to the total resistance. The amount 
of the suction does not appear to depend much on the degree of viscosity. 
When the latter is small, the dragging action of the live upon the dead 
water extends to a greater distance behind. 

§ 8. If the blade, supposed infinitely thin, be moved edgeways through 
the fluid, the case becomes one of “ skin-friction.” Towards determining the 
law of resistance Mr Lanchester has put forward an argument ^ which, even 
if not rigorous, at any rate throws an interesting light upon the question. 
Applied to the case of two dimensions in order to find the resistance" F 
per unit length of blade, it is somewhat as follows. Considering two systems 
for which the velocity V of the blade is different, let n be the proportional 
width of corresponding strata of velocity. The momentum communicated to 
the wake per unit length of travel is as nV, and therefore on the whole 
as nV^ per unit of time. Thus F varies as nV\ Again, having regard 
to the law of viscosity and considering the strata contiguous to the blade, 
we see that F varies as V/n. Hence, nV'^ varies as Vjn, or V varies as 
from which it follows that F varies as jf 130 admitted, the general 

law of dynamical similarity ]requires that for the whole resistance 

F=cpv^lbi (48) 

where I is the length, h the width of the blade, and c a constant. Mr Lanchester 
gives this in the form 

FIp = cv^A^V^, (49) 

where A is the area of the lamina, agreeing with (48) if I and h maintain a 
constant ratio. 

The difficulty in the way of accepting the above argument as rigorous is 
that complete similarity cannot be secured so long as h is constant as has 
been supposed. If, as is necessary to this end, we take h proportional to n, 
it is hVjn, or V (and not Vjn), which varies as nY^, or hV^. The conclusion 
is then simply that hY must be constant {v being given). This is merely 
the usual condition of dynamical similarity, and no conclusion as to the law 
of velocity follows. 

* Aerodynamics, London, 1907, § 35. 
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But a closer consideration will show, I think, that there is a substantial 
foundation for the idea at the basis of Lanchester’s argument. If we suppose 
that the viscosity is so small that the layer of fluid affected by the passage 
of the blade is very small compared with the width (6) of the latter, it will 
appear that the communication of motion at any stage takes place much 
as if the blade formed part of an infinite plane moving as a whole. We 
know that if such a plane starts from rest with a. velocity V afterwards 
uniformly maintained, the force acting upon it at time t is per unit of area. 


see (12), 

pFV(i'M) (50) 

The supposition now to be made is that we may apply this formula to the 
element of width dy, taking t equal to 2 //F, where y is the distance of the 
element from the leading edge. Thus 

F=^lp (y/irf J'y-*dy=2lp {vjnrf .(51) 


, which agrees with (48) if we take in the latter c = ^jsj'ir. 

The formula (51) would seem to be justified when v is small enough, as 
representing a possible state of things ; and, as will be seen, it affords an 
absolutely definite value for the resistance. There is no difficulty in extending 
it under similar restrictions to a lamina of any shape. If h, no longer 
constant, is the width of the lamina in the direction of motion at level z, 
we have 

F = 2p (v/tt)^ V^jb^dz. (52) 

It will be seen that the result is nob expressible in terms of the area of the 
lamina. In (49) c is not constant, unless the lamina remains always similar 
in shape. 

The fundamental condition as to the smallness of v would seem to be 
realized in numerous practical cases ; but any one who has looked over the 
side of a steamer will ' know that the motion is not usually of the kind 
supposed in the theory. It would appear that the theoretical motion is 
subject to instabilities which prevent the motion from maintaining its simply 
stratified character. The resistance is then doubtless more nearly as the 
square of the velocity and independent of the value of v. 

When in the case of bodies moving through air or water we express 
V, a, and r in a consistent system of units, we find that in all ordinary cases 
vjVa is so very small a quantity that it is reasonable to identify /‘(i'/ Fa) 
with /(O). The influence of linear scale upon the character of the motion 
then disappears. This seems to be the explanation of a difficulty raised by 
Mr Lanchester {loc. cit. § 56). 
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ABERRATION IN A DISPERSIVE MEDIUM. 

[Philosophical Magazine, Vol. xxii. pp. 130 — 134, 1911.] 

The application of the theory of group-velocity to the case of light was 
discussed in an early paper* * * § in connexion with some experimental results, 
announced by Young and Forbes f. It is now, I believe, generally agreed 
that, whether the method be that of the toothed wheel or of the revolving 
mirror, what is determined by the experiment is not V, the wave-velocity, 
but U, the group-velocity, where 

U=:^d{hV)ldk, 

k being inversely as the wave-length. In a dispersive medium V and TI are 
different. 

I proceeded: — “The evidence of the terrestrial methods relating exclu- 
sively to U, we turn to consider the astronomical methods. Of these there 
are two, depending respectively upon aberration and upon the eclipses of 
Jupiter’s satellites. The fatter evidently gives U. The former does not 
depend upon observing the propagation of a peculiarity impressed upon a 
train of waves, and therefore has no relation to U. If we accept the usual 
theory of aberration as satisfactory, the result of a comparison between the 
coefficient found by observation and the solar parallax is V — the wave- 
velocity.” 

The above assertion that stellar aberration gives V rather than JJ has 
recently been called in question by EhrenfestJ:, and with good reason. He 
shows that the circumstances do not differ materially from those of the 
toothed wheel in Fizeau’s method. The argument that he employs bears, 
indeed, close affinity with the method used by me in a later paper §. “ The 

* Nature, Vols. xxiv., xxv. 1881 ; Scientific Papers, Vol. i. p. 537. 

t These observers concluded that blue light travels in vacuo 1‘8 per cent, faster than red 
light. 

$ Ann. d. Physik, Bd. xxxni. p. 1671 (1910). 

§ Nat^lre, Vol. xlv. p. 499 (1892); Scientific Papers, Vol. in. p. 642. 


* 
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explanation of stellar aberration, as usually given, proceeds rather upon the 
basis of the corpuscular than of the wave-theory. In order to adapt it to the 
principles of the latter theory, Fresnel found it necessary to follow Young in 
assuming that the aether in any vacuous space connected with the earth (and 
therefore practically in the atmosphere) is undisturbed by the earth’s motion 
of 19 miles per second. Consider, for simplicity, the case in which the 
direction of the star is at right angles to that of the earth’s motion, and 
replace the telescope, which would be used in practice, by a pair of perforated 
screens, on which the light falls perpendicularly. We may further imagine 
the luminous disturbance to consist of a single plane pulse. When this 
reaches the anterior screen, so much of it as coincides with the momentary 
position of the aperture is transmitted, and the remainder is stopped. The 
part transmitted proceeds upon its course through the aether independently 
of the motion of the screens. In order, therefore, that the pulse may be 
transmitted by the aperture in the posterior screen, it is evident that the 
line joining the centres of the apertures must not be perpendicular to the 
screens and to the wave-front, as would be necessary in the case of rest. 
For, in consequence of the motion of the posterior screen in its own plane, 
the aperture will be carried forward during the time of passage of the light. 
By the amount of this motion the second aperture must be drawn backwards, 
in order that it may be in the place required when the light reaches it. If 
the velocity of light be V, and that of the earth be v, the line of apertures 
giving the apparent direction of the star must be directed forwards through 
an angle equal to v/V.” 

If the medium between the screens is dispersive, the question arises in 
what sense the velocity of light is to be taken. Evidently in the sense of the 
group-velocity; so that, in the previous notation, the aberration angle is 
v/l/. But to make the argument completely satisfactory, it is necessary in 
this case to abandon the extreme supposition of a single pulse, replacing it 
by a group of waves of approximately given wave-length. 

While there can remain no doubt but that Ehrenfest is justified in his 
criticism, it does not quite appear from the above how my original argument 
is met. There is indeed a peculiarity imposed upon the regular wave-motion 
constituting homogeneous light, but it would seem to be one imposed for the 
purposes of the argument rather than inherent in the nature of the case. 
The following analytical solution, though it does not relate directly to the 
case of a simply perforated screen, throws some light upon this question. 

Let us suppose that homogeneous plane waves are incident upon a 
“screen” at a = 0, and that the effect of the screen is to introduce a reduction 
of the amplitude of vibration in a ratio which is slowly periodic both with 
respect to the time and to a coordinate measured in the plane of the screen, 
represented by the factor cos m (vt — a;). Thus, when t = 0, there is no effect 
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when £c=0, or a multiple of 27 r ; but when x is an odd multiple of tt, there 
is a reversal of sign, equivalent to a change of phase of half a period. And 
the places where these particular effects occur travel along the screen with 
a velocity v which is supposed to be small -relatively to that of light. In the 
absence of the screen the luminous vibration is represented by 

<p = cos (^nt -- kz), (1) 

or at the place of the screen, where ^ = 0, by 

ip = cos nt simply. 

In accordance with the suppositions already made, the vibration just 
behind the screen will be 

<p = cos m (vt — x) . cos nt 

= cos {(w + mv) t — mx\ + ^ cos {(?^ — mv) t + mx] ; (2) 

and the question is to find what form <p will take at a finite distance z behind 
the screen. 


It is not difficult to see that for this purpose we have only to introduce 
terms proportional to z into the arguments of the cosines. Thus, if we write 

<p — ^ cos {{n + mx) t — mx •— /Xj z] + \ cos |(9ii — mv) t + mx — fx^z], . . .(3) 


we may determine fx^, so as to satisfy in each case the general differential 
equation of propagation, viz. 


dt^ “ \dx^ dzV ' 


(4) 


In (4) V is constant when the medium is non-dispersive ; but in the 
contrary case V must be given different values, say Vx and Vq, when the 
coefficient of ^ is + mv or — mv. Thus 

{n + mv)^ — (m^ 4- mi^), (n — mvy = (ni^ -+- m^^) (5) 


The coefficients /x^, fx^ being determined in accordance with (6), the value 
of <p in (8) satisfies all the requirements of the problem. It may also be 
written 

(p — cos [mvt — mx — •J- {fXx — fx.^ z] . cos [nt — ■! (/u-i + ix^ z], .(6) 

of which the first factor, varying slowly with t, may be regarded as the 
amplitude of the luminous vibration. 

The condition of constant amplitude at a given time is that mx+^(/xi~/Xz) z 
shall remain unchanged. Thus the amplitude which is to be found at /» = 0 
on th6 screen prevails also behind the screen along the line 

— x/z = ^(jxi-~ fx.^1 m, (7) 

so that (7) may be regarded as the angle of aberration due to v. It remains 
to express this angle by means of (6) in terms of the fundamental data. 
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When m is zero, the value ^ of is nlV; and this is true approximately 
when m is small. Thus, from (5), 


and 


1^1 A4>2 ^ fl I ^ ^2 

2?n F' I 27nv V j 



with sufficient approximation. 

JSTow in (8) the difference V^— T^i corresponds to a change in the coefficient 
of t from n + fm to n — mv. Hence, denoting the general coefficient of t by <r, 
of which F" is a function, we have 


Fi- F-2mv.(^F/dtr, 


and (8) may be written 

Again, 
and thus 

and 1 — 


/“i — /Lt2 _ ^ (-1 o- dF| 

2m ”Fl Fdo-r 

V^a-jJc, JI=da-ldk, 

or dV_,dV'_- <T dJc 

cr dV cr dk 

V d^~kd~cr~U’ 


where U is the group-velocity. 
Accordingly, 


— xjz — vl U 


(9) 


(10) 


expresses the aberration angle, as was to be expected. In the present problem 
the peculiarity impressed is not uniform over the wave-front, as may be 
supposed in discussing the effect of the toothed wheel ; but it exists never- 
theless, and it involves for its expression the introduction of more than one 
frequency, from which circumstance the group- velocity takes its origin. 

A development of the present method would probably permit the solution 
of the problem of a series of equidistant moving apertures, or a single moving 
aperture. Doubtless in all cases the aberration angle would assume the 
value vjXJ. 
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LETTER TO PROFESSOR NERNST. 

[Gonseil scientifique sous les auspices de M. Ernest Solvay, Oct, l&ll.] 

Deae Prof. Nernst, 

Having been honoured with an invitation to attend the Conference at 
Brussels, I feel that the least that I can do is to communicate my views, 
though I am afraid I can add but little to what has been already said upon 
the subject. 

I wish to emphasize the difficulty mentioned in my paper of 1900 * with 
respect to the use of generalized coordinates. The possibility of representing 
the state of a body by a finite number of such (short at any rate of the 
whole number of molecules) depends upon the assumption that a body may 
be treated as rigid, or incompressible, or in some other way simplified. The 
justification, and in many cases the sufficient justification, is that a departure 
from the simplified condition would involve such large amounts of potential 
energy as could not occur under the operation of the forces concerned. But 
the law of equi-partition lays it down that every mode is to have its share of 
kinetic energy. If we begin by supposing an elastic body to be rather stiff, 
the vibrations have their full share and this share cannot be diminished by 
increasing the stiffness. For this purpose the simplification fails, which is as 
much as to say that the method of generalized coordinates cannot be applied. 
The argument becomes, in fact, self-contradictory. 

Perhaps this failure might be invoked in support of the views of Planck 
and his school that the laws of dynamics (as hitherto understood) cannot be 
applied to the smallest parts of bodies. But I must confess that I do not 
like this solution of the puzzle. Of course I have nothing to say against 
following out the consequences of the [quantum] theory of energy— a pro- 
cedure which has already in the hands of able men led to some interesting 


* J9MI. Mag, Yol. xlix. p. 118 ; Scientific JPapers, Vol. iv. p. 451. 
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conclusions. But I have a difficulty in accepting it as a picture of what 
actually takes place. 

We do well, I think, to concentrate attention upon the diatomic gaseous 
molecule. Under the influence of collisions the molecule freely and rapidly 
acquires rotation. Why does it not also acquire vibration along the line 
joining the two atoms? If I rightly understand, the answer of Planck is 
that in consideration of the stiffness of the union the amount of energy that 
should he acquired at each collision falls below the minimum possible and 
that therefore none at all is acquired — an argument which certainly sounds 
paradoxical. On the other hand Boltzmann and Jeans contend that it is all 
a question of time and that the vibrations necessary for full statistical equi- 
librium may be obtained only after thousands of years. The calculations of 
Jeans appear to show that there is nothing forced in such a view. I should 
like to inquire is there any definite experimental evidence against it ? So far 
as I know, ordinary laboratory experience affords nothing decisive. 

I am yours truly. 


RAYLEIGH. 
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ON THE CALCULATION OF CHLADNI’S FIGUEBS FOR 

A SQUARE PLATE. 

[FliilosophiGoL Magazine, VoL xxii. pp. 225 — 229, 1911.] 

In my book on the Theory of Sound, ch. x. (1st ed. 1877, 2nd ed. 1894) 
I had to speak of the problem of the vibrations of a rectangular plate, whose 
edges are free, as being one of great difficulty, which had for the most part 
resisted attack. An exception could be made of the case in which (the 
ratio of lateral contraction to longitudinal elongation) might be regarded as 
evanescent. It was shown that a rectangular plate could then vibrate after 
the same law as obtains for a simple bar, and by superposition some of the 
simpler Chladni’s figures for a square plate were deduced. For glass and 
metal the value of fi is about i, so that for such plates as are usually experi- 
mented on the results could be considered only as rather rough approxi- 
mations. 

I wish to call attention to a remarkable memoir by W. Ritz* in which, 
somewhat on the above lines, is developed with great skill what may be 
regarded as a pi'actically complete solution of the problem of Ohladni's 
figures on square plates. It is shown that to within a few per cent, all the 
proper tones of the plate may be Expressed by the formulce 

Wmn “ ('®) (y) "k 'M'm(2/) (^')> 

W ~ (cg) Ufi (y) Uiffi (2/) Ufi (f)} 

the functions u being those proper to a free bar vibrating transversely. The 
coordinate axes are drawn through the centre parallel to the sides of the 
square. The first function of the series Uq (so) is constant ; the second 
Ui (x) - w . const. ; u^ (x) is thus the fundamental vibration in the usual sense, 
with two nodes, and so on. Ritz rather implies that I had overlooked the 

* “Theorie der Transversalachwingungen einer quadratischen Platte mit freien BSadem,*’ 
Annalen dfir Physih, Bd, xxviii. S. 737 (1909). The early death of the talented author riitist he 
accounted a severe loss to Mathematical Physics. ' ’ • 
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necessity of the first two terms in the expression of an arbitrary function. 
It would have been better to have mentioned them explicitly ; but I do 
not -think any reader of my book could have been misled. In § 168 the 
inclusion of all* particular solutions is postulated, and in § 175 a reference 
is made to zero values of the frequency. 

For the gravest tone of a square plate the coordinate axes are nodal, and 
Ritz finds as the result of successive approximations 


w = + ’0394 + Vi^s) 

— '0040^3% — ’0034 {u^Vs + u^Vj) 

+ '0011 ifcg'Wg} — '0019?% Vg j 


in which u stands for u{x) and v for u{y). The leading term u^Vi, or xy, is 
the same as that which I had used (| 228) as a rough approximation on 
which to found a calculation of pitch. 

As has been said, the general method of approximation is very skilfully- 
applied, but I am surprised that Ritz should have regarded the method itself 
as new. An integral involving an unknown arbitrary function is to be made 
a minimum. The unknown function can be represented by a series of known 
functions with arbitrary coefficients — ^accurately if the series be continued to 
infinity, and approximately by a few terms. When the number of coefficients, 
also called generalized coordinates, is finite, they are of course to be deter- 
mined by ordinary methods so as to make the integral a minimum. It was 
in this way that I found the correction for the open end of an organ-pipe 
using a series with two terms to express the velocity at the mouth. The 
calculation was further elaborated in Theory of Sound, Vol. ii. Appendix A. 
I had supposed that this treatise abounded in applications of the method in 
question, see 88, 89, 90, 91, 182, 209, 210, 265 ; but perhaps the most 
explicit formulation of it is in a more recent paperj, where it takes almost 
exactly the shape employed by Ritz. From the title it will be seen that 
I hardly expected the method to be so successful as Ritz made it in the case 
of higher modes of vibration. 


Being upon the subject I will take the opportunity of showing how the 
gravest mode of a square plate may be treated precisely upon the lines of the 
paper referred to. The potential energy of bending per unit area has the 
expression 


__ 

“3(1 


{\ + 2 (1 



( 1 ) 


* Italics in original. 

t FhiL Trans. Vol. clxi. (1870); Scientific Papers, Vol. i. p. 57. 

t “ On the Calculation of the Frequency of Vibration of a System in its Gravest Mode, with 
an Example from Hydrodynamics,” Phil. Mag. Vol. xlvii. p. 556 (1899) ; Scientific Papers, Vol. iv. 
p. 407. 
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in which g is Young’s modulus, and 2/a the thickness of the plate (§ 214). 
Also for the kinetic energy per unit area we have 

T = phiv^, (2) 

p being the volume-density. From the symmetries of the case w must be an 
odd function of x and an odd function of y, and it must also be symmetrical 
between x and y. Thus we may take 

, w = q^xy -H- q^xy ■+ y^) -f- q^xy {x^ + y^) + q^a^y^ 4- .(3) 

In the actual calculation only the two first terms will be employed. 

Expressions (1) and (2) are to be integrated over the square; but it will 
suffice to include only the first quadrant, so that if we take the side of the 
square as equal to 2, the limits for x and y are 0 and 1. We find 


J dx dy = 16g.A 


(4) 


r r j / d^w Y _ d^w d'^w ) 
j J I dy) dcif dy'-^) 


dx dy = qy -f 4gi q.^ + %qi. 


(5) 


Thus, if we set 




4gA® 

3 (1 H- pj) 



( 6 ) 


we have V' = ^qi^ + 2gig2 H- j;qi 4- (7) 

In like manner, if 

T=^r, ( 8 ) 

+ f + (9) 


When we neglect q^ and suppose that q^ varies as cos pt, these expressions 
give 


2 _ 

p{l + p,) p (i + p) ’ 


( 10 ) 


if we introduce a as the length of the side of the square. This is the value 
found in Theory of Sound, § 228, equivalent to Ritz’s first approximation. 


In proceeding to a second approximation we may omit the factors already 
accounted for in (10). Expressions (7), (9) are of the standard form if 
we take 


^=1, S = 2, 0 = l + 

o X — p 

r 114 ^ Tvr 6 . 1^^ 

L = 1 , -M. == — , = = -f- ; 

O ( luO 


H* VI. 


4 
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and Lagrange's equations are 

(5-yitf)?. + ((7-^iV)2. = 0j 

while the equation for p- is the quadratic 

{LF- M‘^) -f- {mB ~ XO - iVJ.) + AC - = 0 (12) 

For the numerical calculations we will suppose, following Ritz, that [m = '225, 
making (7 = 11 •9226. Thus 

-13714, A(7-X^=7-9226, 

2ifX - XC- JfA = - 2 X 4-3498. 


The smaller root of the quadratic as calculated hy the usual formula is 
*9239, in place of the 1 of the first approximation; hut the process is not 
arithmetically advantageous. If we substitute this value in the first term of 
the quadratic, and determine p^ from the resulting simple equation, we get 
the confirmed and corrected value p^ = -9241. Restoring the omitted factors, 
we have -finally as the result of the second approximation 


^ _ 96^^; X -9241 

in which (m = -225. 



The value thus obtained is not so low, and therefore not so good, as that 
derived by Ritz from the series of ^6-functions. One of the advantages 
of the latter is that, being normal functions for the simple bar, they allow T 
to be expressed as a sum of squares of the generalized coordinates qi, &c. 
A.S a consequence, appears only in the diagonal terms of the system of 
equations analogous to (11). 

From (11) we find further 

^2/^1=- '0852, 

so that for the approximate form of w corresponding to the gravest pitch we 
may take 

w — coy — -0852 xy icP' + 'f), . . 
in which the side of the square is supposed equal to 2. 


( 14 ) 
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PROBLEMS IN THE CONDUCTION OF HEAT. 


[Philosophical Magazine, Vol. xxil. pp. 381 — 396, 1911.’ 


The general equation for the conduction of heat in a uniform medium 
may be written 

/ 72 of //-^n 

•(1) 


dv d^v d^v dH) 


V representing temperature. The coefficient (v) denoting diff’usibility is 
omitted for brevity on the right-hand of (1). It can always be restored by 
consideration of “ dimensions,” 

Kelvin* has shown how to build up a variety of special solutions, 
applicable to an infinite medium, on the ba.sis of Fourier's solution for 
a point-source. A few examples are quoted almost in Kelvin’s words *. 

I. Instantaneous simple point-source; a quantity Q of heat suddenly 
generated at the point (0, 0, 0) at time ^ = (), and left to diffuse through 
an infinite homogeneous solid : 

^ ( 2 ) 

where + z\ [The thermal capacity is supposed to be unity.] 

Verify that 


+ 00 



r 


m 


V dcG dydz^47r v r'^ dr » Q ; 


-00 


and that v = 0 when !5 = 0; unless also x^O, y = 0, ^=0. Every other 
solution is obtainable from this by summation, 

II. Constant simple point-source, rate q : 

-1 


V 


1*00 

^Jo 


1„ ^ 

47rr ‘ 


.( 8 ) 


The formula within the brackets shows how this obvious solution is derivable 
from (2). 

Compendium of Fourier Mathematics, <feo.,” Bnc. Brit, 1880; Oolkoted Jpapere, Vol. n. p.44. 


.-X- (4 
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III. Continued point-source ; rate per unit of time at time t, an arbitrary 
function, yO : 

( 4 ) 

ly. Time-periodic simple point-source, rate per unit of time at time t, 
q sin 2'?!^ : 

V = Q-'^n.r gjj^ [2-??^ — n^.r] (6) 


Verify that v satisfies (1) ; also that — Ai'jTr^dvjdr = q sin 2nt, where r = 0. 

y. Instantaneous spherical surface-source ; a quantity Q suddenly gener- 
ated over a spherical surface of radius a, and left to diffuse outwards and 
inwards : 

Q—{r—ay-^l4t g— (r-|-a.)V4S 

^ 


To prove this most easily, verify that it satisfies (1) ; and further verify that 

r* 

4iTT I dr = Q; 

J 0 


and that = 0 when i = 0, unless also r = a. Kemark that (6) becomes 
identical with (2) when a = 0 ; remark further that (6) is obtainable from (2) 
by integration over the spherical surface. 


VI. Constant 
whole surface, q : 


spherical surface-source ; rate per unit of time for the 

g— (r— a)V4t Q— (r-ha)^/4t~ 

art^!^ 



— qlAi'irr {r > a) = qj^urd (r < a). 


The formula within the brackets shows how this obvious solution is de- 
rivable from (6). 


VII. Courier’s “Linear Motion of Heat”; instantaneous plane-source; 
quantity per unit surface, cr ; 




(^) 


Verify that this satisfies (1) for the case of v independent of y and jz, and 
that 

r + co 

I V dee = cr. 

J — ao 

Remark that (7) is obtainable from (6) by putting Q(47ra^ = cr, and a, = oo; or 
directly from (2) by integration over the plane. 
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In Kelvin’s summary linear sources are passed over. If an instantaneous 
source be uniformly distributed along the axis of z, so that the rate per 
unit length is q, we obtain at once by integration from (2) 

^ _oo ^3/2 = ^ C ) 

From this we may deduce the effect of an instantaneous source uniformly 
distributed over a circular cylinder whose axis is parallel to z, the superficial 
density being a. Considering the cross-section through Q — the point where 
V is to be estimated, let O be the centre and a the radius of the circle. 
Then if P be a point on the circle, OP = a, OQ — r, PQ = p, Z POQ — 6 ; and 


so that 


p- — a? 2ar cos 9, 


V 


/: 


<Tadde~f*^/‘^ ail 


4i'irt 


2t 


r^+a'^ 



( 9 ) 


Jo (x), equal to Po (i^), being the function usually so denoted. From (9) we 
fall back on (8) if we put a — 0, 27raa = q. It holds good whether r be 
greater or less than a. 


When X is very great and positive, 

A (®) = . 


( 10 ) 


SO that for very small values of t (9) assumes the form 


2 \/(jrrat') 

vanishing when i = 0, unless r — a. 


Again, suppose that the instantaneous source is uniformly distributed 
over the circle ^ = 0, ^—a cos <p, y — a sin (f>, the rate per unit of arc being q, 
and that v is required at the point os, 0, z. There is evidently no loss of 
generality in supposing y=0. We obtain at once from (2) 


0 


( 11 ) 


where 


Thus 


= (^ — xY +■ 7f z^ — 2ax cos <f>. 




qa 


4)5 




■ j. /'ax\ 


.( 12 ) 


from which if we write q = adz, and integrate with respect to z from — oo to 
H- oo , we may recover (9). 
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If in (12) we put q = cr da and integrate with respect to a from 0 to oo , 
we obtain a solution which must coincide with (7) when in the latter we 
substitute z for cs. Thus 

Jo (13) 


a particular case of one of Weber’s integrals*. 

It may be worth while to consider briefly the problem of initial in- 
stantaneous sources distributed over the plane (^—0) in a more general 
manner. In rectangular coordinates the typical distribution is such that the 
rate per unit of area is 

or cos cos mr) (14) 


If we assume that at £c, y, z and time t, v is proportional to cos lx . cos my, 
the general differential equation (1) gives 


dv 

dt 


-h -1- m^) V = 


d^v 

dz^ 


or 


■ d 
dt 




dz^ 


t . 


so that, as for conduction in one dimension, 


and 


v~ A cos lx cos my g— 





vdz = 2 /s/rr . A cos lx cos my 


(16) 


Putting t = 0, and comparing with (14), we see that 



(16) 


By means of (2) the solution at time t may be built up from (14). In 
this way, by aid of the well-known integral 





g-c2/a® 

a ’ 


(17) 


we may obtain (15) independently. 

The process is of more interest in its application to polar coordinates. 
If we suppose that v is proportional to cos nd . Jn {kr), 


d^v \ dv 1 drv _ 

dr^ r dr ~dd^ 


(18) 


* Gray and Mathews’ BesseVs Functions, p. 78, equation (160). Put ?i = 0, X = 0. See 
also (31) below. 



1911] PEOBLEMS IN’ THE CONDUCTION OF HEAT 55 

SO that (1) gives 



p—Z^l4.t 

and V = A cos n6 Jn (hr) (20) 

From (20) 

vdz=%^/7r. A cos ndJ^ (hr) (21) 

* — oo 

If the initial distribution on the plane < 2 f = 0 be per unit area 

a- cos n6 Jn (Jcr), (22) 

it follows from (21) that as before 

^ = (23) 

We next proceed to investigate the effect of an instantaneous source 
distributed over the circle for which 

? = 0, ^ — a cos <^, ->7 = a sin 

the rate per unit length of arc being q cos n<^. From (2) at the point oc, y, z 

f q cos nd> adcb . 

^ (2'^) 

in which 

y -2 = (^ _ xy -I- (^ _ 2 /)^ 4 - ^2 _ ^2 ^ p 2 _j_ ^2 _ 2ap cos (<j6 — 6), 

if cc = p cos 9, y = p sin 6. The integral that we have to consider may be 
written 

r 2Tr r 

cos TKp eP ' = cos n (9 + ^Ir) gp'cos 
J 0 

= cos n9 j’ cos nyfr ep'cos^ j' dyp', (25) 

where yjr = ^ — 6, and p' = apj2t. In view of the peidodic character of the 
integrand, the limits may be taken as — tt and +• tt. Accordingly 

/ “{“TT CtT 

cos n-x/p c2-v|r = ^ I cos ■n'\lr dyjr, 

— IT J 0 

/ -f-TT 

sin n^p' e^' 'f' d\lr — 0 ; 

TT 

p^TT TtT 

and cos ncj> ep'cosC'#*-^) (l<p = 2 cos n9 I cos n-\}r ep'cosi/^ 

J Q Jo 

The integral on the right of (20) is equivalent to irZn (p'). vyhere 

i" = J„(ip') (27) 



56 


PROBLEMS IN THE CONDUCTION OF HEAT 


Jn being, as usual, tlie symbol of Bessel’s function of order n. For, if 
be even, 

cos nyjr eP'cost/^ ~ ^ J ^^p'oosxj/ ^ ^—p'oosi//^ 


[358 

n 


= J cos ny\r cos {ip' cos dyfr = (ip') = (p ' ) ; 


and, if n, be odd. 


cos nyfr e‘^’ d-^ = J cos nyfr (g-p'cos;^ _ gp'cos^^ 

* TT 

COS wi^r sin (ip' cos -^/r) d-v/r = Trln (p'). 


— % 


In either case 


1’^ cos nyfr eP'oosV/ == 

r^TT 

/ cosncf3e^'<^°^(-<l>-»:>d<f>=27rcosn0In(p'), 

V 0 

and (24) becomes 

go. eos j. fap\ 


(28) 

(29) 

(30) 


This gives the temperature at time t and place (p, due to an initial 
instantaneous source distributed over the circle a. 

The solution (30) may now be used to find the effect of the initial source 
expressed by (22). For this purpose we replace q by cr da, and introduce 
the additional factor Jn{ka), subsequently integrating with respect to a 

between the limits 0 and oo . Comparing the result with that expressed in 
(20), (23), we see that 

cr cos n9 
2 ^/{'rrt) 

is a common factor which divides out, and that there remains the identity 

p2/4i r® 

adae-»V« (fe) ^ J„{kp)e-’^-‘ (31) 


This a^ees with the formula given by Weber, which thus receives an 
interesting interpretation. 


Beverting to (30), we recognize that it must satisfy the fundamental 
equation. (1), now taking" the form 

, dF'v 1 d^ 1 d^v dv 

dz-^ dp^'^ 'p Wt ' 

and that when t=^0 v must vanish, unless also z = 0, p^ a. 
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If we integrate (30) witli respect to jz between ± oo , setting q == adz, so 
that adOBfiO represents the superficial density of the instantaneous source 
distributed over the cylinder of radius a, we obtain 


V = ■ 


aa cos n$ 
~2t 




n) 


e 


4^ 


(33) 


which may be regarded as a generalization of (9). And it appears that 
(33) satisfies (32), in which the term d^vjdz^ may now be omitted. 

In V. Kelvin gives the temperature at a distance r from the centre 
and at time t due to an instantaneous source uniformly distributed over 
a spherical surface. In deriving the result by integration from (2) it is of 
course simplest to divide the spherical surface into elementary circles which 
are symmetrically situated with respect to the line OQ joining the centre of 
the sphere 0 to the point Q where the elffect is required. But if the circles 
be drawn round another axis OA, a comparison of results will give a definite 
integral. 


Adapting (12), we write a = csm.6, c being the radius of the sphere, 
cc == OQ sin 6' — r sin Q', z=t cos 9' — c cos 6, so that 


V 


qcsixi /, 

-^0 1^’ 


cr sin 6 sin 9' 
'~2^ 


) 


TO COS ^ OpSj^' 


.(34) 


This has now to be integrated with respect to 0 from 0 to tt. Since the 
result must be independent of 6', we see by putting d' = 0 that 



sin 6 sin 9') ^ sin 6 d9 



gpcosflgin 6 d9 = 


1 

P 


(e/> - e-p). 


(35) 


Using the simplified form and putting q= acd6, where a is the superficial 
density, we obtain for the complete sphere 


V ' 


<xc 


27r^ t^r 




(<? — rp 
tt 


ic+ry 
4^ 


) 


(36) 


agreeing with (6) when we remember that Q = Ai'irc^a. 

We will now consider the problem of an instantaneous source arbitrarily 
distributed over the surface of the sphere whose radius is c. It suffices, 
of course, to treat the case of a spherical harmonic distribution; and we 
suppose that per unit of area of the spherical surface the rate is 8n- Assuming 
that V is everywhere proportional to we know that v satisfies 


1 d 
sin 6 d9 





1 dH 
sin** 9 do)^ 


+ n {n 1) V = 0, . 


(37) 
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6, CO being the usual spherical polar coordinates. Hence from (1) v as a 
function of r and t satisfies 


or 


dv _ d?v 2 dv n(n-{- V)v 
dt dr^ r dr ^ 


d (rv) __ d^ (r-y) 
di dr'^ 


n (w 4- 1) 




(rv) ■ 


0 


(38) 


When n = 0, this reduces to the same form as applies in one dimension. 
]For general values of n the required solution appears to be most easily found 
indirectly. 

Let us suppose that >8,^ reduces to Legendre’s function Pn. (/a), where 
fjb — Qo^d, and let us calculate directly from (2) the value of v at time t 
and at a point Q distant r from the centre of the sphere along the axis of fa. 


The exponential term is 

TCfJL 

4if e~^ — e iF' e'^^, (39) 

if p — rc[^t. Now (Theory of Sound, § 334) 

/-I ~ f (£) (40) 

whence A (/*)«"* ip), ( 41 ) 


or, as it may also be written by (27), 

= (42) 


Substituting in (2) 


.2p/ 

Q — 27rc^ Pn(^f) dfx. 


.(43) 


we now get for the value of v at time t, and at the point for which p = r, 

fa = 1, 

rffll-i-i qSI-2 g-(r2+c2)/4e 


rv = 


2t 




7i4-i 


%rc\ 


.(44) 


It may be verified by trial that (44) is a solution of (38). When p 
is not restricted to the value unity, the only change required in (44) is the 
introduction of the factor (p). 

When 71 = 0, P« {f) = 1, and we fall back upon the case of xiniform 
distribution. We have 


■/*(-)= y(|-) 


sin X, 


(45) 


(46) 

Using this in (44), we obtain a result in accordance with (6), in which Q, 
representing the integrated magnitude of the source, is equal to 47 rc^ in our 
present reckoning. 
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When n = l, Pj (//,) = and 

*.(•'- <“> 

and whatever integral value n may assume Pn-+}s- is expressible in finite 
terms. 


We have supposed that the rate of distribution is represented by a 
Legendre’s function Pn(jJ>)- In the more general case it is evident that 
we have merely to multiply the right-hand member of (44) by /Sn, instead 
of Pn. 

So far we have been considering instantaneous sources. As in II., the 
effect of constant sources may be deduced by integration, although the result 
is often more readily obtained otherwise. A comparison will, howev'er, give 
the value of a definite integral. Let us apply this process to (33) repre- 
senting the effect of a cylindrical source. 

The required solution, being independent of t, is obtained at once 
from (1). We have inside the cylinder 

v = A-p^ cos nO, 

and outside v — cos nd, 

with Aa”= The intensity of the source is represented by the differ- 
ence in the values of dv/dp inside and just outside the cylindrical 

surfiice. Thus 

cr' cos nd = n cos nO 

whence Aa*^ = — cr'aj‘2n, 

a cos nd being the constant time rate. Accordingly, within the cylinder 



and without the cylinder 

(«) 


These valuers are applicable when n is any positive integer. When n is zero, 
there is no permanent distribution of temperature possible. 

These solutions should coincide with the value obtained from (33) by 
putting cr = a dt and integrating with respect to t from 0 to co . Or 



n 



(50) 


. the + sign in the ambiguity being taken when p < a, and the — sign when 
p > a. I have not confirmed (50) independently. 
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In like manner we may treat a constant source distributed over a sphere. 
If the rate per unit time and per unit of area of surface be Sn, we find, 
as above, for inside the sphere (c) 


V- 


and outside the sphere 


2n + 


I©' 


^7ly 


.(51) 


V = 


0\ 






2-n 4- 1 \r/ 

and these forms are applicable to any integral ti, zero included. 
with (44), we see that 


(52) 

Comparing 


f 

J 0 


dt 




4.t 


J. 


n+i 


/ irc\ 2 /-y-Ndrln+i) 

w) ~ 2n + l w ’ 


2n + 1 

which does not differ from (50), if in the latter we suppose n = integer -f I-. 

The solution for a time-periodic simple point-source has already been 
quoted from Kelvin (IV.). Though derivable as a particular case from ( 4 ), 
it is more readily obtained from the differential equation ( 1 ) taking here the 
form — see (38) with n = 0 — 

(P ^ p (rr) 
dt ~~ dr^ ’ 

or if V is assumed proportional to 

(P (rv')ldT^ — ip (rv) = 0, (54) 

giving rv = Ae'^P* (^ 55 ) 

as the symbolical solution applicable to a source situated at r = 0 . Denoting 
by q the magnitude of the source, as in (5), we get to determine A, 

dv' 


— 47rr^ 


dr 


r=o 


= 4>7rA, 


so that 


^ eipt /5g') 

47rr ^ 

If from (56) we discard the imaginary part, we have 

4 “ cos [pt - r V(p/2)}, (57) 

corresponding to the source q cos pt. 

From (56) it is possible to build up by integration solutions relating to 
various distributions of periodic sources over lines or surfaces, but an inde- 
pendent treatment is usually simpler. We will, however, write down the 
integral corresponding to a uniform linear source coincident with the axis 
of A. If r^ = z^-\-p^, and {p being constant) rdr — zdz. Thus 

putting in (56) q=q^ dz, we get 


V 


2'7T 


r°° cl'ir 

J „ t/(r’—p‘)’ 


,( 68 ) 
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In considering the effect of periodic sources distributed over a plane cgt/, 
we may suppose 

V oc cos lx . cos my, (69) 


or 


again 


V oc Jn (kr) . cos nO, (60) 


where + y\ In either case if we write + rn? — 

proportional to (1) gives 

Jc^, and assume v 

d^vjdz^ = {k^ ip) V 

(61) 

Thus, if 


A;® -\-{p == R (cos a-\-i sin a), 

(62) 

/|I, ^ ^-N/ii-(cosia4-isinia)2? 

(63) 

where A includes the factors (59) or (60). If the value of 

V be given on the 


plane z = 0, that of A follows at once. If the magnitude of the source be 
given, A is to be found from the value of dv/dz when z = 0. 


The simplest case is of course that where ^• = 0. If be the value 

of V when z = 0, we find 

v = g—z \i ' • (64) 

or when realized 

V = yg— •* n/<p/ 2) cos [pt — z (66) 

corresponding to 

V — V cos pt when z — 0. 

From (64) - (66) 


if o- be the source per unit of area of the plane regarded as operative in 
a medium indefinitely extended in both directions. Thus in terms of a, 


V 


gi ipt-iv) g-zs/iip)^ 


or in real form 


-y = 


2 Vp 


2Vp 

ff-ZsJivM cQg — Z \/(pJ'2)}, 


corresponding to the uniform source cr cos pt 


(67) 

( 68 ) 


In the above formulae z is supposed to be positive. On the other side of 
the source, where z itself is negative, the signs must be changed so that the 
terms containing z may remain negative in character. 


When periodic sources are distributed over the surface of a sphere 
(radius = c), we may suppose that v is proportional to the spherical surface 
harmonic Sn- As a function of r and t, v is then subject to (38) ; and when 
we introduce the further supposition that as dependent on t, v is proportional 


to we have 


{rv) 

dr^ 


n(u + 1) 

.^2 


(r-y) — ip (rv) — 0 ... 


(69) 
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When n~ 0, that is in the case of symmetry round the pole, this equation 
takes the same form as for one dimension ; but we have to distinguish 
between the inside and the outside of the sphere. 


On the inside the constants must be so chosen that v remains finite 
at the pole (r = 0). Hence 

rv = A (70) 

or in real form 

rv == cos + r V(pl^)} - Ae-^^ ^os [pt - r V(i3/2)}- . . .(71) 

Outside the sphere the condition is that rv must vanish at infinity. In this 


case 

rv — B e~^'^ (72) 

or in real form 

rv = cos {pt — r ^{p/2)] (73) 


When n is not zero, the solution of (69) may he obtained as in Stokes’ 
treatment of the corresponding acoustical problem {Theory of Sound, ch. xvii). 
Writing r f(ip) = 21 , and assuming 


rv — Ae^ •+ Be~^, 
where A and B are functions of 3 , we find for B 


..(74) 


d^B dB n{n + l) ^ ^ 

dz ^ ^ 

The solution is B = B^fn {z), 

where i?o is independent of z and 


(75) 

(76) 


fn (^) — 1 + 


LvLZLfi . 
t .z 








2 . 4 




i) 


as may be verified by substitution. Since n is supposed integial, the series 
(77) terminates. For example, if ^^ = 1, it reduces to the first two terms. 


The solution appropriate to the exterior is thus 


rv = B^ Snd-vt Q-r^ (ip) 

For the interior we have 

TV = A,S^e^^^ {e-^d m {^^p^r) - e^V <^p) (_ 

which may also be expressed by a Bessel’s function of oz'der n q- 4. 


(78) 

(79) 


In like manner we may treat the problem in two dimensions, where 
everything may be expressed by the polar coordinates r, 6. It suffices to 

consider the terms in cos n6, where is an integer. The differential equation 
analogous to (69) is now 




d^v 1 dv 
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which, if we take r ~ as before, may be written 


cZ"(A ) 

dz^ 


(»-»)(«+>) 4 ^ 

^2 


( 81 ) 


and is of the same form as (69) when in the latter r. — -I- is written for n. 

As appears at once from (80), the solution for the interior of the cylinder 
may be expressed 

'V = A cos nd r), (S2) 

Jn being as usual the Bessel’s function of the 7^th order. 

For the exterior we have from (81) 

r^v — B cos n6 ^ ’")) (^^) 

where 

, , , , 4?^‘^ - 1'^ - 1*-*) (4n'' - 3") 

= 1 + -T78F+ l.2;W 

(4,11= - 1= ) (4rtt= -_3!)_(« - 3») , , „ . , 

1.2.3'^. ( 82 )= ■ ■ ^ 

The series (84), unlike (V7), does, not terminate. It is ultimately divergent, 
but may be employed for computation when z is moderately great. 

In these periodic solutions the sources distributed over the plane, sphere, 
or cylinder are supposed to have been in operation for so long a time that 
any antecedent distribution of temperature throughout the medium is with- 
out influence. By Fourier’s theorem this procedure may be generalized 
Whatever be the character of the sources with respect to time, it may be 
resolved into simple periodic terms ; and if the character be known through 
the whole of past time, the solution so obtained is unambiguous. The same 
conclusion follows if, instead of the magnitude of the sources, the temperature 
at the surfaces in question be known through past time. 

An important particular case is when the character of the function is such 
that the superficial value, having been, constant (zero) for an infinite time, is 
suddenly raised to another value, say unity, and so maintained. The Fourier 
expression for such a function is 



1 

TT 



sin pi 

'W"' 




(85) 


the definite integral being independent of the arithmetical value of t, but 
changing sign when t passes through 0 ; or, on the understanding that only 
the real part is to be retained, 


1 1 
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We may apply this at once to the cage of the plane a = 0 which has been at 
0 temperature from i == - oo to t = 0, and at temperature 1 from ^ = 0 to 
3 (= 00 . By (64) 


i*co 




^TTJo 


(¥) 


df. 


•(87) 


By the methods of complex integration this solution may be transformed into 
Courier’s, viz* 

dv _ 
dz 


v = l- 


which are, however, more readily obtained otherwise. 

In the case of a cylinder (r = c) whose surface has been at 0 up to ^ = 0 
and afterwards at v = 1, we have from (83) with = 0 


1 

/,- 22 / 4 « 

V (ttO 

(88) 

0 rzl^s/t 

VttJo ^ 

(89) 


'i) = ^4- 






.(90) 


of which only the real part is to he retained. This applies to the region out- 
side the cylinder. 

It may he observed that when t is negative (Si) must vanish for positive 
z and (90) for r>c. 
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ON THE GENERAL PROBLEM OF PHOTOGRAPHIC EEPBO- 
BXJCTION, WITH SUGGESTIONS FOR ENHANCING 
GRADATION ORIGINALLY INVISIBLE. 

\^Philosophical Magazvze, Vol. xxil. pp. 734 — 740, 1911.] 

In copying a subject by photography the procedure usually involves two 
distinct steps. The first yields a so-called negative, from which, by the same 
or another process, a second operation gives the desired positive. Since 
ordinary photography affords pictures in monochrome, the reproduction can 
be complete only when the original is of the same colour. We may suppose, 
for simplicity of statement, that the original is itself a transparency, e.g, a 
lantern-slide. 

The character of the original is regarded as given by specifying the 
transparency (t) at every point, i.e. the ratio of light transmitted to light 
incident. But here an ambiguity shoxild be noticed. It may be a question 
of the place at which the transmitted light is observed. When light 
penetrates a stained glass, or a layer of coloured liquid contained in a tank, 
the direction of propagation is unaltered. If the incident rays are normal, so 
also are the rays transmitted. The action of the photographic image, con- 
stituted by an imperfectly aggregated deposit, differs somewhat. Rays 
incident normally are more or less diffused after transmission. The effective 
transpixrency in the half-tones of a negative used for contact printing may 
thus be sensibly greater than when a camera and lens is employed. In the 
first case all the transmitted light is effective ; in the second most of that 
diffused through a finite angle fails to reach the lens^. In defining t — the 
transparency at any place — account must in strictness be taken of the 
manner in which the picture is to be viewed. There is also another point 
to be considered. The transparency may not be the same for different kinds 

* In the extreme case a negative seen against a dark background and lighted obliq.uely from 
behind may even appear as a positive. 


R. VI. 


5 
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of light. We must suppose either that one kind of light only is employed, 
or else that t is the same for all the kinds that need to be regarded. The 
actual values of t may be supposed to range from 0, representing complete 
opacity, to 1, representing complete transparency. 

As the first step is the production of a negative, the question naturally 
suggests itself whether we can define the ideal character of such a negative. 
Attempts have not been wanting ; but when we reflect that the negative is 
only a means to an end, we recognize that no answer can be given without 
reference to the process in which the negative is to be employed to produce 
the positive. In practice this process (of printing) is usually different fro m 
that by which the negative was itself made; but for simplicity we shall 
suppose that the same process is employed in both operations. This require- 
ment of identity of procedure in the two cases is to be construed strictly, 
extending, for example, to duration of development and degree of intensifica- 
tion, if any. Also we shall suppose for the present that the exposure is the 
same. In strictness this should be understood to require that both the 
intensity of the incident light and the time of its operation be maintained ; 
but since between wide limits the effect is known to depend only upon the 
product of these quantities, we may he content to regard exposure as defined 
by a single quantity, viz. intensity of light x time. 

Under these restrictions the transparency If at any point of the negative 
is a definite function of the transparency t at the corresponding point of the 
original, so that we may write 

( 1 ) 

/ depending upon the photographic procedure and being usually such that 
as t increases from 0 to t' decreases continually. When the operation is 
repeated upon the negative, the transparency t" at the corresponding part of 
the positive is given by 

t " =/(0 ( 2 ) 

Complete reproduction may be considered to demand that at every point 
t" = t. Equation (2) then expresses that t must be the same function of 
t' that t* is of t. Or, if the relation between t and t' be written in the form 

F{t,t')^(), (3) 

F must be a symmetrical function of the two variables. If we regard t, t' as 
the rectangular coordinates of a point, (3) expresses the relationship by a 
curve which is to be symmetrical with respect to the bisecting line t' = t 

So far no particular form of f or F, is demanded ; no particular kind of 
negative is indicated as ideal. But certain simple cases call for notice. 
Among these is 




( 4 ) 



1911] ON- THE GENEBAL PEOBLEM OF PHOTOGEAPHIC REPEODUCTION 67 

which obviously satisfies the condition of symmetry. The representative 
curve is a straight line, equally inclined to the axes. According to (4), when 
^ _ 0, t' =\. This requirement is usually satisfied in photography, being 
known as freedom from fog — no photographic action where no light has 
fallen. But the complementary relation = 0 when t — 1 is only satisfied 
approximately. The relation between negative and positive expressed in (4) 
admits of simple illustration. If both be projected upon a screen from 
independent lanterns of equal luminous intensity, so that the images fit, the 
pictures obliterate one another, and there results a field of uniform intensity. 

Another simple form, giving the same limiting values as (4), is 

q ■ .(^5) 

and of course any number of others may be suggested. 

According to Fechner’s law, which represents the facts fairly well, the 
visibility of the difference between t and dt is proportional to dt/t. The 
gradation in the negative, constituted in agreement with (4), is thus quite 
different from that of the positive. When t is small, large differences in the 
positive may be invisible in the negative, and vice versd when t approaches 
unity. And the want of correspondence in gradation is aggravated if we 
substitute (5) for (4). All this is of course consistent with complete final 
reproduction, the differences which are magnified in the first operation being 
correspondingly attenuated in the second. 

If we impose the condition that the gradation in the negative shall agree 


with that in the positive, we have 

dtjt — — dt' jt' , (6) 

whence = (7) 


where (7 is a constant. This relation does not fully meet the other require- 
ments of the case. Since t' cannot exceed unity, t cannot be less than G. 
However, by taking O small enough, a sufficient approximation may be 
attained. It will be remarked that according to (7) the negative and positive 
obliterate one another when superposed in such a manner that light passes 
through them in succession — a combination of course entirely different from 
that considered in. connexion with (4). This equality of gradation (within 
certain limits) may perhaps be considered a claim for (7) to represent the 
ideal negative; on the other hand, the word, accords better with defini- 
tion (4). 

It will be remembered that hitherto we have assumed the exposure to he 
the same in the two operations, viz. in producing the negative and in copying 
from it. The restriction is somewhat arbitrary, and it is natural to inquire 
whether it can be removed. One might suppose that the removal would 
allow a greater latitude in the relationship between t and l ! ; but a closer 
scrutiny seems to show that this is not the case. 


5—2 
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The effect of varying the exposure (e) is the same as of an inverse 
alteration in the transparency 5 it is the product et with which we i eally 
have to do. This refers to the first operation ; in the second, t'" is dependent 
in like manner upon e't'. Tor simplicity and without loss of geneiality we 
may suppose that 6=1; also that e = m, where w is a numerical ( juantity 
greater or less than unity. The equations which replace (1) and (2) are now 

(8) 

and we assume that f is such that it decreases continually as its argument 
increases. This excludes what is called in photography solarizaAion. 

We observe that if t, lying between 0 and 1, anywhere makes t' = t, then 
m must be taken to be unity. For in the case supposed 

t =f(t) =/(m«) ; 

and this in accordance with the assumed character of f cannot be true, unless 
m=l. Indeed without analytical formulation it is evident that since the 
transparency is not altered in the negative, it will require the same exposure 
to obtain it in the second operation as that by which it was produced in the 
first. Hence, if anywhere t' = t, the exposures must be the same. 

It remains to show that there is no escape from a local equality of t and t'. 
When t = 0, = 1, or (if there be fog) some smaller positive quantity. As 

t increases from 0 to 1, t' continually decreases, and must therefore pass t at 
some point of the range. We conclude that complete reproduction requires 
m = 1, i.e. that the two exposures be equal ; but we must not forget that we 
have assumed the photographic procedure to be exactly the same, except as 
regards exposure. 

Another reservation requires a moment’s consideration. We have inter- 
preted complete reproduction to demand equality of f and t. This seems to 
be in accord with usage ; but it might be argued that propor'tional'ity of t'' 
and t' is all that is really required. For although the pictures considered in 
themselves differ, the 'effect upon the eye, or upon a photographic plate, may 
be made identical, all that is needed being a suitable variation in the intensity 
of the luminous background. But at this rate we should have to regard a 
white and a grey paper as equivalent. 

If we abandon the restriction that the photographic process is to he the 
same in the two operations, simple conclusions of generality can hardly be 
looked for. But the problem is easily formulated. We may write 

^ t = t" (9) 

where e, e are the exposures, not generally equal, and yi, represent two 
functions, whose forms may vary further with details of development and 
intensification. But for some printing processes might be treated as a 
fixed function. It would seem that this is the end at which discussion 
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should begin. When the printing process is laid down and the character of 
the results yielded thereby is determined, it becomes possible to say what 
is required in the negative ; but it is not possible before. 

In many photographs it would appear that gradation tends to be lost at 
the ends of the scale, that is in the high lights and deep shadows, and (as a 
necessary consequence, if the full range is preserved) to be exaggerated in 
the half-tones. For some purposes, where precise reproduction is not desired, 
this feature may be of advantage. Consider, for example, the experimental 
prohleiti, discussed by Huggins, of photographing the solar corona without an 
eclipse. The corona is always present, but is overjpowered by a;tmospheric 
glare. The problem is to render evident a very small relative difference of 
luminous intensity. If the difference is exaggerated in a suitably exposed 
and developed photograph, so much the better. A repetition of successive 
copyings might render conspicuous a difference originally invisible. At each 
operation we may suppose a factor a to be introduced, a being greater than 
unity. After n copyings dtjt becomes a'^^dtlt. Unless the gain each time 
were very decided, this would be a slow process, and it would be liable to fail 
in practice owing to multiplication of slight irregular photographic marhings. 
But a method proposed by Mach* and the present writeri* should be of 
service here. By the aid of reflexion light at each stage is transmitted twice 
through the picture. By this means alone a is raised to equality with 2, and 
upon it any purely photographic exaggeration of gradation is superposed. 
Three successive copyings on this plan should ensure at least a ten-fold 
exaltation of contrast. 

Another method, simpler in execution, consists in superposing a consider- 
able number (n) of similar pictures. In this way the contrast is multiplied 
n times. Rays from a small, but powerful, source of light fall first upon 
a collimating lens, so as to traverse the pile of pictures as a parallel beam. 
Another condensing lens brings the rays to a focus, at which point the eye is 
placed. Some trials on this plan made a year ago gave promising results. 
Ten lantern-slides were prepared from a portrait negative. The exposure (to 
gas-light) was for about 3 seconds through the negative and for 30 seconds 
bare, i.e. with negative removed, and the development was rather light. On 
single plates the picture was but just visible. Some rough photometry 
indicated that each plate transmitted about one- third of the incident light. 
In carrying out the exposures suitable stops, cemented to the negative, must 
be provided to guide the lantern-plates into position, and thus to ensure their 
subsequent exact superposition by simple mechanical means. 

When only a few plates are combined, the light of a Welsbach mantle 
suffices ; but, as was to he expected, the utilization of the whole number (ten) 

* Jahrhuchf. Fhotographie. 

t Fhil. Mag. Vol. xliv. p. 282 (1897); Scientijic Papers , Tol. iv. p. 383. . 
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requires a more powerful source. Good results were obtained with a lime- 
light ; the portrait, barely visible at all on the single plates, came out fairly 
well under this illumination. If it were proposed to push the experiment 
much further by the combination of a larger number of plates, it would 
probably be advantageous to immerse them in benzole contained in a tank, 
so as to obviate the numerous reflexions at the surfaces. 

It has been mentioned that in the above experiment the development of 
the plates was rather light. The question may be raised whether further 
development, or intensification, might not make one plate as good as two or 
three superposed. I think that to a certain extent this is so. When in 
a recent experiment one of the plates above described was intensified with 
mercuric chloride followed by ferrous oxalate, the picture was certainly more 
apparent • than before, when backed by a sufficiently strong light. And the 
process of intensification may be repeated. But there is another point to be 
considered. In the illustrative experiment it was convenient to copy all the 
plates from the same negative- But this procedure would not be the proper 
one in an attempt to render visible the solar corona. For this purpose a good 
many independent pictures should be combined, so as to eliminate slight 
photographic defects. As in many physical measurements, when it is desired 
to enhance the delicacy, the aim must be to separate feeble constant effects 
from chance disturbances. 

It may be that, besides that of the corona, there are other astronomical 
problems to which one or other of the methods above described, or a com- 
bination of both, might be applied with a prospect of attaining a further 
advance. 
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ON THE PROPAGATION OF WAVES THROUGH A STRATIFIED 
MEDIUM. WITH SPECIAL REFERENCE TO THE QUESTION 
OF REFLECTION. 

[Proceedings of the Iloyal Society, A, Vol. lxx.x:vl pp. 207 — 266, 1912.] 

The medium js supposed to be such that its properties are everywhere 
a functiou of but one coordinate cb, being of one uniform quality where os is 
less than a certain value osi, and of another uniform quality (in general, 
different from the first) where so exceeds a greater value and the 

principal problem is the investigation of the reflection which in general 
ensues when plane waves in the first medium are incident upon the strati- 
fications. For the present we suppose the quality to be uniform through 
strata of finite thickness, the first transition occurring when (c=^oci, the 
second at and the last at 

The expressions for the waves in the various media in order may be taken 
to be 

</>! = 4 - 

<f>^ = 4 

and so on, the A’s and Es denoting arbitrary constants. The first terms 
represent the waves travelling in the positive direction, the second those 
travelling in the negative direction ; and our principal aim is the determina- 
tion of the ratio Bi/Ai imposed by the conditions of the problem, including 
the requirement that in the final medium there shall be no negative wave. 

As in the simple transition from one uniform medium to another {Theory 
of Sound, § 270), the symbols c and b are common to all the media, the first 
depending merely upon the periodicity, while the constancy of the second is 
required in order that the traces of the various waves on the surfaces of 
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and so on. In these equations the c’s and the y3’s are real, and also the 
a’s, unless there is “ total reflection ” ; the 5 ’s are pure imaginaries, with the 
same reservation. 

When there are three media, we are to suppose in the problem of reflection 
that Hs~— 1, i2~3 = l. Thus from (21), (22), 

Sx — cZi (CiQfa “t ^ 1 ^ 2 )) ^1 “ ('Si®2 ■+■ ; 

so that — = ~ ~1~ (^ 2 ^ j ^ 1 ^ 2 ) (24') 

Ax Kx Ox (I 3 j ^2 +■ otxCK^ + (okq^x + 011 /^ 2 ) 

If there be no “total reflection,” the relative intensity of the reflected 
waves is 

0 i (^1^2 *^10^2)^ ^1" ~ 0^1 ^ 2)^ / 9 K^ 

0x^(^x^2Actxa.xf — Sx^(o(^^x + 0Lx^2~f' ^ ' 

Ox = cos^ ttg (xz — Xx), — Sx^ = sin® (x.^, — Xx) (26) 

The reflection will vanish independently of the values of Cj and ^.e., 
whatever may be the thickness of the middle layer, provided 

AA — (X-xCLi = 0, Ofa/Si — aj/Sa = 0 ; or j3x= ax, 

since these quantities are all positive. Reference to (9) shows that these 
are the conditions of vanishing reflection at the two surfaces of transition 
considered separately. 

If these conditions be not satisfied, the evanescence of (25) requires that 
either Cx or Si be zero. The latter case is realized if the intermediate layer 
he abolished, and the remaining condition is equivalent to <r,i/cri = ^q/a, , as 
was to be expected from (9). We learn now that, if there would be. no 
reflection in the absence of an intermediate layer, its introduction will have 
no effect provided (x^ — Xx) he a multiple of tt. An obvious example is 
when the first and third media are similar, as in the usual theory of 
“ thin plates.” 

On the other hand, if q, or cos Ua (^2 — ^ 1 ); vanish, the remaining require- 
ment for the evanescence of (25) is that A/a 2 = ^j/ax. 

01 ~ O'l 02 ~~ 0-2 


In this case 


01 “t 02 "t” OC 2 ^ 


SO that hy (9) the reflections at the two faces are equal in all respects. 

In general, if the third and first media are similar, (25) reduces to 

[0x1 oil — sin® (Xa (aJa — a'l) 

4 cos® Ua (X 2 - Xx) + {0x/ax -f- axJ0x]^ sin® a^ix^-Xxj’ ^ 

which may readily he identified with the expression usually given in terms 
of (9). 

It remains to consider the cases of so-called total reflection. If this 
ocenrs only at the second surface of transition, a^, are real, while is a 
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pure imaginary. Thus «! is real, and is imaginary; Ci is real always, 
and Si is imaginary as before; the /S’s are always real. Thus, if we 
separate the real and imaginary parts of the numerator and denominator 
of (24)), we get 

+ ■SiOfa/gi - ^ 

-dj Ci/3i^a H- + Cittiag + SiOfi^a ’ ^ ^ 

of which the modulus is unity. In this case, accordingly, the reflection 
hack in the first medium is literally total, whatever may be the thickness 
of the intermediate layer, as was to be expected. 

The separation of real and imaginary parts follows the same rule when 
^2 is imaginary, as well as (Xa- For then Wi is imaginary, while a^, Sj_ are 
real. Thus SjCk^/Si remains real, and CiaiO-g, remain imaginary. The 

reflection hack in the first medium is total in this case also. 


The only other case requiring consideration occurs when is imaginary 
and its real. The reflection is then total if the middle layer be thick enough, 
but if this thickness be reduced, the reflection cannot remain total, as is 
evident if we suppose the thickness to vanish. The ratios Wj, a^. are now 
both imaginary, while is real. The separation of real and imaginary 
parts stands as in (24), and the intensity of reflection is still expressed 
by (25). If we take a^ = — ia^, we may write in place of (25), 

( /9iyQ2 — QOB h^ Oa^ (a;.2 — .x'l) - — oti/da)^ smh=^ a,z — Xj) 

Wi/Ss + «! ofa)® cosh® Oa' ~ «?i) — («2/3i + «i A)“ siuh® (asa — oci) ’ 

When )»2 — is extremely small, this reduces to 


^3 ^ 2 )^ (q'a/o'i U's/u-i)® 

(/ 3 i A 4 - «! OTa)® ’ ( 0 - 3 / cTx + Gs/ ai)® ’ 

in accordance with (9). 

When on the other hand cc^ — cg^ exceeds a few wave-lengths, (29) approaches 
unity, as we see from a form, equivalent to (29), viz.. 


.(30) 


(iSi® — tti®) (yds® - otg® ) cosh® g/ (ai 2 — ^ 1 ) H- (ofa^i — 

(y6i® — tti®) (ySa" — «‘/) cosh® (it’a — Xi) -f Cti/Sa)® ’ 

It is to be remembered that in (SO), aj®, ct.^, a^aa have negative values. 

The form assumed when the third medium is similar to the first may be 
noted. In this case = 1, ydj/Sa = 1, J^^nd we get from (29) 


(/9i/rti — oci/^i)® sinh® 

Oi/ai — sinh®aa' {x^ — «i) — 4 ' 


.(31) 


In this case, of course, the reflection vanishes when x^ — is sufficiently 
reduced. 


Equations (21), etc., may be regarded as constituting the solution of the 
general problem. If there are m media, we suppose = — 
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thence calculate in order from the pairs of simple equations H tn—x j ^m—x j 
Hm-i, etc., until and are reached; and then determine the 

ratio The procedure would entail no difficulty in any special case 

numerically given ; but the algebraic expression of jETj and Kt, in terms of 
Hm and Km soon becomes complicated, unless further simplifying conditions 
are introduced. Such simplification may be of two kinds. In the first it is 
supposed that the total thickness between the initial and final media is 
small relatively to the wave-lengths, so that the phase-changes occurring 
within the layer are of subordinate importance. In the second kind of 
simplification the thicknesses are left arbitrary, but the changes in the 
character of the medium, which occur at each transition, are supposed small. 

The problem of a thin transitional layer has been treated by several 
authors, L. Lorenz*, Van Hyn^f, DrudeJ, Schott §, and Maclaurinlj. A full 
account will be found in Theory of Light by the last named. It will 
therefore not be necessary to treat the subject in detail here ; but it may be 
worth while to indicate how the results may be derived from our equations. 
For this purpose it is convenient to revert to the original notation so far as 
to retain a and cr. Thus in place of (17), etc., we write 

— — Uq ^ X'Kx — — ^ %'K-i^y ....... .. (32) 

JEZg -H A'g) = cig 19^3 , o' 2 (sijE? 2 ”t' ^iA^ 2 ) ~ etc. ...(33) 

In virtue of the supposition that all the layers are thin, the c’s are nearly 
equal to unity and the s’s are small. Thus, for a first approximation, we 
identify c with 1 and neglect s altogether, so obtaining 

U>j = CJj^ hi 2 , O'lK j O' 2 L -2 ^ m L-ijn ■ • . .(34) 

The relation of LTi, to Km is the same as if the transition between 
the extreme values took place without intermediate layers, and the law of 
reflection is not disturbed by the presence of these layers, as was to be 
expected. 

For the second approximation we may still identify the c’s with unity, 
while the 5 ’s are retained as quantities of the first order. Adding together 
the column of equations constituting the first members of (32), (33), etc., we 
find 

Ki "l- ^' 2 ,^\K ^2 "b UgSaFTg “b ... - 1 " (X/ffi — i S-m—'z Km — i “ CLffiUtn 3 • • * • * *(35) 

and in like manner, with substitution of o for a and interchange of K and JET, 

Aj -f- O 2 S 1 K 2 -b ... b- CTm—x ^rn—2 K^—x — ^mKm (36) 

* Pogg. Ann. 1860, Vol. cxi. p. 460. 

t Wied. Ann. 1883, Vol. xx. p. 22. 

X Wied. Ann. 1891, Vol. xlui. p. 126. 

§ Phil. Trans. 1894, Vol. ciiXxxv. p. 823. 

II JF2o2/. Soc. Proc. A, 1905, Vol. xxxvi. p- 49. . 
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In the small terms containing s’s we may substitute the approximate 
values of S and K from (34). For the problem of reflection we suppose 
Jim + Km — 0. Hence 






^ m 


1+ — 2 




' m 


^m, ^2^1 


''^1 + 


O-j 


m 


(Xq 


(31) 


In (37), Si. = ia^ — cci), and so on, so that 

s22i = if.“'— , t~ = ifo-dw, (38)' 

. cr-i J cr a^J ^ ^ 

the integration extending over the layer of transition. 

One conclusion may be drawn at once. To this degree of approximation 
the reflection is independent of the order of the strata. It will be noted 
that the sums in (37) are pure imaginaries. In what follows we shall 
suppose that am is real. 

As the final result for the reflection, we find 


where 


j t 'i 1 1 I 'Jl, 1 TT^ '1st 

<r ml O'l Um/ a 1 




(Tml<ri + am/cLi 


(39) 

(40) 


?JS. f o-dtc - f ^ 

tan 8 = 2^ . (41) 

Clj CTyyi ^ 1 

^ m ^ 1 ^7n 

To this order of approximation the intensity of the reflection is unchanged 
by the presence of the intermediate layers, unless, indeed, the circumstances 
are such that (40) is itself small. If o-m/o-i = Um/«i absolutely, we have 



and 8 = ^tt. This case is important in 'Optics, as representing the reflection 
at the polarising angle from a contaminated surface. 

The two important optical cases : (i) where <t is constant, leading (when 
there is no transitional layer) to Fresnel’s formula (11), and (ii) where 
cr sin“ 6 is constant, leading to (10), are now easily treated as special examples. 
Introducing the refractive index ya, we find after reduction for case (i) 



47r cos dj 
^1 {.yn? /^i") 



(43) 


where Xi, /Ui relate to the first medium, fXm is the index for the last medium, 
and the integration is over the layer of transition. The application of (43) 
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should be noticed when the layer is in effect abolished, either by supposing 
on the other hand, /a = 


In the second case (42), corresponding to the polarising angle, becomes 


A 


'IT 


^1 V ”1“ 

In general for this case 


/ 


/^l“) /^m“) 


dco. 


.(44) 



The second fraction in (45) is equal to the thickness of the layer of 
transition simply, when we suppose /x = 


Further, B" 



47r cos sin® 





-dx 


cos® sin® 


(46) 


the difference of phase vanishing, as it ought to do, when fji = or or 
again, when = 0. 


It should not escape notice that the expressions (10) and (11) have 
different signs when 6^ and 6^ are small. This anomaly, as it must appear 
from an optical point of view, should be corrected when we consider the 
significance of S" — 8'. The origin of it lies in the circumstance that, in our 
application of the boundary conditions, we have, in effect, used different 
vectors as dependent variables to express light of the two polarisations. For 
further explanation reference may be made to former writings, e.g. “ On the 
Dynamical Theory of Gratings^.” 


If throughout the range of integration, fx is intermediate between the 
terminal values ju-i, the reflection is of the kind called positive by Jamin. 
The transition may well be of this character when there is no contamination. 
On the other hand, the reflection is negative, if /u has throughout a value 
outside the range between fjLi and It is probable that something of this 

kind occurs when water has a greasy surface. 

The formulae required in Optics, viz. (43), (44), (45), (46), are due, in 
substance, to Lorenz and Van Ryn. The more general expressions (41), (42) 
do not seem to have been given. 

There is no particular difl&culty in pursuing the approximation from 
(32), etc. At the next stage the second term in the expansion of the c’s 




Hoy. Soc. Proc. A, 1907, Vol. rxxix. p. 413. 
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must be retained, -while the ^’s are still sufficiently represented by the first 
terms. The result, analogous to (37), (38), is 


^ 1 



0 ^ 0 ^ 


— do) 



(47) 


in which the terminal abscissae of the variable layer are taken to be 0 and d, 
instead of and I do not follow out the application to particular 

cases such as cr = constant, or <t sin^ 0 — constant. For this reference may he 
made to Maclaurin, who, however, uses a different method. 


The second case which allows of a simple approximate expression for the 
reflection arises when all the partial reflections are small. It is then hardly 
necessary to appeal to the general equations : the method usually employed 
in Optics suffices. The assumptions are that at each surface of transition the 
incident waves may be taken to be the same as in the first medium, merely 
retarded by the appropriate amount, and that each partial reflection reaches 
the first medium no otherwise modified than by such retardation. This 
amounts to the neglect of waves three times reflected. Thxis 


q. {tc.r-a>i) 4. ^1. _^ig-2iCaa(aa-a!i)+aa(a:3-%)] _|. 

/3i+0(j ^2 + OC^ A-1-«8 


(48) 


An interesting question suggests itself as to the manner in which the 
transition from one uniform medium to another must be effected in order to 
obviate reflection, and esj^cially as to the least thickness of the layer of 
transition consistent with this result. If there be two transitions only, the 
least thickness of the layer is obtained by supposing in (48) 


/3 i oti _ ySj — ac^ 
/Si +■ «1 ^2 + 0^2 


(49) 


kif/2 (asz — £Ci) = TT ; (50) 


and this conclusion, as we have seen already, is not limited to- the case of 
small differences of quality. In its application to perpendicular incidence, 
(50) expresses that the thickness of the layer is one-quarter of the wave- 
length proper to the layer. The two partial reflections are equal in magnitude 
and sign. It is evident that nothing better than this can be done so long as 
the reflections are of one sign, however numerous the surfaces of transition 
may be. 


If we allow the partial reflections to be of different signs, some reduction 
of the necessary thickness is possible. For example, suppose that there are 
two intermediate layers of equal thickness, of which the first is similar to the 
final uniform medium, and the second similar to the initial uniform medium. 
Of the three partial reflections the first and third are similar, but the second 
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is of the opposite sign. If three vectors of equal numerical value compensate 
one another, they must be at angles of 120°. The necessary conditions are 
satisfied (in the case of perpendicular transmission) if the total thickness 
(2^) is in accordance with 


The total thickness of the layer of transition is thus somewhat reduced, 
but only by a very artificial arrangement, such as would not usually be 
contemplated when a layer of transition is spoken of. If the progress from 
the first to the second uniform quality be always in one direction, reflection 
cannot be obviated unless the layer be at least thick. 

The general formula (48) may be adapted to express the result appropriate 
to continuous variation of the medium. Suppose, for example, that cr is 
constant, making /3 = 1, and corresponding to the continuity of both (p and 
d^ldo)*. It is convenient to suppose that the variation commences a.t as — 0. 
Then (48) may be written 

Ai j 2a^ 


/ cc 

adx 

0 


.(61) 


a at any point x being connected with the angle of propagation by the usual 
relation (3). In the special case of perpendicular propagation, a — 27r/4/Xi/Wi, 
fjb being refractive index and Xi, relating to the first medium. 

A curious example, theoretically possible even if unrealizable in experi- 
ment, arises when the variable medium is constituted in such a manner that 
the velocity of propagation is everywhere constant, so that there is no 
refraction. Then a is constant, a= 1, and (48) gives 





(52) 


Some of the questions relating to the propagation of waves in a variable 
medium are more readily treated on the basis of the appropriate diflferential 
equation. As in (1), we suppose that the waves are plane, and that the 
medium is stratified in plane strata perpendicular to ac, and we usually omit 
the exponential factors involving t and y, which may be supposed to run 
through. In the case of perpendicular propagation, y would not appear 
at all. 


Consider the differential equation 

^ + ^<^ = 0. (53) 

in which (unless can be infinite) it is necessary to suppose that <p and 
d(j>jdx are continuous; is a function of x, which must be everywhere 


* These would be the conditions appropriate to a stretched string of variable longitudinal 
density vibrating transversely. 
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positive when the transmission is perpendicular, as, for example, in the case 
of a stretched string. When the transmission is oblique to the strata, 
may become negative, corresponding to “ total reflection,” but in most of 
what follows we shall assume that this does not happen. The continuity of 
0 and d<j)ldx, even though k^ be discontinuous, appears to limit the applica- 
tion of (53) to certain kinds of waves, although, as a matter of analysis, the 
general differential equation of the second order may always be reduced to 
this form*. 


In the theory of a uniform medium, we may consider stationary waves or 
progressive waves. The former may be either 

(p = A cos k(^x cos pt, or — J3 sin sin pt ; 

and, if B = ± A, the two may be combined, so as to constitute progressive 
waves 

<f> = A cos {pt ± kox). 

Conversely, progressive waves, travelling in opposite directions, may be 
combined so as to constitute stationary waves. When we pass to variable 
media, no ambiguity arises respecting stationary waves ; they are such that 
the phase is the same at all points. But is there such a thing as a pro- 
gressive wave? In the full sense of the phrase there is not. In general, 
if we contemplate the wave forms at two different times, the difference 
between them cannot be represented by a mere shift of position proportional 
to the interval of time which has elapsed. 

The solution of (63) may be taken to be 

<}> = A'yjr (os) + ( 54 ) 

where yjr {x}, x (^) oscillatory functions of x ; A', B' , arbitrary 

constants as regards x. If we introduce the time-factor, writing p in place of 
the less familiar c of (1), we may take 

= A cos pt . -yfr (x) -f B sin pt . x > 

and this may be put into the form 

<^— JB[ cos {pt — 6), (56) 

where H cos 6 — {x'), H sin 9 = Bx («’), (57) 

or = A'^ [-x/r (^)p 4- £x (58) 

B . % (x) 


9 = tan-i 


.(59) 


A . •v/r (x) 

But the expression for <p in (66) cannot be said to represent in general 
a progressive wave. We may illustrate this even from the case of the 
uniform medium where -xjr (x) = cos kx, (x) = sin /c^c. In this case (56) 
becomes 

<!> = [A^ cos^ kx + B^ sin® kx]^ cos — tan~^ . • . -(60) 


R. VI. 


^ Forsyth’s Differential Equations, § 69, 


6 
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If B — i reduction ensues to the familiar positive or negative pro- 
gressive wave. But if B be not equal to + A, (55), taking the form 

= B) cos {pt — kx) + ^ (A— By cos (pt -l- kx), 

clearly does not represent a progressive wave. The mere possibility of 
reduction to the form (57) proves little, without an examination of the 
character of H and 6. 


It may be of interest to consider for a moment the character of 6 in (60). 
If BjA, or, say, m, is positive, 6 may be identified with kx at the quadrants 
but elsewhere they differ, unless m = 1. Introducing the imaginary ex- 
pressions for tangents, we find 

6 = kx M sin "^kx + sin '^kx -+- sin &cx (61) 

where M = — ~ ^ (62) 

■m+1 ^ 


When k is constant, one of the solutions of (53) makes <f> proportional to 
Acting on this suggestion, and following out optical ideas, let us 
assume in general 

= ...(63) 

where the amplitude rj and a are real functions of x, which, for the purpose 
of approximations, may be supposed to vary slowly. Substituting in (53), 
we find 

aJ + (^ - ^ s ® 


For a first approximation, we neglect d^rjjdx^. Hence 


7c = a, k^ri=-C, .(65) 

so that (66) 

or in real form, <f> = Ck~^ cos {pt — Jkdx) (67) 


If we hold rigorously to the suppositions expressed in (65), the satis- 
faction of (64) requires that d^rjjda^ = 0, or d^k~^ldx^ = 0. With omission 
of arbitrary constants affecting merely the origin and the scale of x, this 
makes = x~\ corresponding to the differential equation 

+ * = ( 68 ) 

whose accurate solution is accordingly 

4> = (69) 

In (69) the imaginary part may be rejected. The solution (69) is, of 
course, easily verified. In all other cases (67) is only an approximation. 
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As an example, the case where = r^jaf may he referred to. Here 
^hdx — n log a? — e, and (67) gives 

<p — Go)^ cos {pt — n log « 4- e) 


as an approximate solution. We shall see presently that a slight change 
makes it accurate. 

Beverting to (64), we recognize that the first and second terms are real, 
while the third is imaginary. The satisfaction of the equation requires 


therefore that 

a^n = G, (71) 

and that — ^ ; (72) 

nt] dOG^ 

while (63) becomes — (73) 

Let us examine in what cases v) may take the form Daf. From (72), 

== C*D~^ — r (r — 1) C^^) 

If r = 0, k^ is constant. If r=l, J{^ — G*D~'^ already considered in 
(68). The only other case in which k'^ is a simple power of x occurs when 
r = ^, making 

k^ — + !•) — n^ar^ (say) (*^5) 


Here = Dx^, G‘^ j dx = C^fD'^ Aogx — e, and the realized form of (73) is 

cf> = cos {pt — \/(n^ — i) log iT 4- e}, (76) 

which is the exact form of the solution obtained by approximate methods 
in (70). For a discussion of (76) reference may be made to Theory of 
Sound, second edition, § 148 Z>. 

The relation between a and rj in (71) is the expression of the energy 
condition, as appears readily if we consider the application to waves along 
a stretched string. From (53), with restoration of 

^ . ip,,, = e'*" e- , 

If the common phase factors be omitted, the parts of dcp/dt and d<f>fdx 
which are in the same phase are as p7] and atj, and thus the mean work 
transmitted at any place is as ar}\ Since there is no accumulation of energy 
between two places, must be constant. 

When the changes are gradual enough, a, may be identified with k, and 
then ri ac k~^, as represented in (67). 

If we regard 77 as a given function of x, a follows when O has been chosen, 
and also k^ from (7 2). In the case of perpendicular propagation /c® cannot be 
negative, but this is the' only restriction. When ^yis constant, Pis constant j 

6—2 
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and thus if we suppose rj to pass from one constant value to another through 
a finite transitional layer, the transition is also from one uniform to 
another; and (73) shows that there is no reflection back into the first 
medium. If the terminal values of t) and therefore of be given, and the 
transitional layer be thick enough, it wall always be possible, and that in an 
infinite number of ways, to avoid a negative k^, and thus to secure complete 
transmission without reflection back ; but if ' with given terminal values the 
layer be too much reduced, k^ must become negative. In this case reflection 
cannot be obviated. 

It may appear at first sight as if this argument proved too much, and that 
there should be no reflection in any case so long as k^ is positive throughout. 
But although a constant rj requires a constant k^, it does not follow con- 
versely that a constant k^ requires a constant rj, and, in fact, this is not true. 
One solution of (72), when is constant, certainly is rj^=G'^{k\ but the 
complete solution necessarily includes two arbitrary constants, of which G is 
not one. From (60) it may be anticipated that a solution of (72) may be 

rj^ — cos^ kx + sin® kx — ^ {A^ 4- B®) -t- ^ (A^ — JS®) cos '2ikx. . . .(77) 

From this we find on differentiation 


and thus (7 2) is satisfied, provided that 

k^A^B^ = a® (78) 

It appears then that (77) subject to (78) is a solution of (72). The 
second arbitrary constant evidently takes the form of an arbitrary addition 
to X, and rj will not be constant unless JL® = B®. 


On the supposition that rj and a are slowly varying functions, the 
approximations of (65) may be pursued. We find 


, = 

(V9) 

“ " da.- 

-(SO) 


The retardation, as usually reckoned in optics, is Jkdx. The additional 
retardation according to (80) is 







As applied to the transition from one uniform medium to another, the 
retardation is less than according to the first approximation by 



(81) 
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The supposition that t) varies slowly excludes more than a very small 
reflection. 

Equations ('79), (80) may he tested on the particular case already referred 
to where h = nix. We get 


■ Cn~^x^{l + 


a \ n 


8nJ ’ 


so that 


adx = log x. 


When is neglected in comparison with unity, n — ^ may be identified 

with //(?i® — :J). 

Let us now consider what are the possibilities of avoiding reflection when 
the transition layer (x^ — x^) between two uniform media is reduced. If 
Vij ) V^> ^*^2 ‘Are the terminal values, (*79) requires that 

A?./ = 

We will suppose that 'r]^>r}i. If the transition from rjx to tjs be made 
too quickly, viz., in too short a space, (Prj/dx^ will become somewhere so 
large as to render negative. The same consideration shows that at the 
beginning of the layer of transition (x^), d7)ldx must vanish. The quickest 
admissible rise of tj will ensue when the curve of rise is such as to make 
vanish. When attains the second prescribed value rj^, it must suddenly 
become constant, notwithstanding that this makes k^ positively infinite. 

From (*72) it appears that the curve of rise thus defined satisfies 

= 


The solution of (82), subject to the conditions that v—Vi> d'rjfdx = 0, 
when X = Xi, is 

— Vi = {x — XiY = (x — XiY (83) 

Again, when t) x — x^, so that 


7 « / V2 — Vi h — kii 

kx^ (x, - x,y = . 

Vi A., 


.(84) 


giving the minimum thickness of the layer of transition. 


It will be observed that the minimum thickness of the layer of transition 
necessary to avoid reflection diminishes without limit with kx — that is, as 
the difference between the two media diminishes. However, the arrange- 
ment under discussion is very artificial. In the case of the string, for 
example, it is supposed that the density drops suddenly from the first 
uniform value to zero, at which it remains constant for a time. At the end 
of this it becomes momentarily infinite, before assuming the second uniform 
value. The infinite longitudinal density at x^ is equivalent to a finite load 
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there attached. In the layer of transition, if so it may be called, the string 
remains straight during the passage of the waves. 

If, as in the more ordinary use of the term, we require the transition to 
be such that moves always in one direction from the first terminal value 
to the second, the problem is one already considered. The minimum 
thickness is such that k^ has throughout it a constant intermediate value, 
so chosen as to make the reflections equal at the two faces. 

It would be of interest to consider a particular case in which k^ varies 
continuously and always in the one direction. As appears at once from (72), 
d-rjjdx^, as well as drjjdx, must vanish at both ends of the layer, and there 
must also be a third point of inflection between. If the layer be from x — 0 
to = /9, we may take 

^ = Ax(x~ a){x- (85) 

We find that yS = 2 a, and that 


V ~yi _15a;® ccx a^) 

r]2 — 7}i 4a® [20 4 3J ’ 


( 86 ) 


1 d'^rj 15x 


rj^ — rjx dx"^ 4a® 


(x — oC)(x— 2a) (87) 


From these k^ would have to be calculated by means of (72), and one 
question would be to find how far a might be reduced without interfering 
with the prescribed character of k^. But to discuss this in detail would lead 
us too far. 


If the differences of quality in the variable medium are small, (72) 
simplifies. If nr^^, k^ be corresponding values, subject to k^^ = (7'‘77o”^ w'e 
may tO'ke 


V — + V > — 


.( 88 ) 


where rj' and Sk^ are small, and (72) becomes approximately 

^ + 4iko^7]' = - Tj^Sk^ 


.(89) 


Replacing x by t, representing time, we see that the problem is the same 
as that of a pendulum upon which displacing forces act ; see Theory of 
Sound, § 66. The analogue of the transition from one uniform medium 
to another is that of the pendulum initially at rest in the position of 
equilibrium, upon which at a certain time a displacing force acts. The 
force may be variable at first, but ultimately assumes a constant value. If 
there is to be no reflection in the original problem, the force must be of 
such a character that when it becomes constant the pendulum is left at rest 
in the new position. If the object be to effect the transition between the 
two states in the shortest possible time, but with forces which are restricted 
never to exceed the final value, it is pretty evident that the force must 
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immediately assume the maximum admissible value, and retain it for such 
a time that the pendulum, then left free, will just reach the new position 
of equilibrium, after which the force is reimposed. The present solution 
is excluded, if it be required that the force never decrease in value. Under 
this restriction the best we carl do is to make the force assume at once half 
its final value, and remain constant for a time equal to one-half of the free 
period. Under this force the pendulum will just swing out to the new 
position of equilibrium, where it is held on arrival by doubling the force. 
These cases have already been considered, but the analogue of the pendulum 
is instructive. 


Kelvin*' has shown that the equation of the second order 

d /I dyi\ _ 




(90) 


can be solved by a machine. It is worth noting that an equation of the 
form (53) is solved at the same time. In fact, if we make 


2/i = 


doo ’ 



(91) 


we get on elimination either (90) for y-i, or 



(92) 


for y^. Equations (91) are those which express directly the action of the 
machine. 


It now remains to consider more in detail some cases where total reflection 
occurs. When there is merely a simple transition from one medium (1) to 
another (2), the transmitted wave is 

<jf,2 = A (93) 


If there is total reflection, aa becomes imaginary, say ; the trans- 

mitted wave is then no longer a wave in the ordinary sense, but there 
remains some disturbance, not conveying energy, and rapidly diminishing 
as we recede from the surface of transition according to the factor 
From (2) 


47r‘^ „ ^ 

cos^ o'.. 


4)7r^ /Uv“ 


V \v.,^ 


sin^ 


or 




27r 

Xj, 




(94) 


It appears that soon after the critical angle is passed, the disturbance in 
the second medium extends sensibly to a distance of only a few wave-lengths. 

The circumstances of total reflection at a sudden transition are thus very 
simple ; but total reflection itself does not require a sudden transition, and 

Mot/. Soe. Proc. 1876, Vol. xxiv. p. 269. 
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takes place however gradual the passage may be from the first medium 
to the second, the only condition being that when the second is reached 
the angle of refraction becomes imaginary. From this point of view total 
reflection is more naturally regarded as a sort of refraction, reflection proper 
depending on some degree of abruptness of transition. Phenomena of this 
kind are familiar in Optics under the name of mirage. 

In the province of acoustics the vagaries of fog-signals are naturally 
referred to irregular refraction and reflection in the atmosphere, due to 
temperature or wind differences ; but the difficulty of verifying a suggested 
explanation on these lines is usually serious, owing to our ignorance of the 
state of affairs overhead*. 

The penetration of vibrations into a medium where no regular waves can 
be propagated is a matter of considerable interest ; but, so far as I am 
aware, there is no discussion of such a case, beyond that already sketched, 
relating to a sudden transition between two uniform media. It might have 
been supposed that oblique propagation through a variable medium would 
involve too many difficulties, but we have already had opportunity to see 
that, in reality, obliquity need not add appreciably to the complication of 
the problem. 

To fix ideas, let us suppose that we are dealing with waves in a membrane 
uniformly stretched with tension T, and of superficial density p, which is a 
function of x only. The equation of vibration is {Theory of Sound, § 194) 

T 4 . 

or, if ^ be proportional to as in (1), 

^ + (e=p/2’-6=)0 = O (95) 


agreeing with (53) if = c^pjT — (96) 

The waves originally move towards the less dense parts, and total reflection 
will ensue when a place is reached, at and after which k^ is negative. The 
■case which best lends itself to analytical treatment is when p is a linear 
function of x, k^ is then also a linear function ; and, by suitable choice of 
the origin and scale of x, (95) takes the form 

^ + = o 


^ An observation during the exceptionally hot weather of last summer recalled my attention 
to this subject* A train passing at high speed at a distance of not more than 150 yards was 
almost inaudible. The wheels were in full view, but the situation was such that the line of vision 
passed for most of its length pretty close to the highly heated ground. It seemed clear that the 
sound rays which should have reached the observers were deflected upwards over their heads, 
which were left in a kind of shadow. 
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The waves are now supposed to come from the positive side and are totally 
reflected at 0. The coefficient and sign of cs are chosen so as to suit the 
formulae about to be quoted. 

The solution of (97), appropriate to the present problem, is exactly the 
integral investigated by Airy to express the intensity of light in the 
neighbourhood of a caustic*. The line a; = 0 is, in fact, a caustic in the 
optical sense,, being touched by all the rays. Airy’s integral is 

W—j cos ^7r(w® — mw) tZw (9^) 

J 0 


It was shown by Stokes "f* to satisfy (97), if 

X (in his notation n) = (^tt)®/^ m (99) 

Calculating by quadratures and from series proceeding by ascending powers 
of m, Airy tabulated W for values of m lying between m. = ± 5‘6. For larger 
numerical values of on another method is necessary, for which Stokes gave 
the necessary formulae. Writing 

= 2 = TT (|m)»/^ (100) 


where the numerical vaUies of m and x are supposed to be taken when 
these quantities are negative, he found when m is positive 

W= 2^ (3m)-i {i2 cos (<f> - ^tt) 4- /ST sin ((/> - iw)}, -(101) 


where 


R = 1 


1.5.7.11 1.5.7.11.13.17.19.23 


...( 102 ) 


1.5 1.5.7.11.13.17 

i772<5£> 1 72 :3'(72<^)» 



(103) 


When m is negative, so that W is the integral expressed by writing — ou 
for m in (98), 


W = 2~i(Son)~^e~^ |^1 


1.5 _|_1.5.7.11 


1 . 724> '1.2 (72<35>)» 


,..(104) 


The first form (101) is evidently fluctuating. The roots of W = 0 are 
given by 


cf>/7r = i — 0'25 -h 


0-0^28145 _ 0-026510 

(4^-l)«“^ 


(106) 


i being a positive integer, so that for i — 2, 3, 4, etc., we get 

m = 4-3631, 5-8922, 7-2436, 8-4788, etc. 
For ^ = 1, Airy’s calculation gave m = 2'4955. 


* Camh. PUL Trans. 1838, Yol. vi. p. 379 ; 1849, Vol. viii. p. 595. 
t Gavib. Phil. Trans. 1860, Vol. ix. ; Math, and Phys. Papers, Vol. ii. p. 328. 
X Here used in another sense. 
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ON DEPAK.TUKES FROM FRESNEL’S LAWS OF REFLEXION. 

[Philosojphical Magazine, Yol. xxiii. pp. 431 — 439, 1912.] 

In the summer of 1907, in connexion with my experiments upon re- 
flexion from glass at the polarizing angle*, I made observations also upon 
the diamond, a subject in which Kelvin had expressed an interest. It was 
known from the work of Jamin and others that the polarization of light 
reflected from this substance is very far from complete at any angle of 
incidence, and my first experiments were directed to ascertain whether this 
irregularity could he plausibly attributed to superficial films of foreign 
matter, such as so greatly influence the corresponding phenomena in the 
case of waterf. The arrangements were of the simplest. The light from 
a paraffin flame seen edgeways was reflected from the diamond and examined 
with a nicol, the angle being varied until the reflexion was a minimum. 

In one important respect the diamond offers advantages, in comparison, 
for instance, with glass, where the surface is the field of rapid chemical 
changes due presumably to atmospheric influences. On the other hand, 
the smallness of the available surfaces is an inconvenience which, however, 
is less felt than it would be, were high precision necessary in the measure- 
ments. Two diamonds were employed — one, kindly lent me by Sir W. Crookes, 
mounted at the end of a bar of lead, the other belonging to a lady’s ring. 
No particular difference in behaviour revealed itself. 

The results of repeated observations seemed to leave it improbable that 
any process of cleaning would do more than reduce the reflexion at the 
polarizing angle. Potent chemicals, such as hot chromic acid, may be 
employed, but there is usually a little difficulty in the subsequent prepa- 
ration. After copious rinsing, at first under the tap and then with distilled 
water from a wash-bottle, the question arises how to dry the surface. Any 
ordinary wiping may be expected to nullify the chemical treatment ; but if 

* Phil. Mag. Vol. xvi. p. 444 (1908) ; Scientific Papers, Vol. v. p. 489. 
t Phil. Mag. Vol. xxxiii. p. 1 (1892) ; Scientific Papers, Vol. iii. p. 496. 
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drops are allowed to dry on, the effect is usually bad. Sometimes it is 
possible to shake the drops away sufficiently. After a successful operation 
of this sort wiping with an ordinarily clean cloth usually increases the 
minimum reflexion, and of course a touch with the finger, however prepared, 
is much worse. As the result of numerous trials I got the impression that 
the reflexion could not be reduced below a certain standard which left the 
flame still easily visible. Rotation of the diamond surface in its own plane 
seemed to be without effect. 

During the last few months I have resumed these observations, using 
the same diamonds, but with such additions to the apparatus as are necessary 
for obtaining measures of the residual reflexion. Besides the polarizing nicol, 
there is required a quarter-wave mica plate and an analysing nicol, to be 
traversed successively by the light after reflexion, as described in my former 
papers. The analysing nicol is set alternately at angles = ± 45". At each 
of these angles extinction may be obtained by a suitable rotation of the 
polarizing nicol ; and the observation consists in determining the angle a' — ot 
between the two positions. Jamin’s k, representing the ratio of reflected 
amplitudes for the two principal planes when light incident at the angle 
tan“^ fM is polarized at 45° to these planes, is equal to tan ^ (a' — a). The 
sign of a' — a is reversed when, the mica is rotated through a right angle, 
and the absolute sign of k must be found independently. 

Wiped with an ordinarily clean cloth, the diamond gave at first a! — a — 2°'3. 
By various treatments this angle could be much reduced. There was no 
difficulty in getting down to 1°. On the whole the best results were 
obtained when the surface was finally wiped, or rather pressed repeatedly, 
upon sheet asbestos which had been ignited a few minutes earlier in the 
blowpipe flame ; but they were not very consistent. The lowest reading 
was 0°-4 ; and we may, I think, conclude that with a clean surface a' — a 
would not exceed 0°'5. No more than in the case of glass, did the effect 
seem sensitive to moisture, no appreciable difference being observable when 
chemically dried air played upon the surface. It is impossible to attain 
absolute certainty, hut my impression is that the angle cannot be reduced 
much further. So long as it exceeds a few tenths of a degree, the paraffin 
flame is quite adequate as a source of light. 

If we take for diamond a' — a — 30', we get 

k = tan \ (cl' — a) — '0044. 

Jamin’s value for k is '019, corresponding more nearly with what I found for 
a merely wiped surface. 

Similar observations have been made upon the face of a small dispersing 
prism which has been in my possession some 45 years. When first examined, 
it gave a' — a = 9", or thereabouts. Treatment with rouge on. a piece of 
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calico, stretched over a glass plate, soon reduced the angle to 4° or 3°, but 
further progress seemed more difficult. Comparisons were rendered some- 
what uncertain by the fact that different parts of the surface gave varying 
numbers. After a good deal of rubbing, a' — a was reduced to such figures 
as 2°, on one occasion apparently to 1^°. Sometimes the readings were 
taken without touching the surface after removal from the rouge, at others 
the face was breathed upon and wiped. In general, the latter treatment 
seemed to increase the angle. Strong sulphuric acid was also tried, but 
without advantage, as also putty-powder in place of or in addition to rouge. 
The behaviour did not appear to be sensitive to moisture, or to alter 
appreciably when the surface stood for a few days after treatment. 

Thinking that possibly changes due to atmospheric influences might in 
nearly half a century have penetrated somewhat deeply into the glass, 
I re-ground and polished (sufficiently for the purpose) one of the originally 
unpolished faces of the prism, but failed even with this surface to reduce 
a - a below 2°. As in the case of the diamond, it is impossible to prove 
absolutely that a' — a cannot be reduced to zero, but after repeated trials 
I had to despair of doing so. It may be well to record that the refractive 
index of the glass for yellow rays is 1'680. 

These results, in which k (presumably positive) remained large in spite 
of all treatment, contrast remarkably with those formerly obtained on less 
refractive glasses, one of which, however, appears to contain lead. It was 
then found that by re-polishing it was possible to carry k down to zero and 
to the negative side, somewhat as in the observations upon water it was 
possible to convert the negative k of ordinary (greasy) water into one with a 
small positive value, when the surface was purified to the utmost. 

There is another departure from Fresnel’s laws which is observed when a 
piece of plate glass is immersed in a liquid of equal index*. Under such 
circumstances the reflexion ought to vanish. 

The liquid may consist of benzole and bisulphide of carbon, of which the 
first is less and the second more refractive than the glass. If the adjust- 
ment is for the yellow, more benzole or a higher temperature will take the 
ray of equal index towards the blue and vice versd. “For a closer exami- 
nation the plate was roughened behind (to destroy the second reflexion), and 
was mounted in a bottle prism in such a manner that the incidence could 
be rendered grazing. When the adjustment of indices was for the yellow 
the appearances observed were as follows : if the incidence is pretty oblique, 
the reflexion is total for the violet and blue ; scanty, but not evanescent, for 
the yellow ; more copious again in the red. As the incidence becomes more 
and more nearly grazing, the region of total reflexion advances from the blue 

“On the Existence of Reflexion when the relative Refractive Index is Unity,” JBrit. Assoc. 
Report, p. 585 (1887) ; Scientific Papers, Vol. iii. p. IS. 
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end closer and closer upon the ray of equal index, and ultimately there is a 
very sharp transition between this region and the band which now looks 
very dark. On the other side the reflexion revives, but more gradually, 
and becomes very copious in the orange and red. On this side the reflexion 
is not technically total. If the prism be now turned so that the angle of 
incidence is moderate, it is found that, in spite of the equality of index for 
the most luminous part of the spectrum, there is a pretty strong reflexion of 
a candle-flame, and apparently without colour. With the aid of sunlight it 
was proved that in the reflexion at moderate incidences there was no mark ed 
chromatic selection, and in all probability the blackness of the band in the 
yellow at grazing incidences is a matter of contrast only. Indeed, calculation 
shows that according to Fresnel’s formuljB, the reflexion would be nearly 
insensible for all parts of the spectrum when the index is adjusted for the 
yellow.” It was further shown that the reflexion could be reduced, but not 
destroyed, by re-polishing or treatment of the surface with hydrofluoric 
acid. 

I have lately thought it desirable to return to these experiments under 
the impression that formerly I may not have been sufficiently alive to the 
irregular behaviour of glass surfaces which ai'e in contact with the atmosphere. 

1 wished also to be able to observe the transmitted as well as the reflected 
light. A. cell was prepared from a tin-plate cylinder 3 inches long and 

2 inches in diameter by closing the ends with glass plates cemented on with 
glue and treacle. Within was the glass plate to be experimented on, of 
similar dimensions, so as to be nearly a fit. A hole in the cylindrical wall 
allowed the liquid to be poured in and out. Although the plate looked 
good and had been well wiped, I was unable to reproduce the old effects ; 
or, for a time, even to satisfy myself that I could attain the right com- 
position of the liquid. Afterwards a clue was found in the spectra formed 
by the edges of the plate (acting as prisms) when the cell was slewed round. 
The subject of observation was a candle placed at a moderate distance. 
When the adjustment of indices is correct for any ray, the corresponding 
part of the spectrum is seen in the same direction as is the uridispersed 
candle-flame by rays which have passed outside the plate. Either spectrum 
may be used, but the best for the purpose is that formed by the edge nearer 
the eye. There was now no difficulty in adj usting the index for the yellow 
ray, and the old effects ought to have manifested themselves ; hut they did 
not. The reflected image showed little deficiency in the yellow, although 
the incidence was nearly grazing, while at moderate angles it was fairly 
bright and without colour. This considerable departure from Fresnel’s laws 
could only be attributed to a not very thin superficial modification of the 
glass rendering it optically different from the interior. 

In order to allow of the more easy removal and replacement of the plate 
under examination, an altered arrangement was introduced, in which the 
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aperture at the top of the cell extended over the whole length. The general 
dimensions being the same as before, the body of the cell was formed by 
bending round a rectangular piece of tin-plate A (fig. 1) and securing the 
ends, to which the glass faces B were to be 
cemented, by enveloping copper wire. The 
plate O could then be removed for cleaning 
or polishing without breaking a joint. In 
emptying the cell it is necessary to employ a 
large funnel, as the liquid pours badly. 

The plate tried behaved much as the 
one just spoken of. In the reflected light, 
whether at moderate angles or nearly grazing, 
the yellow-green ray of equal index did not 
appear to be missing. A line or rather band 
of polish, by putty-powder applied with the 
finger, showed a great alteration. Near 
grazing there was now a dark band in the 
spectrum of the reflected light as formerly described, and the effect was 
intensified when the polish affected' both faces. In the transmitted light 
the spectrum was shorn of* blue and green, the limit coming down as grazing 
is approached — a consequence of the total reflexion of certain rays which 
then sets in. But at incidences far removed from grazing the place of equal 
index in the spectrum of the reflected light showed little ‘weakening. A 
few days’ standing (after polishing) in the air did not appear to alter the 
behaviour materially. On the same plate other bands were treated with 
hydrofluoric acid — commercial acid diluted to one-third. This seemed more 
effective than the putty-powder. At about 15° off grazing, the spectrum 
of the reflected light still showed some weakening in the ray of equal index. 

In the cell with parallel faces it is not possible to reduce the angle of 
incidence (reckoned from the normal) sufficiently, a circumstance which led 
me to revert to the 60° bottle-prism. A strip of glass half an inch wide 
could be inserted through the neck, and this width suffices for the obser- 
vation of the reflected light. But I experienced some trouble in finding the 
light until I had made a calculation of the angles concerned. Supposing 
the plane of the reflecting surface to be parallel to the base of the prism, let 
us call the angle of incidence upon it %, and let 0, (f> be the angles which 
the ray makes with the normal to the faces, externally and internally, 
measured in each case towards the refracting angle of the prism. Then 

% = 60° — <i>, cp = sin~^ (I sin 0'). 

The smallest % occurs when 0 = 90°, in which case % = 18° 10'. This value 
cannot be actually attained, since the emergence would be grazing. If 
%=90°, giving grazing reflexion, ^=—48° 36'. Again, if 6 = 0, '^=60^; 




1912] ON DEPARTUBES FROM FRESNEL’S LAWS OF REFLEXION 97 

and if = 45°, 6 = 22° 51'. We can thus deal with all kinds of reflexion 
from X ~ 90° down to nearly 18°, and this suffiees for the purpose. 

The strip employed was of plate glass and was ground upon the back 
surface. The front reflecting face was treated for about 30** with hydro- 
fluoric acid. It was now easy to trace the effects all the way from grazing 
incidence down to an incidence of 45° or less. The ray of equal index was in 
the yellow-green, as was apparent at once from the spectrum of the reflected 
light near grazing. There was a very dark band in this region, and total 
reflexion reaching nearly down to it from the blue end. The light was from 
a paraffin flame, at a distance of about two feet, seen edgeways. As grazing 
incidence is departed from, the flame continues at first to show a purple 
colour, and the spectrum shows a weakened, but not totally absent, green. 
As the angle of incidence % still further decreases, the reflected light weakens 
both in intensity and colour. When x — thereabouts, the light was 

weak and the colour imperceptible. After two further treatments with 
hydrofluoric acid and immediate examination, the light seemed further 
diminished, but it remained bright enough to allow the absence of colour 
to be ascertained, especially when the lamp was temporarily brought nearer. 
An ordinary candle-flame at the same (2 feet) distance was easily visible. 

In order to allow the use of the stopper, the strip was removed from the 
bottle-prism when the observations were concluded, and it stood for four 
days exposed to the atmosphere. On re-examination it seemed that the 
reflexion at % = 45° had sensibly increased, a conclusion confirmed by a fresh 
treatment with hydrofluoric acid. 


It remains to consider the theoretical bearing of the two anomalies which 
manifest themselves (i) at the polarizing angle, and (ii) at other angles when 
both media have the same index, at any rate for a particular ray. Evidently 
the cause may lie in a skin due either to contamination or to the inevitable 
differences which must occur in the neighbourhood of the surface of a solid 
or fluid body. Such a skin would explain both anomalies and is certainly a 
part of the true explanation, but it remains doubtful w'hether it accounts for 
everything. Under these circumstances it seems worth while to inquire what 
would be the effect of less simple boundary conditions than those which lead 
to Fresnel’s formula^. 


On the electromagnetic theory, if 6, (9i are respectively the angles of 
incidence and refraction, the ratio of the reflected to the incident vibration is, 
for the two principal polarizations, 


and 


tan 6>i/tan 0 — 
tan ^i/tan 0 -h 


tan (l?i/tan 0 — -K'/A'i 
tan ^i/taii 0 + KjKj ’ 


(A) 

(B) 


B. VI. 


7 
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in which K, yu are the electric and magnetic constants for the first medium, 
^ 1 , /Ui for the second*. The relation between 6 and is 

: Kyu — BiiQ? 6 : sin^ (C) 

It is evident that mere absence of refraction will not secure the evanescence 
of reflexion fot both polarizations, unless we assume both /x.) = yu and = K. 
In the usual theory ytti is supposed equal to fju in all cases. (A) then identifies 
itself with Fresnel's sine-formula, and (B) with the tangent -formula, and 
both vanish when Kx — K corresponding to no refraction. Further, (B) 
vanishes at the Brewsterian angle, even though there be refraction. A slight 
departure from these laws would easily be accounted for by a difference 
between yux and im, such as in fact occurs in some degree (diamagnetism). 
But the effect of such a departure is not to interfere with the complete 
evanescence of (B), but merely to displace the angle at which it occurs from 
the Brewsterian value. If ixx]im= 1 -i-h, where h is small, calculation shows 
that the angle of complete polarization is changed by the amount 





(I>) 


u being the refractive index. The failure of the diamond and dense glass to 
polarize completely at some angle of incidence is not to be explained in 
this way. 


As I formerly suggested, the anomalies may perhaps be connected with 
the fact that one at least of the media is dispersive. A good deal depends 
upon the cause of the dispersion. In the case of a stretched string, vibrating 
transversely and endowed with a moderate amount of stiffness, the boundary 
conditions would certainly be such as would entail a reflexion in spite of 
equal velocity of wave -propagation. All optical dispersion is now supposed 
to be of the same nature as what used to be called anomalous dispersion, 
i.e. to be due to resonances lying beyond the visible range. In the simplest 
form of this theory, as given by Maxwell f and Sellmeier, the resonating 
bodies take their motion from those parts of the sether with which they are 
directly connected, but they do not influence one another. In such a case 
the boundary conditions involve merely the continuity of the displacement 
and its first derivative, and no complication ensues. When there is no 
refraction, there is also no reflexion. By introducing a mutual reaction 
between the resonators, and probably in other ways, it would be possible 
to modify the situation in such a manner that the boundary conditions 
would involve higher derivatives, as in the case of the stiff string, and thus 
to allow reflexion in spite of equality of wave-velocities for a given ray. 


* “ Oa the Electromagnetic Theory of Light,” Phil. Mag. Yol. xii. p. 81 (1881) j Scientific 
Payers, Vol. i. p. 521. 

f Cambridge Calendar for 1869. See Phil. Mag. Vol. xlviii. p. 151 (1899); Scientific 
Payers, Vol. iv. p. 413. 
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P.S. Jan. 15 . — Some later observations upon a surface of fused quartz 
are of interest. The plate, prepared by Messrs Hilger, was ^ inch square, 
and the surfaces were inclined at a few degrees so as to separate the reflexions. 
From these surfaces the reflexion at the polarizing angle sensibly disappears. 
The image of the paraffin flame could he quenched by the operation of the 
polarizing nicol alone. When the quarter wave-plate and analysing nicol 
were introduced, of and a could not he distinguished, the difference probably 
not exceeding 'OS®, i.e. 3 minutes of angle. 

In order to examine the reflexion when the quartz was in contact with a 
liquid of equal index, I had to mix alcohol with the benzole. The behaviour 
was then much the same as with glass of which the surface had been renewed 
by hydrofluoric acid. No precise measures could be taken, but the reflexion 
at 45° incidence seemed less than from the glass, though still easily visible. 
In spite of repeated trials with intermediate cleanings, it was difficult to feel 
sure that the residual effect might not be due to foreign matter, the more as 
differences could sometimes be detected between various parts of the surface 
Even if the surface could be regarded as clean on immersion, there is no 
certainty that a capillary film of some sort might not be deposited upon 
it from the liquid. The cause of the small residual reflexion must remain 
for the present an open question. 

* At the top of the plate, where it was attached to a handle, a slight invasion of gelatine 
(used as a cement) gave rise to a copious reflexion ; hut this film -was easily visible in the air. 
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IHS PHraCIPM OF RPtECnON IN SPECIEOSCOIES, 

[fflfere, Yol. LLmi p. 167, 1912.] 

Tie application of a reflector to pass light bach through a prism, or 
prisms, is usually ascribed to Littrow. Thus Kayser rates {Hmibwh d&r 
Spectmcopie, Bi i. p. 513), "Der Erste, der Etickkehr der Strahlen zur 
Steigerung der Dispersion verwandte, far Littrow” (0. v. littrow, 

Ber. XLVIL ii pp. 26-32, 1863). But this was certainly not the flirst use of 
the method. I learned it myself from Maxwell (PM. Tmns. Vol. CL. p. 78, 
1860), who says, " The principle of reflecting light, so as to pass twice through 
the same prism, was employed by me in an instrument for combining colours 
made in 1856, and a reflecting instrument for observing the spectrum has 
been constructed by M. Porro.” 

I have not been able to find the reference to Porro ; but it would seem 
that both Maxwell and Porro antedated Littrow. As to the advantages of 
the method there can be no doubt. 
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ON THE SELF-INDUCTION OF ELECTRIC CURRENTS IN 

A THIN ANCHOR-RING. 


[Prooeedings of the Royal Society, A, Yol. lxxxvl pp. 562—571, 1912.] 


In their useful compendium of “ Formulae and Tables for the Calculation 
of Mutual and Self-Inductance* * * § ,” Rosa and Cohen remark upon, a small 
discrepancy in the formulai given by myself f and by M. WienJ for the self- 
induction of a coil of circular cross-section over which the current is uniformly 
distributed. With omission of n, representative of the number of windings, 
my formula was 


L = 4)7ra 


log 


8ci 


1 

4 


8ci» 


8(1 1 
log - -h 

, p 




( 1 ) 


where p is the radius of the section and a that of the circular axis. The 
first two terms were given long before by Kirchhoff§. In place of the 
fourth term within the bracket, vi2., -’OOS^p^/a^ 

In either case a correction would be necessary in practice to take account o] 
the space occupied by the insulation. Without, so far as I see, giving d 
reason, Rosa and Cohen express a preference for Wien’s number. The 
difference is of no great importance, but I have thought it worth while tc 
repeat the calculation and I obtain the same result as in 1881. A con- 
firmation after 30 years, and without reference to notes, is perhaps almost m 
good as if it were independent. I propose to exhibit the main steps of tin 
calculation and to make extension to some related problems. 

The starting point is the expression given by M^axwell |1 for the mutua 
induction M between two neighbouring co-axial circuits. For the presem 


* Bulletin of the Bureau of Standards, Washington, 1908, Vol. iii. No. 1. 

t Boy. Soc. JProc. 1881, Vol. xxxii. p. 104; Scientific Bayers, Vol. ii. p. 15. 

J Ann. d. Bhijsik, 1894, Vol. liii. p. 934 ; it would appear that Wien did not know of m;; 
earlier calculation. 

§ Pogg. Ann. 1864, Vol. cxxi. p. 551. 

II Electricity md Magnetisn, § 705. 
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purpose this requires transformation, so as to express the inductance in. 
terms of the situation of the elementary circuits relatively to the circular 
axis. In. the figure, 0 is the centre of the circular axis, A the centre of 
a section B through the axis of symmetry, and the position of any point P 
of the section is given hy polar coordinates relatively to A, viz., by PA (p) 
and by the angle PAC((f>). If p^, p^, he the coordinates of two 

points of the section Pj, Pg, the mutual induction between the two circular 
circuits represented by Pj , Pq is approximately 

Mi2 _ 1 t , pi cos (jbi 4 - p2 cos ^2 pi^ + pi +• 2 pi^ sin^ -+- 2p2^ sin ^ <f>2 
AiTva" I 2a 16 a^ 

_ ^PiPa { 4>1 ~ 4 ^ 2 ^ + 4ipi 

Tfia® 

_ 2 — Pi + Pa 


Pa sin <f>^ sin 8a 


log 


r 


3 (pi^ 4 - paO - 4 (pi^ sin^ + P2^ sin^ <^3) -f 2 pi pa cos (<f>i — 

16 a^ ’ ^ ^ 


in which r, the distance between P^ and Pa, is given by 

P ~ pi^ +■ Pa^ — ^PiPz (^(pi ^ 2 ) (3) 

Further details will be found in Wien's memoir ; I do not repeat them 
because I am in complete agreement so far. 



For the problem of a current uniformly distributed we are to integrate 
(2) twice over the area of the section. Taking first the integrations with 
respect to <jE»2, let us express 


1 

47r^ J j Airra 




( 4 ) 


of which we can also make another application. The integration of the 
terms which do not involve log r is elementary. For those which do 
involve logr we may conveniently replace (f>2 by •+ (f>, where ^ = <563 — <f>i, 
and take first the integration with respect to ^1 being constant. 
Subsequently we integrate with respect to <561. 

It is evident that the terms in (2) which involve the first power of p 
vanish in the integration. For a change of ip 2 into tt— -<^1, vr — cPz 
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respGctivBly reverses cos <f>i and cos (f>2, "wliile it leaves v unaltered. The 
definite integrals required for the other terms are* 

log(/Di® -f pi — 2pip2 cos (f) d<f) = greater of ^tt log and Aitt log pi, ( 5 ) 

TT 
•4-7r 


f cos m(p log (px^ + pi^ — Spipa cos <p) dcf) 

J — TT 


m being an integer. Thus 


1 

47r 


'•‘hn* 


X smaller of 
m 


4*7r 


©■“‘(sr- 


.( 6 ) 


sff ^ ^</>2=5“2 j I logr =greater of log p^ and log pi. (7) 

So far as the more important terms in (4)— those which do not involve 
p as a factor — we have at once 

log (8a) — 2 — greater of log pa and log pi (8) 

If pQ and pi are equal, this becomes 

log (8a/p) — 2 (9) 

We have now to consider the terms of the second order in (2). The 
contribution which these make to (4) may be divided into two parts. The 
first, not arising from the terms in log r, is easily found to be 

[log(8 a)+H (10) 

The difference between Wien’s number and mine arises from the inte- 
gration of the terms in log r, so that it is advisable to set out these somewhat 
in detail. Taking the terms in order, we have as in (7) 

1 r-t-TT r-f-TT 

.-h. . logr d<{>i cZcjba = greater of log pa and log pi (11) 

In like manner 
1 

Itt' 

1 


and 


47r‘-^ 

1 

47r“ 


sm“ (/>i log r d4>2 = i [greater of log pa and log pi], . ...(12) 
sin“ ^2 log cZ^id<^2 has the same value. Also by (6), with w == 1, 
J J cos (<p2 - ^i) leg d<pid<^.^ = - i [smaller of p-^/px and pi/pa]. . • ■ (13) 


Finally 


1 


sin <561 sin <^.2 log r d 4 >i 


r-hTT 


4-9T 


. dcf^i sia (j6i (sin (f>i cos cf> •+ cos <pi sin <^) log Tdcj> 
43 J J TT 

— ^ [smaller of p-j/pi and pi/pa] (1^) 

■** Todliunter’s Int. Calc. §§ 287, 289. 
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Thus altogether the terms in (2) of the second order involving log r yield 
in (4) 


— [greater of log and log p-[\ — j^smaller of ^ and ^ . ...(15) 

The complete value of (4) to this order of approximation is found by 
addition of (8), (10), and (15). 

By making p^ and p^ equal we obtain at once for the self-induction of a 
current limited to the circumference of an anchor-ring, and uniformly dis- 
tributed over that circumference, 

8<x 


L — AiTra 




.(16) 


p being the radius of the circular section. The value of L for this case, when 
is neglected, was virtually given by Maxwell*. 4 

When the current is uniformly distributed over the area of the section, 
we have to integrate again with respect to and pa between the limits 0 
and p in each case. For the more important terms we have from (8) 

~ [log 8a- — 2 — greater of log pa and log pj 

= log 8a - 2 - ™ I dpi^ [log pi^ . p^a + p 2 (log (log p^a - 1)] 

(1^) 


log 8a — 2 — log p ■+• i = log -- 

4i p 


1 

.4 


A similar operation performed upon (10) gives 

- + g (18) 

In like manner, the first part of (15) yields 


10^2 f)- 


For the second part we have 
1 


Sa^p* j . 

thus altogether from (15) 


dp-^dp^ [smaller of p^, pi^] = 


P" . 
24a2’ 


|- = (logp + i). 


.( 19 ) 


The terms of the second order are accordingly, by addition of (18) and 
(19), 

+ 


Electricity and Magnetism^ §§ 692, 706. 
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To this are to be added the leading terms (17) ; ’whence, introducing 4j7rcfc, 
we get finally the expression for L already stated in (1). 

It must be clearly understood that the above result, and the corresponding 
one for a hollow anchor-ring, depend upon the assumption of a uniform 
distribution of current, such as is approximated to when the coil consists 
of a great number of windings of wire insulated from one another. If the 
conductor be solid and the currents due to induction, the distribution will, 
in general, not be uniform. Under this head Wien considers the case where 
the currents are due to the variation of a homogeneous magnetic field, 
parallel to the axis of symmetry, and where the distribution of currents is 
governed by resistcunce, as will happen in practice when the variations are 
slow enough. In an elementary circuit the electromotive force varies as the 
square of the radius and the resistance as the first power. Assuming as 
before that the whole current is unity, we have merely to introduce into (4) 
the factors 

(g Pi cos <jS)i) (g H- Pa cos <^ 2 ) ^21) 

CXJ^ 


If 12 retaining the value given in (2). 

The leading term in (21) is unity, and this, when carried into (14 j), will 
reproduce the former result. The term of the first order in p in (21) is 
(piCos<^i-f-paCos <^ 2 )/a., and this must be combined with the terms of order 
p" and in (2). The former, however, contributes nothing to the integral. 
The latter yield in (4) 


pi + 
4ta} 


{log 8a — 1 — greater of log pi and log ^ 2 } + 


smaller of p/ and p^ 
4g^ 


. ( 22 ) 


The term of the second order in (21), viz., pip^^/a^. cos <j!bi cos ^ 2 , needs to 
be combined only with the leading term in (2). It yields in (4) 


smaller of pj^ and p./ 


(28) 


If Pi and p 2 are equal (p), the additional terms expressed by (22), (23) 
become 


2g“ 



(24) 


If (24), multiplied by 47rg, be added to (16), we shall obtain the self- 
induction for a shell (of uniform infinitesimal thickness) in the form of an 
anchor-ring, the currents being excited in the manner supposed. The 
result is 


L — 47rg 




(25) 
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We now proceed to consider the solid ring. By (22), (23) the terms, 
additional to those previously obtained on the supposition that the current 
was uniformly distributed, are 


1 


ff 


dp'i'dp^ 


smaller of pi^ and p^^ 
2^2 


^ 3 - j, , ,. 0 2 

+ 8a — 1 — greater of log p^ and log p^] 


.(26) 


The first part of this is p^/Qa^, and the second is (log 8a — 1 — log p 
The additional terms are accordingly 




8a 


.(27) 


These multiplied by 47ra are to be added to (1). We thus obtain 


L = 47ra 


, 8a *7 3p^ T 


8 a" 
P - 


(28) 


for the self-induction of the solid ring when currents are slowly generated 
in it by uniform magnetic forces parallel to the axis of symmetry. In 
Wien^s result for this case there appears an additional term within the bracket 
eqtial to — 0-092 p^/a\ 


A more interesting problem is that which arises when the alternations in 
the magnetic field are rapid instead of slow. Ultimately the distribution of 
current becomes independent of resistance, and is determined by induction 
alone. A leading feature is that the currents are sxiperficial, although the 
ring itself may be solid. They remain, of course, symmetrical with respect 
to the straight axis, and to the plane which contains the circular axis. 

The magnetic field may be supposed to be due to a current in a circuit 
at a distance, and the whole energy of the field may be represented by 

T ~ “H ^-^33^3^ -p . . . -f- -p JVIy^x-yX^ -p • . . 

-P + •••, (29) 

x^, a’a, etc., being currents in other circuits where no independent electro- 
motive force acts. If x-^^ be regarded as given, the corresponding values 
of x^, x^, ... are to be found by making T a minimum. Thus 


-p il/ 22^2 "b .^^32^3 "p . . . = 0, I /'SO') 

.^13^1 + .^23^2 "b -p =0, j 

and so on, are the equations by which x^, etc., are to be found in terms of a'l. 
What we require is the corresponding value of T', formed from T by 
omission of the terms containing x-^. 

The method here sketched is general. It is not necessary that x^, etc., 
be currents in particular circuits. They may be regarded as generalized 
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coordinates, or rather velocities, by which the kinetic energy of the system, 
is defined. 

For the present application we suppose that the distribution of current 
round the circumference of the section is represented by 


f . « , > CO'Pl 

[ao -f cos + 012 cos 2<j>x + . . .} 


.(31) 


so that the total current is Oq- The doubled energy, so far as it depends 
upon the interaction of the ring currents, is 

1 f f 

4^2 J ) ■*" “2 <^08 2 <f>j_ + ...)(«(,+• cfi cos (^2 4 - . . .) My2d4>i dcf)2 , ( 32 ) 

where M-^q has the value given in (2), simplified by making pi and p 2 both 
equal to p. To this has to be added the double energy arising from the 
interaction of the ring currents with the primary current. For each element 
of the ring currents (31) we have to introduce a factor proportional to the 
area of the circuit, viz., tt (u -h p cos ^i)‘^. This part of the double energy may 
thus be taken to be 


that is 


H J" d<pi (a p cos (ao 4- oti cos 4- ccg cos '2<j>i -4- . . .), 

2,rrH {(a*^ -4- ^p“) 4- apfXi 4- (33) 


ttg, etc., not appearing. The sum of (33) and (32) is to be made a minimum 
by variation of the a’s. 

We have now to evaluate (32). The coefficient of ao'-* is the quantity 
already expressed in (16). For the other terms it is not necessary to go 
further than the first power of p in (2). We get 


4srra a,? 1 1 


,r nog 


2 ^ (oCi^ + I ■+ 




.(34) 


Differentiating the sum of (33), (34), with re.spect to a,,, a^, etc., in turn. 


H (a“ 4- 4- 4aao -j log ( 1 4 - T .d — 2 >• 4 - pcii f log 


8a I 


Hp 4- -t “ ] '^0 ( log ■ 


8a 1 ) 3a2 

. 4 . . 


0, (35) 


.(36) 


Hp^ 4~ 2a a 2 4- p d" ~ 


.(37) 
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The leading term is, of course, ao- Relatively to this, is of order p, of 
order and so on. Accordingly, a^, ««, etc., may be omitted entirely from 
(34), which is only expected to be accurate up to inclusive. Also, in 
only the leading term need be retained. 

The ratio of to ccq is to be found by elimination of JEC between (35), 
(36). We get 

i-U> >“> 


Substituting this in (34), we find as the coefficient of self-induction 


47ra 


7 - t) (« 7 - ¥)' 


The approximate value of ocq in terms of JST is 

Ha 




4 (log - 2 ) 


• (39) 


.(40) 


A closer approximation can be found by elimination of aj between (35), (36). 


In (39) the currents are supposed to be induced by the variation (in time) 
of an unlimited uniform magnetic field. A problem, simpler from the 
theoretical point of view, arises if we suppose the uniform field to be limited 
to a cylindrical space co-axial with the ring, and of diameter less than the 
smallest diameter of the ring (2(X — 2/o). Such a field may be supposed to be 
due to a cylindrical current sheet, the length of the cylinder being infinite. 
The ring currents to be investigated are those arising from the instantaneous 
abolition of the current sheet and its conductor. 


If 7r6“ be the area of the cylinder, (S3) is replaced simply by 

SC jd<p:ib^ (cTfl -f- ajCos ^ 1 + ...)= ^TrSCh^a^ (41) 

The expression (34) remains unaltered and the equations replacing (35), 
(36) are thus 

OT + 4a«. {log y (1 + ^,) - 2 } -H pa. (log y - I) = 0 (42) 




.(43) 


The introduction of (43) into (34) gives for the coefficient of self-induction 
in this case — 


L = 47ra. 




8a ly 

■7 “ 2 / 


.(44) 


It will be observed that the sign of cfi/ ao is different in (38) and (43). 
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The peculiarity of the problem last considered is that the primary current 
occasions no magnetic force at the surface of the ring. The consequences 
were set out 40 years ago by Maxwell in a passage* whose significance was 
very slowly appreciated. “In the case of a current sheet of no resistance, 
the surface integral of magnetic induction remains constant at every point of 
the current sheet, 

“ If, therefore, by the motion of magnets or variations of currents in the 
neighbourhood, the magnetic field is in any way altered, electric currents will 
be set up in the current sheet, such that their magnetic effect, combined with 
that of the magnets or currents in the field, will maintain the normal 
component of magnetic induction at every point of the sheet unchanged. If 
at first there is no magnetic action, and no currents in the sheet, then the 
normal component of magnetic induction will always be zero at every point 
of the sheet. 

“ The sheet may therefore be regarded as impervious to magnetic in- 
duction, and the lines of magnetic induction will be deflected by the sheet 
exactly in the same way as the lines of flow of an electric current in an 
infinite and uniform conducting mass would be deflected by the introduction 
of a sheet of the same form made of a substance of infinite resistance. 

“If the sheet forms a closed or an infinite surface, no magnetic actions 
which may take place on one side of the sheet will produce any magnetic 
effect on the other side.” 

All that Maxwell says of a current sheet is, of course, applicable to the 
surface of a perfectly conducting solid, such as our anchor-ring may be 
supposed to be. The currents left in the ring after the abolition of the 
primary current must be such that the magnetic force due to them is wholly 

/ 4*7r 

must 

— TT 

be independent of < 561 , and we might have investigated the problem upon this 
basis. 

In Maxwell’s notation a, <y denote the components of magnetic force, 
and the whole energy of the field T is given by 

'f = _j_ yQs 4 . rf) dxdydz = (45) 

Moreover ao,the total current, multiplied by 47 r is equal to the “circulation” 
of magnetic force round the ring. In this form our result admits of imme- 
diate application to the hydrodynamical problem of the circulation of 

* Electricity and Maynetism, §§ 654, 655. Compare my “Acoustical Observations,” Phil. 
Mag. 1882, Vol. xiii. p. 340 ; Scientific Papers, VoL ii. p, 99. 



110 SELF-INDUCTION OF ELECTRIC CURRENTS IN A THIN ANCHOR-RING [364 


incompressible frictionless fluid round a solid having the form of the ring ; for 
the components of velocity u, v, tu are subject to precisely the same conditions 
as are a, 7. If the density be unity, the kinetic energy T of the motion 
has the expression 

:r =— X (circulation)-, (46) 

L having the value given in (44). 

P./S'. March 4. — Sir W. D. Niven, who in 1881 verified some other results 
for self-induction — those numbered (11), (12) in the paper referred to — has 
been good enough to confirm the formulae (1), (28) of the present communi- 
cation, in which I differ from M. Wien. 
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[Proceedings of the Royal Society y A, YoL Lxxxvii. pp. 193 — 202, 1912/ 


Although much atteation has been bestowed upon the interesting 
subject of electric oscillations, there are comparatively few examples in 
which definite mathematical solutions have been gained. These problems 
are much simplified when conductors are supposed to be perfect, but even 
then the difficulties usually remain formidable. Apart from cases where 
the propagation may be regarded as being in one dimension* * * § , we have 
Sir J. Thomson’s solutions for electrical vibrations upon a conducting sphere 
or cylinder"!’. But these vibrations have so little persistence as hardly to 
deserve their name. A more instructive example is afforded by a conductor 
in the form of a circular ring, whose circular section is supposed small. 
There is then in the neighbourhood of the conductor a considerable store of 
energy which is more or less entrapped, and so allows of vibrations of 
reasonable persistence. This problem was very ably treated by Pocklingtonf 
in 1897, but with deficient explanations|. Moreover, Pocklington limits his 
detailed conclusions to one particular mode of free vibration. I think I 
shall be doing a service in calling attention to this investigation, and in 
exhibiting the result for the radiation of vibrations in the higher modes. 
But I do not attempt a complete re-statement of the argument. 

Pocklington starts from Hertz’s formulae for an elementary vibrator at 
the origin of coordinates 77 , f, 


where 


P 


dm 


« = w ^ = + 

TPr: e^pe'^'^^lp, ( 2 ) 


* Phil Mag. 1897, Vol. xwir. p. 125; 1897, Yol. xliv. p. 199; Scientifie Papers, yol iv. 
pp. 276,327. 

t Recent Researches, 1893, §§ 301, 312. [1913. There is also A-brabam’s solution for the 
ellipsoid.] 

t Oamb. Proceedings, 1897, "Vol ix. p. 324. 

§ Compare W. M«F. Orr, Phil. Mag. 1903, Tol. vi. p. 667. 
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in which P, Q, JR denote the components of electromotive intensity, 27 r/_p is 
the period of the disturbance, and 277/0: the wave-length corresponding 
in free aether to this period. At a great distance p from the source, we have 
from ( 1 ) 


P, Q, R = 


0^2 g-iap 

P 


^ 1 _ 
p" ’ p^. 


(3) 


The resultant is perpendicular to p, and in the plane containing p and 
Its magnitude is 

-~BVCIX> ( 4 ) 

r 

where x angle between p and 

The required solution is obtained by a distribution of elementary vibrators 
of this kind along the circular axis of the ring, the axis of the vibrator 
being everywhere tangential to the axis of the ring and the coefficient of 
intensity proportional to cos m4>, where m is an integer and <f>' defines a 
point upon the axis. The calculation proceeds in terms of semi-polar 
coordinates -or, <f>, the axis of symmetry being that of a, and the origin 
being at the centre of the circular axis. The radius of the circular axis is a, 
and the radius of the circular section is e, e being very small relatively to a. 
The condition to be satisfied is that at every point of the surface of the 
ring, where {^ — a)^ + the tangential component of (P, Q, JR) shall 

vanish. It is not satisfied absolutely by the above specification ; but 
Pocklington shows that to the order of approximation required the speci- 
fication suffices, provided a be suitably chosen. The equation determining 
a expresses the evanescence of that tangential component which is parallel 
to the circular axis, and it takes the form 


where 



d<p Ho cos m(f> (m® 


cos <56) = 0, 


no = 


Wasin:^i(l)2 

\/ [e^ Ht- 4'C3-a sin^ 


(5) 

( 6 ) 


In (6) we are to retain the large term, arising in the integral when 
is small, and the finite term, but we may reject small quantities. Thus 
Pocklington finds 

j'”' (a^a^ cos (p — cos mcp d(f> 

Jo V je^ + 4 a^ sm“ 


•+ 


f 


'TT smiip 


1) (a^a^ cos <f> — m^) cos ni<p dcp 


2a sin ^ <p 


0 , 


.( 7 ) 


the condition being to 'this order of approximation the same at all points of 
a cross-section. 
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The first integral in (7) may be evaluated for any (integral) value of m. 
Writing = we have 

p" (a^a^ cos 2-\^ — m^) cos d-^ 

Jo a \/{€^/4a^ + siix^ -ylrj ^ ' 

The large part of the integral arises from small values of 'yfr. We divide 
the range of integration into two parts, the first from 0 to -yjr where -v//’, 
though small, is large compared with 6/2a., and the second from to -^tt. 
For the first part we may replace cos 2'\jr, cos 2m\Ir by unity, and sin® ylr by 
We thus obtain 




i2/v2 


a 


‘ 77)^ t 

log - 1 - == 


m? 


a 


(log 4a/e -f log'\/r). ...(9) 


Thus to a first approximation aa=±m. In the second part of the 

range of integmtion we may neglect in comparison with sin®'<|r, thus 

obtaining 

r i”" (a® a® cos 2^^ — w®) cos d-yfr 

oluTf 

The numerator may be expressed as a sum of terms such as cos®’®'\|r, and 
for each of these the integral may be evaluated by taking cos — z, in 
virtue of 


/ 


^271 


dz 
^ - 1 


z + + -p +, 

o O 


1 


+ srri + '"g r- 


-h z 


Accordingly 

fi’^COS^^^C^r 

^ sin 


/ 

J vf 


COS 'yp' 

l-i 


cos®’-^ 


cos 


.271*- 1 


yjr 


■ log tan 


2n 


2n~l 

-logJV., ......(11) 


when small quantities are neglected. For example, 

'•4’r COS'* ■yf/' dyp’ 


cos® d^lr 


.sin ^ 




The sum of the coefficients in the series of terms (analogous to cos®^’’ ■xj/) 
which represents the numerator of (10) is necessarily a“a“ — ja®, since this is 
the value of the numerator itself when yfr^O. The particular value of 
■y/r chosen for the division of the range of integration thus disappears from 
the sum of (9) and (10), as of course it ought to do. 

When m — 1, corresponding to the gravest mode of vibration specially 
considered by Pocklington, the nximerator in (10) is 


4a®a®cos‘‘ y(r — (4a® a® + 2) cos® -h a®a® -f- 1, 


8 


E. VI. 
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and the value of the integral is accordingly 

1 

a 

To this is to be added from (9) 


2 - ^ -(a=a>-l)log|^f^ 




a 


log ^ 4- log 


making altogether for the value of (8) 

1 

a 


. „ , ^ , 8a . _ 4a^a^’ 

{a^cL^ - 1) log — + 2 ^ 

G O 


.( 12 ) 


The second integral in (7) contributes onlyjfinite terms, but it is important 
as determining the imaginary part of a and thus the rate of dissipation. 
We may write it 

qyi^ r Jtt sin ^ 

^ ^ d-yjr — {cos (2m 4- 2) i/r-f cos (2m — 2) — 2 COS 2w\j>'},.. .(] 3) 

where = 4a^a^ = 4w“ approximately. 

Pocklington shows that the imaginary part of (13) can be expressed by 
means of Bessel’s functions. We may take 

I + (14)* 

, , g«‘a;sin«A_n «• ra; 

whence I cos 2??..i/r 

J 0 


%7r 

^ - sin ^/r "" T ^ 

Accordingly, (13) may be replaced by 

Jo {'^^m+2 ipd) 2 J 2m 4 - «/" 2m— 2 (^) + i — ^iiTam + iT2,,j,_.2)]. ( 16 ) 

JSTow -f- 


so that 


*^27W-f-2 ^J~2}n 4“ J^Zm—2 2to ) 

cZa [tTam+B 2 m 4" J~ 2 :m — 2 } 457" am ~ ^J'‘ 2 rn — 1 — 


...(17) 


The imaginary part of (13) is thus simply 


2a. 


1^2771—1 (^') (^)] (1^) 


A corresponding theory for the K functions does not appear to have been 
developed. 

When m= 1, our equation becomes 




2/7r f Tr/\ 7"/\l 

(oQj — J-i (a;)} 4- ^ 

~ f^'dyjr ~ ^ 

Jo 2 sin ^ 

Compare Theory of Sound, § 302. f Gray and Mathews, BcsseVs Thaictiom, p. 13. 


(1 — 2 cos 2'\lr + COS 4-v/r), (19) 
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and on the right we may replace x by its first approximate value. Referring 
to (2) we see that the negative sign must be chosen for a and cc, so that 
x = —2. The imaginary term on the right is thus 

{J, (2) - J, (i)} = 0-703S61. 

For the real term Pocklington calculates 0*485, so that, L being written 
for log (8a/e), 

-a = - {H- (0-243 4- OB52i)JZ} (20) 

“ Hence the period of the oscillation is equal to the time required for a 
free wave to traverse a distance equal to the circumference of the circle 
multiplied by 1 — 0*243 /j5, and the ratio of the amplitudes of consecutive 
vibrations is 1 : g-s-ai/A or 1 — 2-21/L” 

For the general value of m (19) is replaced by 

0 /vv} ^< 77 " 

(a^oc^ — )i = {2m) ^ zm-hi (2?7^)} 4- JK, (21) 


where R is a real finite number, and finally 



1 4 " 


It 

2m^L 


— ^ \ (2771) Zum+l (2w)} 


( 22 ) 


The ratio of the amplitudes of successive vibrations is thus 

1:1— 7:^ (2)u) — JawH-i (2m)}/2i^, (23) 

in which the values of J' 2 ,«,_i( 2 //i) — J 2 ,«, 4 .i( 2 m) can be taken from the tables 
(see Gray and Mathews). We have as far as ni equal to 12 : ■ 


VI 


in 

\ 

(2m) — 

1 

0-448 

7 

0-136 

2 

0-298 

8 

0-125 

3 

0-232 

9 

0-116 

4 

0-194 

10 

; 0-108 

5 

0-169 

11 

i 0-102 

6 

0-150 i 

12 

1 0-096 


It appears that the damping during a single vibration diminishes as m 
increases, viz., the greater the number of subdivisions of the circumference. 

An approximate expression for the tabulated quantity when m is large 
may be at once derived from a formula due to Nicholson*, who shows that 


* Fhil. Mag. 1908, Yol. xvi. pp. 276, 277. 


8 — 2 
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when n and 2 are large and nearly equal, <Tn(z) is related to Airy’s integral* 
In fact, 



so that 

If we apply this formula to 10, we get O'lll as compared with the 
tabular 0*108^. 

It follows from (25) that the damping in each vibration diminishes 
without limit as m increases. On the other hand, the damping in a given 
time varies as and increases indefinitely, if slowly, with m. 


-1 ( 2 ??^) — tToTn+i (2771) 


r(|) 

TTV'S* 


.(25) 


We proceed to examine more in detail the character at a great distance of 
the vibration radiated from the ring. For this purpose we choose axes of 
cc and y in the plane of the ring, and the coordinates (a?, y, z) of any point 
may also be expressed as r sin 6 cos </>, r sin 6 sin 0 , r cos 6. The contribution 
of an element at cf>' is given by (4i). The direction cosines of this 

element are sin 9 !)', — cos 0 ; and those of the disturbance due to it are 
taken to be I, m, n. The direction of this disturbance is perpendicular to r 
and in the plane containing r and the element of arc The first 

condition gives loo -f my + nz =0, and the second gives 

I . z cos cf)' -hm .z sin — n {x cos y sin <j>') — 0 ; 

so that 


{z^ + y'^) sin (f>' + aoy cos <f> {z^ + x^) cos (j>' -l- ocy sin zy cos ~ zoo sin 


The sum of the squares of the denominators in (26) is 

1^2 — (y sin <l> q- cc cos 

Also in (4) 

= I _ - 3 / cos 4 >y _z^-+ (x cos <j>'-\-y sin cf>'y . 

^ ^2 , ■ ^2 ’ j 

and thus 

I sin^^ (z^ + y^) sin 4>' + xy cos <f)', ) 

— . m sin ■+ x‘-^) cos (f> +• xy sin >■ 

. n sin % — zy cos — zx sin 



To these quantities the components P, Q, Jt due to the element ad<f>' are 
proportional. 


^ logic r(l)=0-13l'66. 
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Before we can proceed to an integration there are two other factors to be 
regarded. The first relates to the intensity of the source situated at 
To represent this we must introduce cos Again, there is the question 

of phase. In we have 

p = r — a sin 6 cos (<f)' — qf)) ; 

and in the denominator of (4) we may neglect the difference between p and r. 
Thus, as the components due to ad(j>', we have 


a?ae'^'*’ 


d<f>e~^'^ sin e cos - <^) 


, { 2 !^ -h t/y sin cji' +■ 021 / cos 4>' 


, .-(29) 


with similar expressions for Q and M corresponding to the right-hand 
members of (28). The integrals to be considered may be temporarily 
denoted by S, C, where 

r d-TT 

s, c 


d(p' cos ~ (sin <f>', cos (p'), (30) 

^ being written for aa sin d. Here 

/S = •!• I {sin(w^ +1)^' ■— sin {m— 1) p'}, 

J — TT 

and in this, if we write pr for p' ~ p, 

sin (m + lyp' = sin {m + 1)^' . cos (m + 1) p-h cos (m + l'}p' . sin (m -f 1) (jb. 
We thus find 

S = sin (m + 1) q& — ©m-i sin {m — 1) p, (31) 

, Cir 

where = I d\fr cos n-p (32) 

Jo 

In like manner, 

0 = COS (m 4- 1) 4- ®m-i cos (in — l)p (33) 

Now = I dp' COS 7ip [cos (^ COS p) — i sin ( ^ cos p)]. 

J 0 

When n is even, the imaginary part vanishes, and 

'rrJn(^) 


@ 


n 


cos 4 niT 

On the other hand, when ii is odd, the real part vanishes, and 

iTrJniO 


.(34) 


e„ = 


.(35) 


sin ^ mr 

Thus, when m is even, m -4 1 and m — 1 are both odd and S and C are 
both pure iinaginaries. But when m is odd, S and G are both real. 

As functions of direction we may take P, ^ proportional to 


S 


^2 + y2 




+ c 




^ xy 


o 


zy 


S- 


zx 


' 
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Whether m be odd or even, the three components are in the same phase. 
On the same scale the intensity of disturbance, represented by JF^ + 
is in terms of 6, 

cos^ 0 (S'^ -f 0'^) 4- sin^ 6 (O cos <f> + JS sin cpy, .(36) 

an expression whose sign should be changed when m is even. Introducing the 
values of G and 8 in terms of @ from (31), (33), we find that 
is proportional to 

COS^ 0 -f COS 2m<^| 4 sin^ 0 COS^ {©nr+i 4 

(37) 

Prom this it appears that for directions lying in the plane of the ring 
(cos 6=0) the radiation vanishes with cos m<j>. The expression (37) may also 
be written 

4 4 cos 2m(j> - ^ sin“ 6 (@,n+i — ®m-i)' (1 — cos 2mcf>), 

(38) 

or, in terms of J's, by (34), (35), 

tt’^ [Jm-ti -1- Jm-i — COS 2m<f> — ^ sin® 9 (Jm+i 4 Jm-iy (1 — COS 2m<;?))], 

(39) 

and this whether m be odd or even. The argument of the J’b is aa sin 6. 

Along the axis of symmetry (j6 = 0) the expression (39) should be 
independent of 0. That this is so is verified when we remember that Jn (0) 
vanishes except n = 0. The expression (39) thus vanishes altogether with 6 
unless m = 1, when it reduces to 7r“ simply*. In the neighbourhood of the 
axis the intensity is of the order 

In the plane of the ring (sin ^ = 1) the general expression reduces to 


TT^ (Jm+i — Jm-iT cos^ m0, or cos^ m<f> (40) 

It is of interest to consider also the mean value of (39) reckoned over 
angular space. The mean with respect to 0 is evidently 

4 J 4 i sin^ 0 {J + J ,;i_i)‘^] (41) 

By a known formula in Bessel’s functions 

{Vwi (f) + (?)P = (42) 

For the present purpose 

= cPo? sin- 6 =:^ sin^ 6 ; 

and (41) becomes 

TT* (?) + J„_.= (?) - 2J-„ = (?)] (43) 

* 


* [June 20. Reciprocally, plane waves, travelling parallel to the axis of symmetry and 
incident upon the ring, excite none of the higher modes of vibration.] 
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To obtain the mean over angular space we have to multiply this by 
sin ddO, and integrate from 0 to Tor this purpose we require . 

f {yn sin 6) sin 6dd, (44)) 

J 0 

an integral which does not seem to have been evaluated. 

By a known expansion* we have 

Jo (2w sin sin = (m sin J) - 4 - 2 J]^ (m sin 6) cos /3 -+■ 2 J" 2 ^“ (m sin 6) cos 2/S 

whence 

* Jtt 

Jo (2m sin 0 sin ^(3) sin Odd 


/ 0 


•Irr 
0 


Jo‘^ (m sin 6) sin Odd + 2 cos ^ \ (rn sin sin OdO •+ 

^ 0 


4^ 


+ 2 cos n(3 (m sin O') sin Odd. (45) 


0 


Now]- for the integral on the left 

r Jtt 

J 0 


ancFthus 

‘ Jtt 

0 


f/’o (2m sin d sin ^ yS) sin Odd = —I ; 

^ ^ Ivfi sin -J /S 


ra/ • zi\ • zi JZ 3 1 r 7/0 ^ sm (2m sin 1/3) 

J^^(msin ^)sm = dBcoBuB — ^ 

^ 2•7^'W^ Jo 2m sin | B 


1 7 I Cl » sm (2msm ->k) 1 t / \^ /Aa\ 

— d'\lr cos 2nylr -i— ; ; — — — I J^nK^^dx, (46) 

-mJo sinilr 2m Jo ' 


irm Jo' ' sin 'Jr 

as in (15). Thus the mean value of (43) is 


77-2 raw 27r“ 

2m Jo {*^27m.+2 iy) H" J 2 wi — 2 (^) — 2tr ^ (^)} == ^ (2m) 


TT- 


as before. 


m 


- {Jawi — 1 (2m) Jam-i-i ( 2 'W 2 <)}j (4^7^) 


In order to express fully the mean value of -f -f at distance r, 
we have to introduce additional factors from (29). If a= — aj — lag, 
= g-ia,r these factors may be taken to be jr^. The 

occurrence of the factor where is positive, has a strange appearance ; 
but, as Lamb has shown it is to be expected in such cases as the present, 
where the vibrations to be found at any time at a greater distance corre- 
spond to an earlier vibration at the nucleus. 


* Gray and Mathews, p. 28- 

t Mnc. Brit. “Wave Theory of Light,” Equation (43), 1888; Scientific Pajpers, Tol. in. 
p, 98. 

t Free. Math. Soc. 1900, Vol. xxxii. p. 208. 
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The^ calculations just effected afford an independent estimate of the 
dissipation. The rate at which energy is propagated outwards away from 
the sphere of great radius r, is 


r r r 


dt 


^2m+l}; 

or since t (the period) = 2ra/m 7, the loss of energy in one complete 
Vibration is given by 

di ^ - Jam+I } (49) 

With this we have to compare the total energy to be, found within the 
sphere. The oocurrenee of the factor is a complication from which we 
may emancipate ourselves by choosing r great in comparison with a. but 
s ill smal enough to justify the omission of conditions which are 
reconcilable when e is sufBciently small. The mean value of i>» + g* + iR= at 
a small distance p from the circular axis is 2mVay. This is to he multiplied 

y •Ka.2wpdp, and integrated from e to a value of p comparable with a, 
which need not be further specified. Thus 


f dp Sm^TT^ 


a 


a 


log 


and 


iE. T _ 77= (J^_, (2ro) - (2m)l 

Edt — log 6 


.(SO 

.(61) 


in agreement with (23). 
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[Philosophical Magazine, Vol. xxiv. pp. 301, 302, 1912.] 

lx his recent paper on the Photometry of Lights of Different Colours* 
Mr H. Ives remarks ; — “ N o satisfactory theory of the action of the flicker 
photometer can he said to exist. What does it actually measure ? We 
may assume the existence of a ‘ luminosity sense ’ distinct from the colour 
sense — If, for instance, there exists a physiological process called into action 
both by coloured and uncoloured light, a measure of this would be a measure 
of a common property.” 

Very many years ago it occurred to me that the adjustment of the iris 
afforded just such a “physiological process ”f. The iris contracts when the 
eye is exposed to a bright red or to a bright green light. There must 
therefore be some relative brightness of the two lights which tends equally 
to close the iris, and this may afford the measure required. The flicker 
adjustment is complete when the iris has no tendency to alter under the 
alternating illumination. 

This question was brought home to me very forcibly, when in IS'/ 5 
I fitted the whole area of the window of a small room with revolving 
sectors after the manner of Talbot. The intention was to observe, more 
conveniently than when the eye is at a small hole, the movements of 
vibrating bodies. The apparatus served this purpose well enough ; but 
incidentally I was much struck with the remarkably disagreeable and 
even painful sensations experienced when at the beginning or end of 
operations the slits were revolving slowly so as to generate flashes at 
the rate of perhaps 3 or 4 per second. I soon learned in self-defence to 
keep my eyes closed during this phase ; and I attributed the discomfort 
to a vain attempt on the part of the iris to adjust itself to fluctuating 
conditions. 

* Phil. Mag. Vol. xxiv. p. 178. 

t If my memory serves me, I have since read somewhere a similar suggestion, perhaps in 
Helmholtz. 
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It is clear, I thint, that we have here a common element in variously 
coloured lights, such as might serve as the basis of coloured photometry. 
I suppose that there would be no particular difficulty in observing the 
movements of an iris, and I would suggest that experiments be undertaken 
to ascertain whether in fact the flicker match coincides with qiiicjscenc© 
of the iris. Should this prove to be the case, the view suggested would be 
amply confirmed; otherwise, it would he necessary to turn to some of the 
other possibilities discussed by Mr Ives. 

[1913. Mr H. C. Stevens {Phil. M(x,g. Yol. xxvi. p. 180, 1912), in con- 
nexion with the above suggestion, describes an experiment in which tho 
musciilus sphincter pupillae was paralysed witli atropine, without changing 
“in any observable particular” the appearance of flicker. This observation 
may prove that an actual movement of the iris is not necessary to the 
sensation of flicker, but it can hardly be said that the iris has no tendency 
to alter because it is prevented from doing so by the paralysis of the 
muscle. There must be more than one step between the impression upon 
the retina which initiates a message to close the iris and the actual closing* 
thereof. The flicker adjustment may, so far as appears, correspond to th© 
absence of such messages.] 
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ON SOME IRIDESCENT FILMS*. 

[PKiloso][ihiccd Magazine, Vol. xxiv. pp. 751 — 755, 1912.] 

The experiments now to be described originated in an accidental observa- 
tion. Sonae old lantern-plates, from whicli tbe gelatine films had been 
cleaned off a few years before (probably with nitric acid), being required for 
use, were again placed in dilute nitric acid to ensure cleanliness. From these 
plates a gas-flame burning over the dish was seen reflected with colour, of 
which the cause was not obvious. On examination in daylight a dry plate 
was observed to be iridescent, but so slightly that the fact might easily 
escape attention. But when the plate was under water and suitably 
illuminated, the brilliancy was remarkably enhanced. Upon this question 
of illumination almost everything depends. The window-shutter of one of 
the rooms in my laboratory has an aperture about 4 inches square. In front 
of this the dish of water is placed and at the bottom of the dish a piece of 
dark-coloured glass. In the water the plate under observation is tilted, so as 
to separate the reflexions of the sky as given by the plate and by the glass 
underneath. In this way a dark background is ensured. At the corners and 
edges of the plate the reflected light is white, then follow dark bands, and 
afterwards the colours which suggest reflexion from a thin plate. On this 
view it is necessary to suppose that the iridescent film is thinnest at the 
outside and thickens towards the interior, and further, that the material 
constituting the film has an index intermediate between those of the glass 
and of the water. In this way the general behaviour is readily explained, 
the fact that the colours are so feeble in air being attributed to the smallness 
of the optical difference between the film and the glass underneath. In the 
water there would be a better approach to equality between the reflexions at 
the outer and inner surfaces of the film. 

From the first I formed the opinion that the films were due to the use of 
a silicate substratum in the original preparation, but as the history of the 

Bead before the British Association at Dundee. 
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plates was unknown this conjecture could not be satisfactorily confirmed. 
No ordinary cleaning or wiping had any effect; to remove the films recourse 
must be had to hydrofluoric acid, or to a polishing operation. My friend 
Prof. T. W. Richards, after treating one with strong acids and other chemicals, 
pronounced it to be what chemists would call “ very insoluble.” The plates 
first encountered manifested (in the air) a brilliant glassy surface, but 
afterwards I found others showing in the water nearly or quite as good 
colours, but in the air presenting a. smoky appearance. 

Desirous of obtaining the colours as perfectly as possible, I endeavoured 
to destroy the reflexion from the back surface of the plate, which would, 
I supposed, dilute the colours due to the iridescent film. But a coating of 
black sealing-wax, or marine glue, did not do so much good as had been 
expected. The most efficient procedure was to grind the back of the plate, 
as is very easily done with carborundum. The colours seemed now to be as 
good as such colours can ever be, the black also being well developed. Doubtless 
the success was due in great measure to the special localized character of the 
illumination. The substitution of strong brine for water made no perceptible 
improvement. 

At this stage I found a difficulty in understanding fully the behaviour of 
the unground plates. In some places the black would occasionally be good, 
while in others it had a washed-out appearance, a difference not easily 
accounted for. A difficulty had already been experienced in deciding upon 
which side of a plate the film was, and had been attributed to the extreme 
thinness of the plates. But a suspicion now arose that there were films upon 
both sides, and this was soon confirmed. The best proof was afforded by 
grinding away half the area upon one side of the plate and the other half of 
the area upon the other side. Whichever face was uppermost, the unground 
half witnessed the presence of a film by brilliant coloration. 

Attempts to produce silicate films on new glass were for some time an 
almost complete failure. I used the formula given by Abney {Instruction in 


Photography, 11th edition, p. 342) : — 

Albumen 1 part. 

Water 20 parts. 

Silicate of Soda solution of syrupy consistency 1 part. 


But whether the plates (coated upon one side) were allowed to drain and dry 
in the cold, or were more quickly dried off over a spirit flame or before a fire, 
the resulting films washed away under the tap with the slightest friction or 
even with no friction at all. Occasionally, however, more adherent patches 
were observed, which could not so easily be cleaned off. Although it did not 
seem probable that the photographic film proper played any part, I tried 
without success a superposed coat of gelatine. In view of these failures 
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I could only suppose that the formation of a permanent film was the work of 
time, and some chemical friends were of the same opinion. Accordingly 
a number of plates were prepared and set aside dulj’’ labelled. 

Examination at intervals proved that time acted but slowly. After six 
months the films seemed more stable, but nothing was obtained comparable 
with the old iridescent plates. It is possible that the desired result might 
eventually be achieved in this way, but the prospect of experimenting under 
such conditions is not alluring. Luckily an accidental observation came to 
my aid. In order to prevent the precipitation of lime in the observing-dish 
a few drops of nitric acid were sometimes added to the water, and I fancied 
that films tested in this acidified water showed an advantage. A special 
experiment confirmed the idea. Two plates, coated similarly with silicate 
and dried a few hours before, were immersed, one in ordinary tap water, the 
other in the same water moderately acidified with nitric acid. After some 
24 hours’ soaking the first film washed off easily, but the second had much 
greater fixity. There was now no difficulty in preparing films capable of 
showing as good colours as those of the old plates. The best procedure 
seems to be to dry off the plates before a fire after coating with recently- 
filtered silicate solution. In order to obtain the most suitable thickness, 
it is necessary to accommodate the rapidity of drying to the strength of the 
solution. If heat is not employed the strength of the above given solution 
may be doubled. When dry the plates may be immersed for some hours in 
(much) diluted nitric acid. They are then fit for optical examination, but 
are best not rubbed at this stage. If the colours are suitable the plates may 
now be washed and allowed to dry. The full development of the colour 
effects requires that the back of the plates be treated. In my experience 
grinding gives the best results when the lighting is favourable, but an opaque 
varnish may also be used with good effect. The comparative failure of such 
a treatment of the old plates was due to the existence of films upon both 
sides. A sufficiently opaque glass, e.g. stained with cobalt or copper, may 
also be employed. After the films have stood some time subsequently to the 
treatment with acid, they may be rubbed vigorously with a cloth even while 
wet ; but one or two, which probably had been rubbed prematurely, showed 
scratches. 

The surfaces of the new films are not quite as glassy as the best of the 
old ones, nor so inconspicuous in the air, but there is, I suppose, no doubt 
that they are all composed of silica. But I am puzzled to understand how 
the old plates were manipulated. The .films cover both sides without 
interruption, and are thinner at all the four corners than in the interior. 

The extraordinary development of the colours in water as compared with 
what can be seen in air led me to examine in the same way other thin films 
deposited on glass. A thin coat of albumen (without silicate) is inconspicuous 
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ia air. As in photography it may he rendered insoluble by nitrate of silver 
acidified with acetic acid, and then exhibits good colours vhen examined 
under water with favourable illumination. Filtered gelatine, with which 
a little bichromate has been mixed beforehand, may also be employed. In 
this case the dry film should he well exposed to light before washing. Ready- 
made varnishes also answer well, provided they are capable of withstanding 
the action of water, at least for a time. I have used amber in chloroform, 
a “crystal” (benzole) varnish such as is, or was, used by photographers, and 
bitumen dissolved in benzole. The last is soon disintegrated under water, 
but the crystal varnish gives very good films. The varnish as sold may 
probably require dilution in order that the film may be thin enough. 

Another varnish which gives interesting results is celluloid in pear-oiL 
All these films sho w little in air, but display beautiful colours in water when 
the reflexion from the back of the glass is got rid of as already described. The 
advantage from the water depends, of course, upon its mitigating the in- 
equality of the reflexion from the two sides of the film by diminishing the 
front reflexion. A similar result may be arrived at by another road if we 
can increase the back reflexion, with the further advantage of enhanced 
illumination. For this purpose we may use silvering. A glass is coated 
with a very thin silver film and then with celluloid varnish of suitable 
consistency. Magnificent colours are then seen without the aid of water, 
and the only difficulty is to hit off the right thickness for the silver. Other 
methods of obtaining similar displays are described in Wood’s Physical 
Optics (Macmillan, 1905, p. 142). 
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BEEATH FIGUEES* 

[Nature, Vol. xo. pp. 436, 437, 1912.] 

At intervals during the past year I have tried a good many experiments 
in the hope of throwing further light upon the origin of these figures, 
especially those due to the passage of a small blow-pipe flame, or of hot 
sulphuric acid, across the surface of a glass plate on which, before treatment, 
the breath deposits evenly. The even deposit consists of a multitude of 
small lenses easily seen with a hand magnifier. In the track of the flame or 
sulphuric acid the lenses are larger, often passing into flat masses which, on 
evaporation, show the usual colours of thin plates. When the glass is seen 
against a dark ground, and is so held that regularly reflected light does not 
reach the eye, the general surface shows bright, while the track of the flame 
or acid is by comparison dark or black. It will be convenient thus to speak 
of the deposit as bright or dark — descriptive words implying no doubtful 
hypothesis. The question is what difference in the glass surface determines 
the two kinds of deposit. 

In Aitken’s view (Proc. Ed. Soc. p. 94, 1893; Natim, June 15, 1911), 
the flame acts by the deposit of numerous fine particles constituting nuclei 
of aqueous condensation, and in like manner he attributes the effect of 
sulphuric (or hydrofluoric) acid to a water-attracting residue remaining 
in spite of washing. On the other hand, I was disposed to refer the dark 
deposit to a greater degree of freedom from grease or other water-repelling 
contamination {Nature, May 25, 1911), supposing that a clean surface 
of glass would everywhere attract moisture. It will be seen that the two 
views are sharply contrasted. 

My first experiments were directed to improving the washing after hot 
sulphuric or hydrofluoric acid. It soon appeared that rinsing and soaking 
prolonged over twenty-four hours failed to abolish the dark track ; but 
probably Mr Aitken would not regard this as at all conclusive. It was 
more to the point that dilute sulphuric acid (1/10) left no track, even after 
perfunctory washing. Rather to my surprise, I found that even strong 

* See p. 26 of this volume. 
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sulphuric acid fails if employed cold. A few drops were poured upon 
a glass (-J-plate photographic from which the film had been removed), and 
caused to form an elongated pool, say, half an inch wide. After standing 
level for about five minutes — longer than the time required for the treatment 
with hot acid — the plate was rapidly washed under the tap, soaked for a few 
minutes, and finally rinsed with distilled water, and dried over a spirit lamp. 
Examined when cold hy breathing, the plate showed, indeed, the form of the 
pool, but mainly by the darkness of the edge. The interior was, perhaps, not 
quite indistinguishable from the ground on which the acid had not acted, 
but there was no approach to darkness. This experiment may, I suppose, be 
taken to prove that the action of the hot acid, is not attributable to a residue 
remaining after the washing. 

I have not found any other treatment which will produce a dark track 
without the aid of heat. Chromic acid, aqua regia, and strong potash 
are alike ineffective. These reagents do undoubtedly exercise a cleansing 
action, so that the result is not entirely in favour of the grease theory as 
ordinarily understood. ' 

My son, Hon. E. J. Strutt, tried for me an experiment in which part of 
an ordinarily cleaned glass was exposed for three hours to a stream of 
strongly ozonised oxygen, -the remainder being protected. On examination 
with the breath, the difference between the protected and unprotected parts 
was scarcely visible. 

It has been mentioned that the edges of pools of strong cold sulphuric 
acid and of many other reagents impress themselves, even when there is 
little or no effect in the interior. To exhibit this action at its best, it is well 
to employ a minimum of liquid ; otherwise a creeping of the edge during the 
time of contact may somewhat obscure- it. The experiment succeeds about 
equally well even when distilled water from a wash-bottle is substituted for 
powerful reagents. On the grease theory the effect may be attributed to the 
cleansing action of a pure free surface, but other interpretations probably 
could be suggested. ■ ■ 

Very dark deposits, showing under suitable illumination the colours of 
thin plates, may be obtained on freshly-blown bulbs of soft glass. It is con- 
venient to fill the interior with water, to which a little ink may be added. 
From this observation no particular conclusion can be deduced, since the 
surface, though doubtless very clean, has been exposed to the blow-pipe 
flame. In my former communication, I mentioned that no satisfactory result 
was obtained when a glass plate was strongly heated on the hack by a long 
Bunsen burner ; but I am now able to bring forward a more successful 
experiment. 

A test-tube of thiii glass, about -linch in diameter, was cleaned internally 
until it gave an even bright deposit. The breath is introduced through 
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a tabe of smaller diarneber, previously warmed slightly with the hand. The 
closed end of the test-tube was then heated in a gas jHame urged with a foot 
blow-pipe until there were signs of incipient softening. After cooling, the 
breath deposit showed interesting features, best brought out by transmitted 
light under a magnifier. The greater part of the length showed, as before, 
the usual fine dew. As the closed end was approached the drops became 
gradually larger, until at about an inch from the end they disappeared, 
leaving the glass covered with a nearly uniform film. One advantage of the 
tube is that evaporation of dew, once formed, is slow, unless promoted by- 
suction through the mouth-tube. As the film evaporated, the colours of thin 
plates were seen .by reflected light. Since it is certain that the flame had no 
access to the internal surface, it seems proved that dark deposits can be 
obtained on surfaces treated by heat alone. 

In some respects a tube of thin glass, open at both ends, is more con- 
venient than the test-tube. It is easier to clean, and no auxiliary tube is 
required to introduce or abstract moisture. I have used one of 3/10 in. 
diameter. Heated locally over a simple spirit flame to a point short of 
softening, it exhibited similar effects. This easy experiment may be recom- 
mended to anyone interested in the subject. 

One of the things that I have always felt as a difficulty is the comparative 
permanence of the dark tracts. On flat plates they may survive in some 
degree rubbing by the finger, with sxibsequent rinsing and wiping. Practi- 
cally the easiest way to bring a plate back to its original condition is to rub 
it with soapy water. But even this does not fully succeed with the test-tube, 
probably on account of the less e-ffective rubbing and wiping near the closed 
end. But what exactly is involved in rubbing and wiping ? I ventured to 
suggest before that possibly grease may penetrate the glass somewhat. 
From such a situation it might not easily be removed, or, on the other hand, 
introduced. 

There is another form of experiment from which I had hoped to reap 
decisive results. The interior of a mass of glass cannot be supposed to be 
greasy, so that a surface freshly obtained by fracture should he clean, and 
give the dark deposit. One difficulty is that the character of the deposit on 
the irregular surface is not so easily judged. My first trial on a piece of 
plate glass § in. thick, broken into two pieces with a hammer, gave 
anomalous results. On part of each new surface the breath -was deposited in 
thin laminae capable of showing colours, but on another part the water 
masses were decidedly smaller, and the deposit could scarcely be classified as 
black. The black and less black parts of the two surfaces were those which 
ha<i been contiguons before fracture. That there should be a well-marked 
difference in this respect between parts both inside a rather small piece of 
glass is very surprising. I have not again met with this anomaly ; but 
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farther trials on thick glass have revealed deposits which may he considered 
dark, though I was not always satisfied that they were so dark as those 
obtained on flat surfaces with the blow-pipe or hot sulphuric acid. Similar 
experiments with similar results may be made upon the edges of ordinary 
glass plates (such as are used in photography), cut with a diamond. The 
breath deposit is best held pretty close to a candle- flame, and is examined 
with a magnifier. 

In conclusion, I may refer to two other related matters in which my 
experience differs from that of Mr Aitken. He mentions that with an 
alcohol, flame he “could only succeed in getting very slight indications of 
any action.” I do not at all understand this, as I have nearly always used an 
alcohol flame (with a mouth blow-pipe) and got black deposits. Thinking 
that perhaps the alcohol which I generally use was contaminated, I replaced 
it by pure alcohol, but without any perceptible difference in the results. 

Again, I had instanced the visibility of a gas flame through a dewed 
plate as proving that part of the surface was uncovered. I have improved 
the experiment by using a curved tube through which to blow upon a glass 
plate already in position between the flame and the eye. I have not been 
able to find that the flame becomes invisible (with a well-defined outline) at 
any stage of the deposition of dew. Mr Aitken mentions results pointing in 
the opposite direction. Doubtless, the highly localized light of the flame is 
favourable. 

[1913. Mr Aitken returned to the subject in a further communication 
to Nature, Vol. xc. p. 619, 1912, to which the reader should refer.] 
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REMARKS CONCERNING FOURIER’S THEOREM AS APPLIED 

TO PHYSICAL PROBLEMS. 

{Philoso^phical Magazine, Vol xxiv. pp. 864 — 869, 1912.] 

Fourier’s theorem is of great importance in mathematical physics, hut 
difficulties sometimes arise in practical applications which seem to have their 
origin in the aim at too great a precision. For example, in a series of 
observations extending over time we maybe interested in what occurs during 
seconds or years, hut we are not concerned with and have no materials for 
a remote antiquity or a distant future ; and yet these remote times deter- 
mine whether or not a period precisely defined shall be present. On the 
other hand, there may he no clearly marked limits of time indicated hy the 
circumstances of the case, such as would suggest the other form of Fourier’s 
theorem where everything is ultimately periodic- Neither of the usual forms 
of the theorem is exactly suitable. Some method of taking off the edge, 
as it were, appears to be called for. 

The considerations which follow, arising out of a physical problem, have 
cleared up my own ideas, and they may perhaps be useful to other physicists. 

A train of waves of length X, represented by 

_ g27ri(c(!4-f)/A^ 

advances with velocity c in the negative direction. If the medium is 
absolutely uniform, it is propagated without disturbance ; hut if the medium 
is subject to small variations, a reflexion in general ensues as the waves pass 
any place ak Such reflexion reacts upon the original waves ; but if we 
suppose the variations of the medium to be extremely small, we may neglect 
the reaction and calculate the aggregate reflexion as if the primary waves 
were undisturbed. The partial reflexion which takes place at oc is repre- 
sented by 

^ ^ Q4arixfk^ .( 2 ) 

9—2 
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in which the first factor expresses total reflexion supposed to originate at 
x=Q, (f>{(c)dx expresses the actual reflecting power at oo, and the last factor 
gives the alteration of phase incurred in traversing the distance 2;r. The 
aggregate reflexion follows on integration with respect to ar; with omission 
of the first factor it may be taken to be 


C-^iS, ( 3 ) 

r-l-oo r-hoo 

where C=\ cf>(v')cc^suvdv, jS = I (v) sin uvdv, (4) 

J —00 J —CO 


with tt = 47r/X. When*/) is given/the reflexion is thus determined by (3). 
It is, of course, a function of A or u. 

In the converse problem we regard (3) — the reflexion — as given for all 
values of u and we seek thence to determine the form of ^ as a function 
of X. By Courier’s theorem we have at once 

1 r“ 

(j) (a?) —~j du {O cos ux + S sin ux} (5) 

It will be seen that we require to know C and )3 separately. A knowledge 
of the intensity merely, viz. (7^ +• does not suffice. 

Although the general theory, above sketched, is simple enough, questions 
arise as soon as we try to introduce the approximations necessary in practice. 
For example, in the optical application we could find by observation the 
values of G and S for a finite range only of u, limited indeed in eye obser- 
vations to less than an octave. If we limit the integration in (5) to corre- 
spond with actual knowledge of G and S, the integral may not go far towards 
determining It may happen, however, that we have some independent 
knowledge of the form of <p.' For example, we may know that the medium 
is composed of strata each uniform in itself, so that within each ^ vanishes. 
Further, we may know that there are only two kinds of strata, occurring 
alternately. The value of f<pdx at each transition is then numerically the 
same but affected with signs alternately opposite. This is the case of 
chlorate of potash crystals in which occur repeated twinnings*. Information 
of this kind may supplement the deficiency of (5) taken by itself. If it be 
for high values only of u that G and S are not known, the curve for </> first 
obtained may be subjected to any alteration which leaves J<f>dx, taken over 
any small range, undisturbed, a consideration which assists materially where 
^ is known to be discontinuous. 

If observation indicates a large G ot 8 for any particular value of it, we 
infer of course from (5) a correspondingly important periodic term in 
If the large value of G or 8 is limited to a very small range of u, the 
periodicity of </> extends to a large range of x ; otherwise the interference of 

^ Vol, xxvi. p. 256 (1888) ; Scientijic Pajpers^ Vol. iii, p. 204* 
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components with somewhat different values of may limit the periodicity 
to a comparatively small range. Conversely, a prolonged periodicity is 
associated with an approach to discontinuity in the values of G or S. 

The complete carve representing (/> (x) will in general include features of 
various lengths reckoned along ic, and a feature of any particular length is 
associated with values of u grouped round a corresponding centre. For some 
purposes we may wish to smooth the curve by eliminating small features. 
One way of effecting this is to substitute everywhere for {x) the mean of 
the values of ^ {x) in the neighbourhood of x, viz. 

^ <{>{x)dx, -......(6) 


the range (2a) of integration being chosen suitably. With use of (5) we find 
for (6) 


JL 

2a. 


"pc+a 

cf) (x) dx 


1 r , sin xwL 

~ dll 

TT 0 UOb 


\G cos iix + S sin ux}, 


(J) 


differing from the right-hand member of (5) merely by the introduction of 
the factor sin ua -r- ua. The effect of this factor under the integral sign is to 
diminish the importance of values of u which exceed 7r/a and gradually to 
annul the influence of still larger values. If we are content to speak very 
roughly, we may say that the process of averaging on the left is equivalent to 
the omission in Fourier’s integral of the values of u which exceed 7r/2a. 

We may imagine the process of averaging to be repeated once or more 
times upon (6). At each step a new factor sin act ua is introduced under 
the integral sign. After a number of such operations the integral becomes 
practically independent of all values of u for which tia is not small. 

In (6) the average is taken in the simplest way with respect to x, so that 
every part of the range 2a contributes equally (fig. 1). Other and perhaps 



better methods of smoothing may be proposed in which a preponderance is 
given to the central parts. For example we may take (fig. 2) 


if (a - {4> (x ^ (f> (x - ^)] (8) 

a j 0 

From (5) we find that (8) is equivalent to 

2 r™ T 1— cos ua.^ .a ■ I /Q\ 

du — — ^ cos ux + S sin ux\, (9) 

ttJo 'W“a^ ^ 
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reducing to (6) again when a is made infinitely small. In comparison with 
(7) the higher values of uw are eliminated more rapidly. Other kinds of 
averaging over a finite range may he proposed. On the same lines as above 
the formula next in order is (fig. 3) 

3 /'+« 


4a J 


-a 






4> (sc 4- f) 


1 r 

Trio 


du 


sin au — ail cos die 


[C cos UX + S sin ux] due. . . .(10) 


In the above processes for smoothing the curve representing </> (x), ordinates 
which lie at distances exceeding a from the point under consideration are 
without^ influence; This may or may not he an advantage. A formula in 
which the integration extends to infinity is 

1 


Cl \/7r 


cl>(x+ {C cos ux+ S sin ux] (11 ) 

■ M vrj 0 


In this case the values of uct which exceed 2 make contributions to the 
integral whose importance very rapidly diminishes. 

The intention of the operation of smoothing is to remove from the curve 
features whose length is small. For some purposes we may desire on the 
contrary to eliminate features of great length, as for example in considering 
the record of an instrument whose zero is liable to slow variation from some 
extraneous cause. In this case (to take the simplest formula) we may sub- 
tract ‘from 0 (x ) — the uncorrected record — the average over a length h 
relatively large, so obtaining 

— S(x)dx — — f du\x — — ^ {(7 cos ux-\- S sin ux]. . . .(12) 

2‘0 J TT J 0 ( UO } 

Here, if uh is much less than tt, the corresponding part of the range of 
integration is approximately cancelled and features of great length are 
eliminated. 

There are cases where this operation and that of smoothing may be com- 
bined advantageously. Thus if we take 

1 


I cf> (x) da — of </> (^) dx 

' J X—Ct X^l) 


If , fsm ucc sin ub 
— - du\ 


ua 


iib 


{0 cos ux + S sin ux] , ....(13) 


we eliminate at the same time the features whose length is small compared 
with a and those whose length is large compared with h. The same method 
may be applied to the other formulae (9), (10), (11). 

A related question is one proposed by Stokes*, to which it would be 
interesting to have had Stokes’ own answer. What is in common and what 
* Smith’s Prize Examination, Peb. 1, 1882 ; Math, and Phys. Papers, Vol. t. p. 367. 
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is the difference between C and 8 in the two cases (i) where (;/;) fluctuates 
between - do and + oo and (ii) where the fluctuations are nearly the same 
as in (i) between finite limits + a but outside those limits tends to zero ? 
When X is numerically great, cos ux and sin ux fluctuate rapidly with u ; and 
inspection of (5) shows that <jf) ( hg ) is then small, unless (7 or S are themselves 
rapidly variable as functions of u. Case (i) therefore involves an approach to 
discontinuity in the forms of C or S. If we eliminate these discontinuities, 
or rapid variations, by a smoothing process, we shall annul </> (x) at great 
distances and at the same time retain the former values near the origin. The 
smoothing may be effected (as before) by taking 

1 m-fa 1 rw+a 

L Cdu, I Sdu 

in place of C and 8 simply. 0 then becomes 

, sin av 
dV(l>{V)Q 08 UV ~~- — , 

,00 


<j) (v) being replaced by cf) (v) sin av - av. The effect of the added 'factor 
disappears when av is small, but when av is large, it tends to annul the 
corresponding part of the integral. The new form for <j> (x) is thus the same 
as the old one near the origin but tends to vanish at great distances on either 
side. Case (ii) is thus deducible from case (i) by the application of a 
smoothing process to 0 and S, whereby fluctuations of small length are 
removed. 

We may sum up by saying that a smoothing of (j> (x) annuls C and 8 for 
large values of % while a smoothing of G and S (as functions of u) annuls ji {x) 
for values of x which are numerically great. 
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SUE LA Rj^SISTANCE DES SPHERES DANS L’AIR 

' EN MOUYEMENT. 

[Comptes Uendus, t. CLVI. p. 109, 1913.] 

Dans les Comptes rendus du 30 decembre 1912, M. Eiffel donne des 
i^sultats tr^s int^ressants pour la resistance rencontree, ^ vitesse variable, 
par trois spheres de 16*2, 24'4 et 33 cm. de dianietre. Dans la premiere 
figure, ces resultats sent exprimds par les valeurs d’un coefficient K, 6gal k 
R/SV^, oil R est la resistance totale, S la surface diametrale et V la vitesse. 
En chaque cas, il y a une vitesse critique, et M. Eiffel fait remarquer que la 
hi de similitude n’est pas toujours vraie ; en effet, les trois spheres donnent 
des vitesses critiques tout a fait diffdrentes. 

D’apres la loi de similitude dynamique, predsee par Stokes^ et Reynolds 
pour les liquides visqueux, K est uue fonction d’une seule variable vj VL, oil 
V est la viscositS cindmatique, constante pour un liquide donnd, et L est la 

dimension lindaire, proportionnelle a S^. Ainsi les vitesses critiques ne doivent 
pas etre les m^mes dans les trois cas, mais inversement proportionnelles k L. 
En verite, si nous changeons rechelle des vitesses suivant cette loi, nous 
trouvons les courbes de M. Eiffel presque identiques, au raoins que ces 
vitesses ne sent pas tres petites. 

Je ne sais si les hearts rdsiduels sent rdels ou non. La theorie simple 
adraet que les spheres sont polies, sinon que les indgalitds sont proportionnelles 
aux diam^tres, que la compressibility de Fair est negligeable et que la viscosity 
cinematique est absolument constante. Si les rysultats de I’expdrience ne 
sont pas completement d’accord avec la theorie, on devra examiner ces 
hypotheses de plus pres. 

J’ai traite d’autre part et plus en ddtail de la question dont il s’agit icif. 

* [CamZ). Trans. 1860; Math, and Phys. Papers, Vol. ni. p. 17.] 

■f" Voir Scientific Papers, t. t. 1910, pp. 532 — 534. 
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THE EFFECT OF JUNCTIONS ON THE PEOPAGATION OF 
BLECTEIC WAVES ALONG CONDTJCTOES. 

[Proceedings of the Boyal Society, A, Vol. Lxxxviii pp. 103 — 110, 1913.] 

Some interesting problems in electric wa've propagation are suggested by 
an experiment of Hertz*. In its original form waves of the simplest kind 
travel in the positive direction (fig. 1), outside an infinitely thin conducting 
cylindrical shell, A A, which comes to an end, say, at the plane = 
Co-axial with the cylinder a rod or wire BB (of less diameter) extends to 
infinity in both directions. The conductors being supposed perfect, it is 
required to determine the waves propagated onwards beyond the cylinder on 
the positive side of z, as well as those reflected back outside the cylinder and 
in the annular space between the cylinder and the rod. 



X 

A 

B 







% 

A 

Fig. 1. 


So stated, the problem, even if mathematically definite, is probably 
intractable ; but if we modify it by introducing an external co-axial con- 
ducting sheath 00 (fig. 2), extending to infinity in both directions, and if we 
further suppose that the diameter of this sheath is small in comparison with 
the wave-length {X) of the vibrations, we shall bring it within the scope of 
approximate methods. It is under this limitation that I propose here to 

* “TJeber die Fortleitung electrischer Wellen dureh Drahte,” Wied. Ann. 1889, Yol. xxxvii. 
p. 395. 
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consider the present and a few analogous problems. Some considerations of 
a more general character are prefixed. 

If -P, Q, R he components of electromotive intensity, a, b, c those of 
magnetisation, Maxwell’s general circuital relations* for the dielectric give 


da dQ 
dt dz 

dR 
dy ’ 

(1) 

and two similar equations, and 



P's 

dt \dy 

db\ 

dz)’ 

(2) 


also with two similar equations, V being the velocity of propagation. From 
(1) and (2) we may derive 


da db dc 
dx dy dz 


dP dQ ^ dR 
dx dy dz 



-(3) 


and, further, that (P, Q, R, a, b, c)= 0, (4) 

where V® = d^jdd^ + d^ldy^ + W^jdz^ (5) 


At any point upon the surface of a conductor, regarded as perfect, the 
condition to be satisfied is that the vector (P, Q, R) be there normal. In 
what follows we shall have to deal only with simple vibrations in which all 
the q[uantities are proportional to so that djdt may be replaced by i'p. 

It may be convenient to commence with some cases where the waves are 
in two dimensions {x, z) only, supposing that a, c, Q vanish, while b, P, R 
are independent of y. From (1) and (2) we have 


P 


dx^-^dz 


= 0 . 


At the surface of a conductor P, Q are proportional to the direction 
cosines of the normal {n); so that the surface condition may be expressed 
simply by 



( 6 ) 


which, with 


/d^ \ , 


( 7 ) 


suffices to determine h. In (1) k ^pIV. It will be seen that equations (6), 
{7) are identical with those which apply in two dimensions to aerial 
vibrations executed in spaces bounded by fixed walls, h then denoting 

velocity-potential. When b is known, the remaining functions follow at 
once. 

PML Trans, 1868 ; MaxwelPs Scientijio Papers, Vol. ii. p. 128. 
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It may be remarked by the way that the above analogy throws light upon 
"tine question under what circumstances electric waves are guided by con- 
ciiictors. Some high authorities, it would seem, regard such guidance as 
<snsuing in all cases as a consequence of the boundary condition fixing the 
"clirection of the electric force. But in Acoustics, though a similar condition 
^olcis good, there is no guidance of aerial waves round convex surfaces, and 
follows that there is none in the two-dimensional electric vibrations under 
consideration. Near the conoam surface of walls there is in both cases a 
“whispering gallery elfect*. The peculiar guidance of electric waves, by wires 
^depends upon the conductor being encircled by the magnetic force. No 
Siirch circulation, for example, could ensue from the incidence of plane waves 
mpon a wire which lies entirely in the plane containing the direction of 
propagation and that of the magnetic force. 

Our first special application is to the extreme form of Hertz’s problem 
modified) which occurs when all the radii of the cylindrical surfaces 
ooncerned become infinite, while the differences GA, AB remain finite and 
indeed small in comparison with X In fig. 2, A, B, G then represent 



Fig. 2. 


planes perpendicular to the plane of the paper and the problem is in two 
dimensions. The two halves, corresponding to phis and minus values of og, 
5 are isolated, and we need only consider one of them. Availing ourselves of 
fcHe acoustical analogy, we may at once ti-ansfer the solution given (after 
Poisson) in Theory of Sound, § 264. If the incident wave in GA be repre- 
sented hy fcA and that therein reflected by F, while the waves propagated 
ixlong CB, AB hOi denoted by have 


f'cB —/'ah— 


2GA 


f'c 


OB AB CA-^ 
AB 


F'. 


GB 


f 


CA' 


GA 

CB 




CA 


( 8 ) 

( 9 ) 


* JPhil. Mug. 1910, Yol. xx. p. 1001 ; Scientific Pajpers, Vol. v. p. 617. 


famd. 



140 


THE EFFECT OE JUNCTIONS ON THE 


[371 


The wave in AB is to be regarded as propagated onwards round the 
corner at A rather than as reflected. As was to be anticipated, the reflected 
wave F' is smaller, the smaller is AB. It will be understood that the 
validity of these results depends upon the assumption that the region round 
A through which the waves are irregular has dimensions which are negligible 
in comparison with X. 

An even simpler example is sketched in fig. 3, where for the present the 

■ a 



various lines represent planes or cylindrical surfaces perpendicular to the 
paper. One bounding plane G is unbroken. The other boundary consists 
mainly of two planes with a transition at AB, which, however, may be of 
any form so long as it is effected within a distance much less than X. With 
a notation similar to that used before, may denote the incident positive 
wave and F the reflected wave, while that propagated onwards in CB is fen- 
We obtain in like manner 



^GA 

GB-\-GA 


/' 




( 10 ) 


F' = 


AB 

OB + CA 



( 11 ) 


When AB vanishes we have, of course , /'cb = F' = 0. A little later 
we shall consider the problem! of fig. 3 when the various surfaces are of 
revolution round the axis of s. 


Leaving the two-dimensional examples, we find that the same general 
method is applicable, always under the condition that the region occupied 
by irregular waves has dimensions which are small in comparison with X. 
Within this region a simplified form of the general equations avails, and 
thus the difficulty is turned. 

An increase in X means a decrease in p. When this goes far enough, 
it justifies the omission of d/dt in equations (1), (2), (3), (4). Thus P, Q, It 
become the derivatives of fi. simple potential function <56, which itself satisfies 
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V^<j> = 0; that is, the electric forces obey the laws of electrostatics. Similarly 
a, h, G are derivatives of another function satisfying the same equation* 
The only difference is that ‘yjr may he multivalued. The magnetism is that 
due to steady electric currents. If several wires meet in a point, the total 
current is zero. This expresses itself in terms of a, b, c as a relation between 
the circulations.” The method then consists in forming the solutions which 
apply to the parts at a distance on the two sides from the region of irregularity, 
and in accommodating them to one another by the conditions which hold 
good at the margins of this region in virtue of the fact that it is small. 

In the application to the problem of fig. 3 we will suppose that the 
conductors are of revolution round jz, though this limitation is not really 
imposed by the method itself. The problem of the regular waves (whatever 
may be form of section) was considered in a former paper*. All the 
dependent variables expressing the electric conditions being proportional to 
Qi(pt*kz)^ in (4j) compensates V^d^jdz^, so that 

+ = -- 02 ) 

also R and c vanish. In the present case we have for the negative side, where 
there is both a direct and a reflected wave, 

P,Q,E = + 

where r is the distance of any point from the axis of symmetry, and ATi, 
are arbitrary constants. Corresponding to (13), 

r{a,b,c)=^e<^‘^(-S,er“:’’ + K,e«-)(~,- -^,Oyosr. (U) 

In the region of regular waves on the positive side there is supposed to 
be no wave propagated in the negative direction. Here accordingly 

P. 0, ^,0)logr (16) 

r(a,&, = o)logr, ; (16) 

iTg being another constant. We have now to determine the relations between 
the constants JECj, Ki, hitherto arbitrary, in terms of the remaining data. 

Tor this purpose consider cross-sections on the two sides both near the 
origin and yet within the regions of regular waves. The electric force as 
expressed in (13), (15) is purely radial. On the positive side its integral 

*' JPhil. Ma.g. 1897, Yol. xiiv. p. 199; Scientific I^apers, VoL rv. p. 327. 
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between rg the radius of the inner and r' that of the outer conductor is, with 
omission of 

log {r'/r.^, 

z having the value proper to the section. On the negative side the corre- 
sponding integral is 

( J?! 4- jSTa log (r'jr{), » 

being the radius of the inner conductor at that place. But when we 
consider the intermediate region, where electrostatical laws prevail, we 
recognize that these two integrals must be equal; and further that the 
exponentials may be identified with unity. Accordingly, the first relation is 

(jy, + KO log (r'/r,) = H, log (r'/r,) (17) 

In like manner the magnetic force in (14), (16) is purely circumferential. 
And the circulations at the two sections are as Hi — Ki and But since 

these circulations, representing electric currents which may be treated as 
steady, are equal, we have as the second relation — , 

Hi-Ki=U, (18) 

The two relations (17), (18) determine the wave propagated onwards 
and that reflected Ki in terms of the incident wave Hi. If = n, we have 
of coupe, Hi, Ki — 0. 

If we suppose Ti, r' all great and nearly equal and expand the 
logarithms, we fall back on the solution for the two-dimensional case 
already given. 

In the above the radius of the outer sheath is supposed uniform through- 
out. If in the neighbourhood of the origin the radius of the sheath changes 
from Vi to r^, while (as before) that of the inner conductor changes from Vj to 
ra, we have instead of (17), 

{Hi+Ki)log(r'/ri) =H,log (n'/r,), (19) 

while (18) remains undisturbed. 

In (19) the logarithmic functions are proportional to the reciprocals of 
the electric capacities of the system on the two sides, reckoned in each case 
per unit of length. From the general theory given in the paper referred 
to we may infer that this substitution suffices to liberate us from the 
restriction to symmetry round the axis hitherto imposed. The more general 
functions which then replace log r on the two sides must be chosen with 
such coefficients as will make the circulations of magnetic force equal. The 
generalization here indicated applies equally in the other problems of this 
paper. 
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In Hertz’s prol)lem, fig. 2, the method is similar. In the region of 
regular waves on the left in CA we may retain (13), (14), and for the 
regular waves on the right in GB we retain (15), (16). But now in addition 


for the regular waves on the left in AB, we have 

F,Q,M = ^ . o) log (2«) 

F(*, h, c) = (4;’ “ s ’ ®) 

Three conditions are now required to determine K-y, H^, in terms of 
Hy. We shall denote the radii taken in order, viz. ^BB, ^AA, ^GG, by 
■^ 1 ) ^ 2 » ^3 respectively. As in (IV), the electric forces give 

(S’. + i:. ) log Jog 5 = if, log P (22) 

'2 f I '1 


The magnetic forces yield two equations, which may be regarded as 
expressing that the currents are the same on the tw'o sides along BB, and 
that, since the section is at a negligible distance from the insulated end, 
there is no current in AA. Thus 


From (22) and (23) 


Hy-Ky = -K,^H^ 


^ = ^Q g - log 

JBy log Vs — log Ty ’ 


Sq = — As 


log r» - log r g 
log n - log Ty ■ 


(23) 

(24) 

(25) 


If ?'-2 exceeds Vy but little, Ky tends to vanish, while JFIs and — iC, approach 
unity. Again, if the radii are all great, (24), (25) reduce to 


Ky 

Hy 




(26) 


as already found in (8), (9). 


The same method applies with but little variation to the more general 
problem where waves between one wire and sheath {vy, r/) divide so as to 
pass along several wires and sheaths (ra, r^), (r-;,, r.'), etc., always under the 
condition that the whole region oi irregularity is negligible in comparison 
with the wave-length*. The various wires and sheaths are, of course, 
supposed to be continuous. With a similar notation the direct and reflected 
waves along the first wire are denoted hy Hy, Ky, and those propagated 


* This condition will usually suffice. But extreme cases may be proposed where, in spite of 
tlie smallness of the intermediate region, its shape is such as to entail nataral resonances of 
frequency agreeing with that of the principal waves. The method would then fail. 
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onwards along tho second, third, and other wires by Huf etc. Iho 
equations are— 

{Hi i- Ki) log — = H^log-^-Hs'^og--- ( 27 ) 

iZi-Zi = ^2= = 


It is hardly necessary to detail obvious particular cases. 

The success of the method used in these problems depends upon the 
assumption of a great wave-length. This, of course, constitutes a litnitation j 
but it has the advantage of eliminating the irregular motion at the junctions. 
In the two-dimensional examples it might be possible to pursue the approxi- 
mation by determining the character of the irregular waves, at least to 
a certain extent, somewhat as in the question of the correction for the open 
end of an organ pipe. 
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THE COBRECTION TO THE LENGTH OF TERMINATED RODS 

IN ELECTRICAL PROBLEMS. 

[Philosophical Magazine, Yol. xxv. pp. 1 — 9, 1913.] 

In a short paper “On the Electrical Vibrations associated with thin 
terminated Conducting Rods”* I endeavoured to show that the difference 
between the half wave-length of the gravest vibration and the length (1) of 
the rod (of uniform section) tends to vanish relatively when the section is 
reduced without limit, in opposition to the theory of Macdonald which makes 
X =: 2*53 1. Understanding that the argument there put forward is not con- 
sidered conclusive, I have tried to treat the question more rigorously, but 
the difficulties in the way are rather formidable. And this is not surprising 
in view of the discontinuities presented at the edges where the flat ends 
meet the cylindrical surface. 

The problem assumes a shape simpler in some respects if we suppose that 
the rod of length I and radius a surrounded by a cylindrical coaxial con- 
ducting case of radius b extending to infinity in both directions. One 
advantage is that the vibrations are now permanently maintained, for no 
waves can escape to infinity along the tunnel, seeing that I is supposed great 
compared with hf. The greatness of I secures also the independence of the 
two ends, so that the whole correction to the length, whatever it is, may be 
regarded as simply the double of that due to the end of a rod infinitely 
long. 

At an interior node of an infinitely long rod the electric forces, giving rise 
(we may suppose) to potential energy, are a maximum, while the magnetic 
forces representing kinetic energy are evanescent. The end of a terminated 
rod corresponds, approximately at any rate, to a node. The complications 

■* Phil. Mag. Vol. viii. p. 105 (1904) ; Scientific Papers, VoL v. p. 198. 

+ Phil Mag. Vol. xliii. p. 125 (1897); Seientific Papers, Vol. iv. p- 276. The conductors are 
supposed to be perfect. 


R. VI. 
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3^46 the correction to the length of 

due to the end thus tell mainly upon the electric forces^, and the problem is 
reduced to the electrostatical one of finding the capacity of the terininated 
rod as enclosed in the infinite cylindrical case at potential zero. But this 
simplified form of the problem still presents difficulties. 

Taking cylindrical coordinates r, we identify the axis of symmetry with 
that of supposing also that the origin of coincides with the flat end of the 
interior conducting rod which extends from — oo to 0. The enclosing case on 
the other hand extends from - oo to 4- oo . At a distance from the end on 
the negative side the potential V, which is supposed to be unity on the rod 
and zero on the case, has the form 




log h]r 
log hja’ 


( 1 ) 


and the capacity per unit length is 1/(2 log hj a). 

On the plane z — 0 the value of Y from r = 0 to r—a is unity. If we 
knew also the value of Y from t = a to t = b, we could treat separately the 
problems arising on the positive and negative sides. On the positive side 
we could express the solution by means of the functions appropriate to the 
complete cylinder r-< b, and on the negative side by those appropriate to the 
annual cylindrical space h>r>a. If we assume an arbitrary value for V 
over the part in q[uestion of the plane z = 0, the criterion of its suitability 
may be taken to be the equality of the resulting values of dY/dz on the two 
sides. 


We may begin by supposing that (1) holds good on the negative side 
throughout ; and we have then to form for the positive side a function which 
shall agree with this at z—0. The general expression for a function which 
shall vanish when r — h and when z + co , and also satisfy L^^pl^lce^s 
'equation, is 

A,J, {k,r) + A^Jo + .. . , (2) 

where Jci , k^, &c. are the roots of Jq (kb) = 0 ; and this is to be identified 
when z = 0with (1) from a to h and with unity from 0 to a. The coefficients 
A are to be found in the usual manner by multiplication with J„ and 

integration over the area of the circle r= b. To this end we require 


[Vo {Jcr) r dr = - y Jo' (ka), (3) 

f^Jo (kr) rdr=~l \hJ,' (kb) - aJ,' (ka)}, ( 4 ) 

J a 

rb 

j logrjQ(Icr)r dr 
J a 


- [6 log hJo (kb) — a log a Jo' (ka)} ™ J, • (5 ) 


* Compare the analogous acoustical questions in Theory of Sound, g§ 265, 317. 
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Thus altogether 

^ (to-) rdr^i ikb) (6) 

For we may write \ so that if in (2) we take 

A j {kcC) 

k%^J^^(Jcb)\oghla’ ^ ^ 

we shall have a function which satisfies the necessary conditions, and at = 0 
assumes the value 1 from 0 to a and that expressed in (1) from a to h. But 
the values of dVjdz are not the same on the two sides. 

If we‘ call the value, so determined on the positive as well as upon the 
negative side, Vq, we may denote the true value of V by Fq + V'. The con- 
ditions for Y' will then be the satisfaction of Laplace’s equation throughout 
the dielectric (except at ^ = 0), that on the negative side it make F'' = 0 both 
when r = a and when r = h, and vanish at = — oo , and on the positive side 
F' = 0 when r = h and when z — and that when .2 = 0 F' assume the 

same value on the two sides between a and h and on the positive side the 
value zero from 0 to a. A further condition for the exact solution is that 
dV(dz, or dVtifdz + dV'jdz, shall be the same on the two sides from r — a to 
r = b when z = 0. 

Now whatever maybe in other respects the character of V' on the negative 
side, it can he expressed by the series 

V' = (h,r) + H^4> {Kr) + . . . , ( 8 ) 

where <!> (/qr), &c. are the normal functions appropriate to the symmetrical 
vibrations of an annular membrane of radii a and b, so that {hr) vanishes 
for r = a, r — b. In the usual notation we may write 


J,{ha) Y,{ha)’ 

with the further condition 


(9) 


Fo {ha) J, {hb) - Jo {ha) Yo (hb) = 0, (10) 

determining the values of h. The function <p satisfies the same differential 
equation as do Jo and Fq. 

Considering for the present only one terra of the series (8), we have to 
find for the positive side a function which shall satisfy the other necessary 
conditions and when z — 0 make F' = 0 from 0 to a, and V' = {hr) from 
a to h. As before, such a function may be expressed by 

V = BiJo Ohr) 6“*!^ -f B^j^Jo {h^r) 4- . . . , (11) 

and the only remaining question is to find the coefficients B. For this 
purpose we require to evaluate 

f ^ {hr) Jo {kr) r dr. 


10—2 
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From tlie differential equation satisfied by Jo and ^ -we get 


/ Jq (hr') 0 (hr) r dr 

J a 

rb 

I Jo (hr) 4* (hr) r dr 

J a 


r . 4> 


r .Jo 


d4> dJo 
dr dr 


r dr. 


f* ii'^rdr ■ 

^ dr dr = 


SO that 


(k^ — h^) I Jo (hr) (Ar) r dr 


0 , 


— haJo (ha) 4> (hci), (12) 


since here <j£> (Aa) == ^ (AZ>) = 0, and also Jo(kh)=0. Thus in (11), corre- 
sponding to a single term of (8), 

_ 2haHJo(ka) cf>' (ha) ... 

“ ~jWJJ¥y^jTWT ^ ^ ^ 

The exact solution demands the inclusion in (8) of all the admissible values 
of h, with addition of (1) which in fact corresponds to a zero value of A. 
And each value of A contributes a part to each of the infinite series of 
coefi&cients B, needed to express the solution on the positive side. 

But although an exact solution would involve the whole series of values 
of h, approximate methods may be founded upon the use of a limited number 
of them. I have used this principle in calculations relating to the potential 
from 1870 onwards*. A potential V, given over a closed surface, makes 


Mi 


dW 


J 


dec dy dz, (14) 


reckoned over the whole included volume, a minimum. If an expression 
for V, involving a finite or infinite number of coefficients, is proposed which 
satisfies the surface condition and is such that it necessarily includes the true 
form of Y, we may approximate to the value of (14), making it a minimum 
by variation of the coefficients, even though only a limited number be 
included. Every fresh coefficient that is included renders the approximation 
closer, and as near an approach as we please to the truth may be arrived at 
by continuing the process. The true value of (14) is equal by Green’s 
theorem to 




■(IS) 


the integration being over the surface, so that at all stages of the approxi- 
mation the calculated value of (14) exceeds the true value of (15). In the 
application to a condenser, whose armatures are at potentials 0 and 1, 

"* Trans. Vol. CLxi. p. 77 (1870) ; Scientific Papers, Vol. i. p. 33. Phil. Mag. Vol. XLiv. 

p. 328 (187*2); Scientific Papers, Vol. r. p. 140. Compare also Phil. Mag. Vol. xlvii. p. 566 
(1899), Vol. XXII. p. 225 (1911). 
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(15) represents the capacity. A calculation of capacity founded upon an 
approximate value of V in (14) is thus always an overestimate. 

In the present case we may substitute (15) for (14), if we consider the 
positive and negative sides separately, since it is only at ^ = 0 that Laplace’s 
equation fails to receive satisfaction. The complete expression for on the 
right is given by combination of (2) and (11), and the surface of integration 
is composed of the cylindrical wall r = 6 from z=^ to z = <x> , and of the plane 
z—0 from r = 0 to r = h^. The cylindrical wall contributes nothing, since Y 
vanishes along it. At z = 0 

V=X(A+ B) Jo {hr), - d Vjdz = {A + B) Jo (kr) ; 

and (15) = ib^-%k (A + By Jy (kb) (16) 

On the left the complete value of Fincludes (1) and (8). There are here two 
cylindrical surfaces, but ?- = 6 contributes nothing for the same reason as 
before. On r = a we have V =1 and 

_ ^ = „ JL _ 'EhHS' (ha) ; 
dr aiogbja ^ 

so that this part of the surface, extending to a great distance z^—l, contri- 
butes to (15) 



Then© remains to be considered the annular area at = 0. Over this 




d Yjdz = 'thB cf> (hr) ( 19 ) 

The integrals required are 

\%(hr)rdr = -h-^[b4>'(hb)-a(f>'(ha)\, ( 20 ) 

J a 

f log r <p (hr) r dr = — h-^ {b log b <f>' (hb) — a log a ((>' (ha)], . . .(21) 

J 0 

f {(p (hr)]'^ r dr = ^b^ {<p' (hb)y^ — [p' (ha)]'^ ; (22) 

J a 

and we get for this part of the surface 

^aXHp' (ha) + i%hIB[b‘^ [p' (hb)y - {</>' (/ia)}^] (23) 

Thus for the whole surface on the left 


<>« - s li Bi " * ” 


Tbie surface at ;3 = 4- inay evidently be disregarded. 
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the simplification arising from the fact that (1) is practically a member of the 
series <f>. 

The calculated capacity, an overestimate unless all the coefficients M are 
correctly assigned, is given by addition of (1 6) and (24?). The first approxi- 
mation is obtained by omitting ail the quantities H, so that the B’s vanish also. 
The additional capacity, derived entirely from (16), is then or 

on introduction of the value of A, 


^ V (ka) /' 9 

log^ b/ct ^ (B) ’ ^ ^ 

the summation extending to all the roots of J^^(hh)=0. Or if we express 
the result in terms of the correction hi to the length (for one end), we have 


_ ,26 ^ ika) 

log b/a (kV)’ 


(26) 


as the first approximation to hi and an overestimate. 


The series in (26) converges sufficiently. J^iha) is less than unity. The 
mth root of J'o {oc) =0 is ic = (m — J) tt approximately, and (cc) — 2/7r.«, so 
that when m is great 


1 ^ 8 
{cc) rrr (4m — 1)® ‘ 


(27) 


The values of the reciprocals of cAJ-^{oc) for the earlier roots can be calculated 
from the tables* and for the higher roots from (27). I find 


m 

X 

iJ-j (x) 

aj-3 -i- Jji (x) 

1 

2-4048 

•51915 

'2668 

2 

5-5201 

•34027 

•0513 

3 

8-6537 

•27145 

•0209 

4 

11-7915 

•23245 

•0113 

5 

14-9309 

•20655 

■0070 


The next five values are *0048, ‘0035, '0026, -0021, -0017. Thus for any 
value of a the series in (26) is 


•2668J’o=>(2-405 a/i)) + '0513 (5-520 a/6) ; (28) 

it can be calculated without difficulty when a/6 is given. When afh is very 
small, the J’s, in (28) may be omitted, and we have simply to sum the numbers 
in the fourth column of the table and its continuation. The first ten roots 
give -3720. The remainder I estimate at -015, making in all -387. Thus in 
this case 


g, -7746 
log bja ' 


( 29 ) 


* Gray and Mathews, BesseVs Functions, pp. 244, 247. 
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.(31) 


It is particularly to be noticed that although (29) is an overestimate, it 
vanishes when a tends to zero. 

The next step in the approximation, is the inclusion of corresponding 
to the first root //.j of ^ (Jib) ~ 0. For a given k, JB has only one term, 
expressed hy (13) when we write hi. Hi for h,H. In (16) when we expand 
( + By, we obtain .three series of which the first involving A'^ is that already 
dealt with. It does not depend upon Hi. Constant factors being omitted, 
the second series depends upon 

'P *1(0 (JcQt) 

kihy-k^)Ji^kb}’ ^ ^ 

and the third upon 

{hj^- h^yjjjcby ^ 

the summations including all admissible values of k. In (24 j) we have under 
% merely the single term corresponding to Hi, hi. The sum of (16) and (24) 
is a quadratic expression in .ffuand is to be made a minimum by variation of 
that quantity. 

The application of this process to the case of a very small leads to a 
rather curious result. It is hnown (Theory of Sound, | 213 ct) that and hy 
are then nearly equal, so that the first terms of (30) and (31) are relatively 
large, and require a special evaluation. For this purpose we must revert to 
(10) in which, since ha is small, 

To = log Aa Jo {ha) +• 2 Ja {ha), (32) 

so that nearly enough 

.7. (^6) = (/. - /c) IJ,' W = ^ ™ . 

•and k-h= (33) ■ 

hJi{kb)\ogka ^ 

Thus, when a is small enough, the first terms of (30) and (31) dominate the 
others, and we may take simply 

(^C\\ = - h log hid 

2kyTii(kib)Ji{kih)\ 

UiYy(kib) 

Abo 4-' (.ha) = - . „ . 4' (hb) = M'-r (36) 


k-~h= r 


.(33) ■ 


(30) 


(31) 


.(34) 

.(35) 


Also 


/,^alog/c,a’ 

Using these, we find from (16) and (24) 

& ^ 1 . H 


log kid 


X XX 1 XX 1 

log" hja ^ m^ jy (M>) kyb fog IT/a . To {h b) JiQcih) 4‘ki 7} (kib) 

7 h TT ^ 

V _ /Vi XAi ff A*w"r rt ✓ Tr ■? v t 




( 37 ) 
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as the expression for the capacity which is to he made a minimum. Com- 
paring the terms in we see that the two last, corresponding to the 
negative side, vanish in comparison with the other in virtue of the large 
denominator log^^ia. Hence approximately 


and (37) becomes 



2Fo(M) 

kih log bja.Ji {kib) ’ 



21og6/ft‘''log*6/a^W//(fc6) \o^h/a k>b^J,‘{k,b) 

when made a minimum by variation of Thus the effect of the correction 
depending on the introduction of H-y is simply to wipe out the initial term 
of the series which represents the first approximation to the correction. 

After this it may he expected that the remaining terms of the first 
approximation to the correction will also disappear. On examination this 
conjecture will be found to he verified. Under each value of k in (16) only 
that part of B is important for which h has the particular value which is 
nearly equal to h. Thus each new H annuls the corresponding member of 
the series in (39), so that the continuation of the process leaves us with the 
first term of (39) isolated. The inference is that the correction to the 
capacity vanishes in comparison with h -r-log^ hja, or that U vanishes in com- 
parison with 6 -7- log 6/a. It would seem that Bl is of the order 6 -r log® 6/a, 
hut it would not he easy to find the numerical coefficient by the present 
method. 


In any case the correction Bl to the length of the rod vanishes in the 
electrostatical problem when the radius of the rod is diminished without 
limit — a conclusion which I extend to the vibrational problem specified in 
the earlier portion of this paper. 
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ON CONFORMAL REPRESENTATION FROM A MECHANICAL 

POINT OF VIEW. 

[Philosophical Magazine, Vol. xxv. pp. 698 — 702, 1913.] 


In what is called conformal representation the coordinates of one point x, y 
in a plane are connected with those of the corresponding point r) by the 
relation 

X 4 - iy + iv\ (1) 

where f denotes an arbitrary function. In this transformation angles remain 
unaltered, and corresponding infinitesimal figures are similar, though not in 
general similarly situated. If we attribute to rj values in arithmetical 
progression with the same small common difference, the simple square net- 
work is represented by two sets of curves crossing one another at right angles 
so as to form what are ultimately squares when the original common differ- 
ence is made small enough. For example, as a special case of (1), if 

X -iriy i=c sin (^+ irj), (2) 

X = c sin ^ cosh rj, y = c cos ^ sinh rj ; 
and the curves corresponding to -?; = constant are 

y. — =1 ( 3 ) 

c'^ cosh*-^ f] c^ smh“ nf) 


and those corresponding to ^ = constant are 



sirP cos*-* f 


(4) 


a set of confocal ellipses and hypei*bolas. 

It is usual to refer y and t] to separate planes and, as far as I have 
seen, no transition from the one position to the other is contemplated. 
But of course there is nothing to forbid the two sets of coordinates being 
taken in the same plane and measured on the same axes. We may then 
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regard the angular points of the network as moving from the one position 
to the other. 

Some fifteen or twenty years ago I had a model made for me illustrative 
of these relations. The curves have their material embodiment in wires of 
hard steel. At the angular points the wires traverse small and rather thick 
brass disks, bored suitably so as to impose the required perpendicularity, the 



two sets of wires being as nearly as may be in the same plane. But some- 
thing more is required in order to secure that the rectangular element of 
the network shall be square. To this end a third set of wires (shown dotted 
in fig. 1) was introduced, traversing the corner pieces through borings 
making 45° with the previous ones. The model answered its purpose to a 
certain extent, but the manipulation was not convenient on account of the 
friction entailed as the wires slip through the closely-fitting corner pieces. 
Possibly with the aid of rollers an improved construction might he arrived at. 

The material existence of the corner pieces in the model suggests the 
consideration of a continuous two-dimensional medium, say a lamina, whose 
deformation shall represent the transformation. The lamina must be of 
such a character as absolutely to preclude shearing. On the other hand, it 
must admit of expansion and contraction equal in all (two-dimensional) 
directions, and if the deformation is to persist without the aid of applied 
forces, such expansion must be unresisted. 

Since the deformation is now regarded as taking place continuously, f in. 
(1) must be supposed to be a function of the time t as well as of ^ -i- ig. We 
may write 

=f(i, ^ -f ir)) (5) 

The component velocities u, v of the particle which at time t occupies the 
position oo, y are given by dxjdt, dyjdt, so that 


( 6 ) 
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Between (5) and (6) f-hi, may be eliminated; u+iv then becomes a 
function of t and oi cg ■+ iy, say 

u-\-iv=F {t, x~\- iy) ^ 7 ) 

The equation with which we started is of what is called in Hydro- 
dynamics the Lagrangian type. We follow the motion of an individual 
particle. On the other hand, (7) is of the Eulerian type, expressing the 
velocities to "be found at any time at a specified place. K.eeping t fixed, 
i.e. taking, as it were, an instantaneous view of the system, we see that ti, v, 
as given hy (7), satisfy 

{(P/dx^ + d^jdy^) (w, ^;) = 0, (8) 

equations which hold also for the irrotational motion of an incompressible 
liquid. 


It is of interest to compare the present motion with that of a highly 
viscous two-dimensional fluid, for which the equations are* 


where 


Du 

'm ~ 


dp 

dx 


dd 

dx ^ 


d^/j ’ 

Dv 

= pF- 

dp 


de 

fd^v 

• d^v\ 

Dt ~ 

dy 

+ p 

~dy^^ 

[dx^ 



du 

dv 





~ dx '^ 

dy' 






If the pressure is independent of density and if the inertia terms are 
neglected, these equations are satisfied provided that 

pX + fj! d6 fdx = O, pY ptf dO Jdy = 0. 

In the case of real viscous fluids, there is reason to think that p! ~ 
Impressed forces are then required so long as the fluid is moving. The 
supposition that p is constant being already a large departure from the case 
of nature, we may perhaps as well suppose y! = 0, and then no impressed 
bodily forces are called for either at rest or in motion. 


If we suppose that the motion in (7) is steady in the hydrodynamical 
sense, u -+ iv must be independent of t, so that the elimination of ^ -i- irj 
between <^5) and (6) must carry with it the elimination of t. This requires 
that df l<Zt in (6) be a function of f, and not otherwise of t and and it 

follows that (5) must be of the form 

X 4- iy = (f -t- (9) 


* Stokes, Camh. Trans. 1850 ; Mathevmtical and Physical Pa;pers, Vol. iv. p. 11. It does not 
seem to Toe generally known that the laws of dynamical similarity for viscous fluids were 
formulated in this memoir. Eeynolds’s important application was 30 years later- 
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where Fy, denote arbitrary functions. Another form of (9) is 

F,{xHy) = tiF,{Hi^) ( 10 ) 

For an individual particle is constant, say a +ih. The equation 

of the stream-line followed by this particle is obtained by equating to H) the 
imaginary part of Fg (a; 4 f). 

As an example of (9), suppose that 

s 4 iy = c sin {ft 4 ^ 4 i))l, .(11) 

sothat «=csin^.cosh(T)4t), y=ccos|.sinh(t/4t), (12) 

whence on elimination of t we obtain (4) as the equation of the stream-lines. 

It is scarcely necessary to remark that the law of flow along the stream- 
lines is entirely different from that with which we are familiar in the flow of 
incompressible liquids. In the latter case the motion is rapid at any place 
where neighbouring stream-lines approach one another closely. Here, on the 
contrary, the motion is exceptionally slow at such a place. 
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ON THE APPROXIMATE SOLUTION OF CERTAIN PROBLEMS 
RELATING TO THE POTENTIAL.— 11. 

\_JPhilosojphical Magazine, Vol. xxvi. pp. 195 — 199, 1913.] 


The present paper may be regarded as supplementary to one -with the 
same title published a long while ago*. In two dimensions, if be 

potential and stream-functions, and if {e.g.) t/o be zero along the line y—O, 
we may take 


y^=yf- 




y. 


X 

1 , 2 '^ ‘ 1 . 2 . 3. 4 

2/* L y' 




1 2 . 3 *^ ^ 1 . 2 . 3 . 4.5 

/ being a function of oc so far arbitrary. These values satisfy the general 
conditions for the potential and stream-functions, and when y = 0 make 

dcf>ldx ~f, '\(r=0. 

Equation (2) may be regarded as determining the lines of flow (any one 
of which may be supposed to be the boundary) in terms of /. Conversely, if 
y be supposed known as a function of x and ^|r be constant (say unity), we 
may find f by successive approximation. Thus 


yiv 


•( 1 ) 

.( 2 ) 


/= 


1 

y 


6 dod- \y) 






yj ^ 36 dx^ dxr \yj\ 120 doc^ \y. 


d^ 


V 


d^ 


1 ) 


We may use these equations to investigate the stream-lines for which 
has a value intermediate between 0 and 1. If y denote the corresponding 
value of y, we have to eliminate f between 




12 0 


and 


whence 


I ^ I ^ 






{yv" - vf), 


* rroc. Land. Math. Soc. "701. vii. p. 75 (1876); Scientific P aiders, Vol. i. p. 272. 
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^ TV *6 dx^\y) 36 



flSi 

\dx^ 

\yn 


4-' 


36 


f 

V’ ^ fbi 

3/® W — 

^ /l'\ 

daP' 1' 

dap \y}) 

120 

daP \y] 


.(4) 


The evanescence of when y = 0 may arise from this axis being itself a 
boundary, or from the second boundary being a symmetrical curve situated 
upon the other side of the axis. In the former paper expressions for the 
“ resistance ” and “ conductivity ” were developed. 

We will now suppose that = 0 along a circle of radius a, in substitution, 
for the axis of oo. Taking polar coordinates a ■\-r and 9, we have as the 
general equation 

+ (» + e $ + ^ = 0 ( 5 ) 


Assuming = R^r 4-1^2^^ + 4- ... , 

where jRi, R^, &c., are functions of 6, we find on substitution in (5) 

'2a?Rz + aRi = 0 , 

Qd^R^ 4~ bct/Ja 4“ R\ 4' R\ ^ = 0 j 


so that 




.( 6 ) 

•(7) 

.( 8 ) 


is the form corresponding to (2) above. 
. If = 1, (8) yields 


i? =UJ:.__rL . 


.(9) 


expressing jRi as a function of 6, when r is known as such. To interpolate a 
curve for which p takes the place of r, we have to eliminate R^ between 


R-^r 


R^r^ , (2Ei - R^') r- 


2a 


4- 


6a^ 


and 

Thus 




p=rt-f-^(pr-- rp=) + O’" 


2R^ - R{' 


rp^), 


and by successive approximation with use of (9) 


p =r^|r-\- - 


\|r (■xjr — 1) -[fr (j\fr — 1 ) (‘^ “2) r* i/r — 1) /I 


1.2 


a" 


1.2.3 


4-- 




6 


de^ 


( 10 ) 
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The significance of the first three terms is brought out if . we suppose that 
r is constant (a), so that the last term vanishes. In this case the exact 
solution is 

= ( 11 ) 

whence 


a + ayl' - a — 1 ) — 2) a* 

— _ j _ 1 _ ^ _ 4- ^ + 1.2.3 ^ 


,.( 12 ) 


in agreenaent with (10). 


In the above investigation is supposed to be zero exactly upon the 
circle of radius a. If the circle whose centre is taken as origin of coordinates 
be merely the circle of curvature of the curve = 0 at the point (^ = 0) 
under consideration, -xlr will not vanish exactly upon it, but only when r has 
the approximate value c being a constant. In (6) an initial term Ro 
must be introduced, whose approximate value is— But since JRo" 
vanishes with d, equation (7) and its consequences remain undisturbed and 
(10) is still available as a formula of interpolation. In all these cases, the 
success of the approximation depends of course upon the degree of slowness 
with which y, or r, varies. 


Another form of the problem arises when what is given is not a pair of 
neighbouring curves along each of which (e.g.) the stream-function is con- 
stant, but one such curve together with the variation of potential along it. 
It is then required to construct a neighbouring stream-line and to determine 
the distribution of potential upon it, from which again a fresh departure may 
be made if desired. For this purpose we regard the rectangular coordinates 
a), y as functions of ^ (potential) and y (stream-function), so that 

X -+■ iy =/(^ + iri), (13) 

in which we are supposed to know /"(I) corresponding to y = 0, i.e., so and y 
are there known functions of f . Take a point on y =0, at which without 
loss of generality | may be supposed also” to vanish, and form the expressions 
for 00 and y in the neighbourhood. From 

X -4- iy = Ao H- iRo + (A. j -f- (!• + iy^ -I- (A^ -1- iR^ '^y'f Hh • . - , 

we derive x — A^-h -|- (f^* — y^) — 2,B^^y 

+ As — S^y^) —Ra(S p y — 

-I- A 4 (f‘* — + y*) — 4ii:?4 -f . .. , 

y = Ba -h Ri^ + Aiy + 2 ^y -+• B.^ — y^) 

+ As (3r - y) -f Bs (p - ^^y^) 

-h {^^y - ^y^) 4- R^ Q* - y-^) . 

X = A„ + Ajf -f- A2^^ + A 3 Hh A 4 ^* 

y = + -f Ar + i?4r +.... ■ 


When '>7 = 0 , 
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Since os and y are known as functions of ^ when 77 = 0, these equations 
determine the ^’s and the S’s, and the general values of x and y follow. 
When ^ = 0, hut r) undergoes an increment, 

A^— jBi 97 — +• d- Ai'n'^ — - • • , (14) 

y = Ba 4" Ax'^ — B^rf^ — A^y^ + B^y* + ..., ( 1 ^) 

in which we may suppose ->7 = 1 . 

The A’s and B’b are readily determined if we know the values of x and y 
for y—Q and for equidistant values of say |^ = 0 , ^=±1, ^ — ± 2. Thus, if 
the values of x he called x^, x^j, oc^) iC— 2 . "we find 


Ao — Xq, and 

= I («1 - ^-l) - ^ - ^- 2 ), ^3 = 



7 


^ _ 2 (xx + — 2 £Co) aig + x—2 — 

_ _ __ ^ 

^ _ ir2 4- /r_2 — 2x(, Xx 4- £r_i — 2a?o 
24 — . 

The B's are deduced from the .-dL’s by merely writing y for x throughout. 
Thus from (14) when ^ = 0, y = l, 

5 1 

X = Xq ~~ g (iCi 4“ X — 1 — 2X(^ 4" (^2 d X — 3 2,ro) 

- I (2/1 - S/-i) 1- ^ (2/2 - y-2') (16) 


Similarly 


o 

y = 2/0 - ^ (2/1 + y-i “ 2y,) + 


!» 

12 


(2/2 4- y-2 - 22/„) 


“H 


g (a?! — a?_i) — - (iCg — £C_ 2 ). 


(IT) 


By these formulas a point is found upon a new stream-line (r) = 1) cor- 
responding to a given value of And there would be no difficulty in 
carrying the approximation further if desired. 

As an example of the kind of problem to which these results might) be 
applied, suppose that by observation or otherwise we know the form of the 
upper stream-line constituting part of the free surface when liquid falls 
steadily over a two-dimensional weir. Since the velocity is known at every 
point of the free surface, we are in a position to determine ^ along this 
stream-line, and thus to apply the formulae so as to find interior stream-lines 
in succession. 


Again (with interchange of f and 77 ) we could find what forms are 
admissible for the second coating of a two-dimensional condenser, in order 
that the charge upon the first coating, given in size and shape, may have a 
given value at ever}'- point. 

\_Sept. 1916. As another example permanent wave-forms may be noticed.]] 
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ON THE PASSAGE OF WAYES THROUGH FINE SLITS 
IN THIN OPAQUE SCREENS. 

[Proceedings of the Royal Society, A, Vol. Lxxxix. pp. 194 — 219, 1913.] 

In a former paper* I gaye solutions applicable to the passage of light 
through very narrow slits in infinitely thin perfectly opaque screens, for the 
two principal cases where the polarisation is either parallel or perpendicular 
to the length of the slit. It appeared that if the width (26) of the slit is 
very small in comparison with the wave-length (X), there is a much more 
free passage when the electric vector is perpendicular to the slit than when 
it is parallel to the slit, so that unpolarised light incident upon the screen 
will, after passage, appear polarised in the former manner. This conclusion 
is in accordance with the observations of Fizeauf upon the very narrowest 
slits. Fizeau found, however, that somewhat wider slits (scratches upon 
silvered glass) gave the opposite polarisation ; and I have long wished to 
extend the calculations to slits of width comparable with X. The subject 
has also a practical interest in connection with observations upon the 
Zeeman effect J. * 

The analysis appropriate to problems of this sort would appear to be by 
use of elliptic coordinates; but I have not seen my way to a solution on 
these lines, which would, in any case, be rather complicated. In default of 
such a solution, I have fallen back upon the approximate methods of my 
former paper. Apart from the intended application, some of the problems 
which present themselves have an interest of their own. It will be conve- 
nient to repeat the general argument almost in the words formerly employed 

“On the Passage of Waves tlirough. Apertures in Plane Screens and Allied Problems,” 
Fhil. Mag. 1897, Vol. xliii. p. 2o9 ; Scientific Papers, Vol iv. p. 283. 

t Annales de Chimie, 1861, Vol. lxiii. p. 385; Mascart’s TraiU d'Optique, § 645. See also 
Phil. Mag. 1907, Vol. xiv. p. 350; Scientific Papers, Vol, v. p. 417. 
t ZBOumsin, Amsterdayii Proceedings, Octohev, 1912. 
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ON THE PASSAGE OF WAVES THROUGH 
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Plane waves of simple t^pe impinge npon a parallel screen. The screen 
is supposed to he infinitely thin and to be perforated by some kind of 
aperture. Ultimately, one or both dimensions of the aperture will be 
regarded as small, or, at any rate, as not large, in comparison with the wave- 
length (X) ; and the investigation commences by adapting to the present- 
purpose known solutions concerning the flow of incompressible fluids. 

The functions that we require may be regarded as velocity-potentials <f>, 


satisfying 

d^<Pldt^=VV^cf>, ( 1 ) 

where = (Pjdx^ -h d^/dy'^ -I- d^jdz^, 

and V is the velocity of propagation. If we assume that the vibration is 
everywhere proportional to (1) becomes 

4- fc-) = 0, (2) 

where k —njY— 27r/X (3) 


It will conduce to brevity if we suppress the factor On this under- 

standing, the equation of waves travelling parallel to oo in the positive 
direction, and accordingly incident upon the negative side of the screen, 
situated at x — Q, is 

^^Q-ikX 

"When the solution is complete, the factor is to be restored, and the 
imaginary part of the solution is to be rejected. The realised expression 
for the incident waves will therefore be 

^ = cos {nt — hoc) (5) 

There are two cases to be considered corresponding to two alternative 
boundary conditions. In the first (i) d^ijdn = 0 over the unperforated part 
of the screen, and in the second (ii) <^ = 0. In case (i) dn is drawn outwards 
normally, and if we take the axis of ^ parallel to the length of the slit, </> will 
represent the magnetic component parallel to .s, usually denoted by c, so that 
this case refers to vibrations for which the electric vector is perpendicular to 
the slit. In the second case (ii) ^ is to be identified with the component 
parallel to z of the electric vector JR, which vanishes upon the walls, re- 
garded as perfectly conducting. We proceed with the further consideration 
of case (i). 

If the screen be complete, the reflected waves under condition (i) have 
the expression cp = Let us divide the actual solution into two parts, 

and ^fr^, the first, the solution which would obtain were the screen complete ; 
the second, the alteration required to take account of the aperture ^ and let 
us distinguish by the suffixes m and p the values applicable upon the 
negative (Triiwus), and upon the positive side of the screen. In the present 
case we have 

= e-"** -1- Xp = 0 ( 6 > 



1913] FINE SLITS IN THIN OPAQUE SCREENS 163 

This ^^-solution makes 0, d'^pjdn — 0 over the whole plane £c = 0, 

and over the same plane Xm,= 

For the supplementary solution, distinguished in like manner upon the 
two sides, we have 

r r s r r ^ 

= j I ’I'm — dS, ir^= j I (7) 

where ■?' denotes the distance of the point at which is to he estimated from 
the element d/S of the aperture, and the integration is extended over the 
whole of the area of aperture. Whatever functions of position ■'F^p may 
be, these values on the two sides satisfy (2), and (as is evident from 
symmetry) they make d-^Jr^/dn, d->^p/dn vanish over the wall, viz., the un- 
perforated part of the screen, so that the required condition over the wall 
for the complete solution is already satisfied. It remains to consider the 
further conditions that <j> and d^Jdx shall be continuous across the aperture. 
These conditions require that on the aperture 

2 -f = ^lrp, d'yp'mldo) = d-^p/dx (8)^ 

The second is satisfied if ; so that 

r r r f ^—ikr 

—dS, (9) 

making the values of equal and opposite at all corresponding points, 

viz., points which are images of one another in the plane ^ = 0. In order 
further to satisfy the first condition, it suffices that over the area of aperture 

irp^l, (10) 

and the remainder of the problem consists in so determining that this 
shall be the case. 

It should be remarked that SF in (9) is closely connected with the normal 
velocity at dS. In general. 



At a point (x) infinitely close to the surface, only the neighbouring 
elements contribute to the integral, and the factor may be omitted. 

Thu.s 


d^Jr 

~d}c 


If 


'T' dS = 
r“ 


27rx 


rdr 


% 7" 


= - 27rT^ ; or T" = 


1 d-^ 


277 dn ’ 

d-^jdn being the normal velocity at the point of the surface in question. 


( 12 ) 


* The use of dx implies that the variation is in a fixed direction, while dn may be supposed 
to be drawn outwards from the screen in hotb oases. 


11—2 
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In the original paper these results were applied to an aperture, especially 
of elliptical form, whose dimensions are small in comparison with For 
our present purpose we may pass this over and proceed at once to consider 
the case where the aperture is an infinitely long slit with parallel edges, 
whose width is small, or at the most comparable with X. 

The velocity-potential of a point-source, viz., is now to be replaced 

by that of a linear source, and this, in general, is much more complicated. 
If we denote it by D {hr), r being the distance from the line of the point 
where the potential is required, the expressions are* 


D {hr) 


\2ihrJ 




+ 


. 3^ 


1 . Sikr 1.2. {Sihry 

h?T^ h^T^ 


22 


+ h’x 


hfr* 


2^.4^ 




2^ . 42 

h^T^ 

2 ^ . 4 “ . 6 ® 


^2 - . . . 


.(13) 


where 7 is Euler’s constant (0'577215), and 

= 1 /m (I4 j) 

Of these the first is “semi- convergent” and is applicable when hr is large ; 
the second is fully convergent and gives the form of the function when hr 
is moderate. The function D may be regarded as being derived from • 
Q-ihr!^ by integration over an infinitely long and infinitely narrow strip of 
the surface S. 


As the present problem is only a particular case, equations ( 6 ) and (10) 
remain valid, while (9) may be written in the form 

irrn = {hr) dy, ir^ = - {hi^) dy, (15) 

the integrations extending over the width of the slit from y = ~ h to 
y = + h. It remains to determine so that on the aperture = — 1 , 

'^p = + l. . 

At a sufficient distance from the slit, supposed for the moment to be very 
narrow, D {hr) may be removed from under the integral sign and also be 
replaced by its limiting form given in (13). Thus 

< 1 ®) 

If the slit be not very narrow, the partial waves arising at different parts 
of the width will arrive in various phases, of which due account must be 
taken. The disturbance is no longer circularly symmetrical as in (16). But 
if, as is usual in observations with the microscope, we restrict ourselves to 


See Theory of Sounds § 341. 
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the direction of original propagation, equalitj^ of phase obtains, and (16) 
remains applicable even in the case of a wide slit. It only remains to 
determine as a function of y, so that for all points upon the aperture 

: /*H-6 

(17) 

J —5 

where, since kr is supposed moderate throughout, the second form in (13) 
may be employed. 

Before proceeding further it may be well to exhibit the solution, as 
formerly given, for the case of a very narrow slit. Interpreting ^ as the 
velocity-potential of aerial vibrations and having regard to the known 
solution for the flow of incompressible fluid through a slit in an infinite 
plane wall, we may infer that will be of the form A ( 6 ® — y®)“i where A 
is some constant. Thus (17) becomes 



{y -f log ^ih) IT -\- 


r-i-s \ogr . dy 

] -I 


- 1 . 


(18) 


In this equation the first part is obviously independent of the position of 
the point chosen, and if the form of has been rightly taken the second 
integral must also be independerit of it. If its coordinate be y, lying 
between + h, 


logr.dy ^ h l og {v - y) dy log (y - y) d y 

] -ih J V(&“-y') '^ ] - y'^) 


(19) 


must be independent of y. To this we shall presently return ; but merely to 
determine A in (18) it suffices to consider the particular case of ?? = 0. Here 


Thus 


ul (7 -t- log^^7c5) 7 r= — 1 , and I = “TT-d ; 

J -b 


o—ihr 


so that (16) becomes -xlrm = r- — 

^ ^ y-\■\og{l^kh)\2^kr) 

From this, is derived by simply prefixing a negative sign. 


.( 20 ) 


The realised solution is obtained from (20) by omitting the imaginary 
part after introduction of the suppressed factor If the imaginary part 

of log(:J^;/c5) be neglected, the result is 


corresponding to 


, f' TT cos (nt — h — I tt) 
7 - 1 - log(i/;6) “ 

— 2 COS nt cos kcc. 


( 21 ) 

( 22 ) 


Perhaps the most remarkable feature of the solution is the very limited 
dependence of the transmitted vibration on the width (2h) of the aperture. 
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We will now verify that j(19) is independent of the special value of rj. 
Writing y —b cos 6, r) = h cos a, we have 

I iW log 2 (cos ff - cos a) dd 

-p log 2 (cos a — cos 9) d6 = tt log 


a+O] 


oL-e] 


e-a 


+ I log |2 sin — ^ I + I log |2 sin ■ ^ j- d9 + | log |2 sin — 

/ J-TT-f-J-a rja 

log (2 sin cf>)d<f>-\-2 / log (2 sin cf>) dcf^ 

^<3L 0 




4-2 [' " log (2 sin (^) 

0 


fJ-TT /J-TT+S-a 

= rr log 1 5 4- 2 1 log (2 sin ^)d<ji+2 I log (2 sin <^) 

Jo i^r 

4- 2 f log (2 sin cjb) d<j!> 
J 0 


and we have 


rjTT 

= TT log -15 4 - 4f log (2 sin d(f)> 

.0 ' 

as we see by changing ^ into tt — ^ in the second integral. Since a has 
disappeared, the original integral is independent of tj. In fact* 

f log (2 sin <p) d<p = 0, 

J 0 

™ 

as in the particular case of »; == 0. 

The required condition (17) can thus be satisfied by the proposed form of 
provided that kb be small enough. When kb is greater, the resulting 
value of yjr in (15) will no longer be constant over the aperture, but we may 
find what the actual value is as a function of rj by carrying out the integi'ation 
with inclusion of more terms in the series representing D. As a preliminary, 
it will be convenient to discuss certain definite integrals which present 
themselves. The first of the series, which has already occurred, we will call 
Afl, so that 


ha — log (2 sin 6)d6 = f log (2 cos 6) d6 [' log (2 sin 29) 
Jo Jo Jo 


dO 


fin- 


= i/ log (2 sin <^) d(j6 = I log (2 sin 


* See below. 
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Accordingly, = 0. More generally we set, n being an even integer, 

0 

or, on integration by parts, 

'•^TT 


= i sin” 6 log (2 sin 0) d6, (24) 

0 


hn =1 cos <9 {(n - 1) sin”“2 0 cos 6 log (2 sin <9; + sin”-^ 6 cos 0} d0 


(n - 1) -hn)~\-\ (sin”-2 0 - sin” 0) d0 

J 0 


Thus 


h vt ~~ 


n — 1- Iti — 3, — 5...l7r 

— 2 -H 


n 


— 2, — 4...22’ 

by which the integrals can be calculated in turn. Thus 

/ia = w/8, 

3,^1 Itt <7r3.1/l 

4 ‘ 


.(25) 


^4 ~ T + 


4“' 2’ 2 2 4.2 U. 2 


5 ^ 4 ). 


h 


5.3.1 TT 


674.2 2 

- 3 . 1 / J: 

.4.2 U. 


U.2^3. 


4 


+ 


TT 5 . 3 . 1 
2 6 


2 3 . 4 5 76 


1 3 . 1 TT 
^ 4 72 2 

1 


Similarly hf. 


7r7.5.3.1 /II 1,1 

"T” ^ A HH "*1*“ 


and so on. 


28.6.4.2U.2‘^3.4‘^5.6"^ T.s) ’ 

It may be remarrked that the series within brackets, being equal to 

l“i + i-— id-..., 

approaches ultimately the limit log 2. A tabulation of the earlier members 
of the series of integrals will be convenient : — 


TABLE I. 

2h(il7r = 0 

2h,^l7r =1/4 = 0'25 

2h^/7r = 7/32 = 0-21875 

2A„/7r =37/192 =0-19271 

2hs/'7r = 533/3072 = 0-17350 

2Ai„/7r = 1627/10240 = 0-15889 

2Axa/7r = 18107/122880 = 0-14736 

2huf7r — =0*13798 

2Ai6/7r = = 0-13018 

2/W'7r = = 0-12356 

2A2o/7r= =0-11784 


The last four have been calculated in sequence by means of (25). 
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In (24) we may, of course, replace sin B by cos 9 throughout. If both 
sin ^ and cos 9 occur, as in 

sin" Q cos’" 6 log (2 sin O') dO, (26) 

where n and m are even, we may express cos’" 0 by means of sin 6, and so 
reduce (26) to integrals of the form (24). The particular case where n 
is worthy of notice. Here 


sin" 9 cos" 9 log (2 sin 6)d9 [ 

Jo Jo 

ri 

= J 

J 0 


sin" 2(9, 

log (2 sin 20) dO ■- . 


sin" B cos" 6 log (2 cos 6) dO 


(27) 


A comparison of the two treatments gives a relation between the integrals h. 
Thus, if n. = 4, 

/?.4 — 2A-6 4- K — KI2^ 

We now proceed to the calculation of the left-hand member of (17) with 
= (6® — or, as it may be written. 


/. 


+b 


dy 


, ikr'\ y. . i /*> » M V i 

7 -b 2®. 42 '^^ 2®. 4® . # 




^ 0^6 


-6 \f — yO 

The leading term has already been found to he 

/ , ikh\ 

7r(^<y+log 

In (28) r is equal to ± (y — y). Taking, as before, 

y = b cos 0, r} = h cos a. 


.(28) 


.(29) 


we have 


f 

< n 


dd 


ikb ) 

ry -I- log + log + 2 (cos 0 — cos a)V »7o [kb (cos d •— cos a)| 


/u®6® (cos 0 — cos dy (cos d — cos a)* 3 (cos 0 — cos a)" 11 

q. — j 2i74i ‘ 2 2® . 4® . 6« ■ ~6 


.(30) 


As regards the terms which do not involve log (cos 0 — cos a), we have to 
deal merely with 

f (cos B — cos a)" do, (81) 

Jo 

where n is an even integer, which, on expansion of the binomial and 
integration hy a known formula, becomes • 

n — l.n— S.Th — 5...1 n . n —1 n —S . n — 5 . .. 1 


+ 


^ n. n —2 .n — 4 .. . 2 1.2 — 2 . — 4 . .. 2 

n.n— l.n— 2. 71 — S ^ — 5,u— 7...1 


cos® a 


1 .2.3.4 


n — 4 . n. — 6 .. . 2 


cos^ « + ...■+ cos" a 


. ...(32) 
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Thus, if n = 2, we get tt [-J- + cos^ a]. If n — 4, 
'3.1 4.31 


TT 


+ 


COS® a -1- cos* a 


_ 4 . 2 ' 1.22 
The coefficient of (31), or (32), in (SO) is 


and so on. 


/ T\x» r , , ikb „ 

(— ) 2® . 4® ... y *4 


.(33) 


At the centre of the aperture where rj — 0, cos a = 0, (32) reduces to its 
first t^rm. At the edges where cos « = ± 1, we may obtain a . simpler form 
directly from (31). Thus 

/oi \ / I t mw 2w — 1 . 2 m — 3 ... 1 2^2. — 1 . 2m — 3 ... 1 

(31) = ( 1 + cos 0)^ d9 = 2»V — jr — = tt 

J 0 


2 m . 2 m - 2 


For example, if m = 6, 


n.n — I .n — 'I ... 1 * 
(34) 


11 . 9 .7 .6.3. 1 23l7r 

' (34) = w -^757-4-3- -2~ i- = -1^ . 

We have also in (30) to consider (n even) 

2“’^ f (cos 9 — cos «)”■ log {i 2 (cos 9 — cos a)} 

J 0 


=r 


dO sin’^ ^ 

0 ^ 

+ I d0 sin 


^ -f- a . ^^0 — a 


sin 


w . 


log 1 4 sin 


• 0 OC . OL — 6 


8xri 


! 


f 


n 


9 -^a . — a 


sm 


n 


■~ 2 “ ^ 9 ^ p — 2 


. 9 + a . 9 ~ a) 


sm 


d9 sin’* 


d 4- a . ^9 — a 


. ^ -I- a 


sin** — ^ log -j 2 sin — ^ 


+ f d9 sin’ 

J 0 


^ +• a . a 


2 


sm 


. 


a— 9) 


log 1 2 sin — ^ 


/’ 


+ sin 


9 +■ a . ^9 ~ol 


•sm 


9 — CL) 


Y“log 1 2 sin 

r iJ-TT ”[“ Jo. 

2 I sin** (jf) sin** (<5E> — a) log (2 sin 

-h 2 f d<f>siii'^<psin'^(^ + a)log(2 sin (f>) 

J 0 

2 I d4> sin” ^ [sm** (<^ — a) +• sin’* (<5^ 4- a)} log (2 sin (jb) 

(,) 


+ 2 


r jTT-hJa 


' Jtt 
Jtt 


d<p sin** sin** (^ — a) log (2 sin <^) 

ri’T 

2 sin** ^ sin** (^ 4- a) log (2 sin <^) 

2 / d<f> sin” <5!) {sin** (^ — a) 4- sin** (<^ 4- a)} log (2 sin <^), ... -(35) 

•■'0 
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since the last two integrals cancel, as appears when we write w - for (f>, 
n being even. 

In (35) 

^ sin”’ (</> 4- a) + ^ sin” oc) = sin” (f> cos” a. 

92 77 — 1 . 

-4 — - — sin”~^ cos^ <p sm® a cos”““ a 

1 . 

??. 71— 1,71— 2.71 — 3.„., ,, , , «.•», /n/^\ 

+ = — - — - — -j sin”-^ (p cos^ <f> sin^a cos”""* «+•...+• cos” <p sin^'' a, (36) 

i • iiS , o . 4 


and thus the result may be expressed by means of the integrals h. Thus 
if 77 = 2, 

rh^ 

(35) = 4} I dcp sin® cp (sin® <p cos® a H- cos® sin.® a} log (2 sin </>) 

J 0 

= 4 {(cos® a — sin® a) hi + sin® oth^] (37) 

If 77 = 4, 

rjTT 

(35) = 4 / d<p sin* (/> (sin* <p cos* a + 6 sin® <jE> cos® <p sin® a cos® ot 
J 0 

4- cos* <f> sin* a} log (2 sin <f)) 

— 4 {(cos* a — 6 sin® a. cos^ a + sin* a) hg 


-1- (6 sin® a cos® a — 2 sin* a) hg + sin* a <38) 

If 77 = 6, 

(35) = 4 {(cos® o£ — 15 cos* a sin® a + 15 cos® a sin* a — sin" a) An, 

-b (1 5 cos* a sin® a — 30 cos® a sin* a + B sih® a) A,o 

4- (1 5 cos® a sin* a — 3 sin® a) Ag 4- sin" a A,,} (30) 

It is worthy of remark that if we neglect the small differences between 
the As in (39), it reduces to 4 cos® a and similarly in other cases. 

When n is much higher than 6, the general expressions corresponding to 
(37), (38), (39) become complicated. If, however, cos a be either 0, or ± 1 
(86) reduces to a single term, viz., cos”.#, or sin-,^. Thn.s at the centre 
(coso: — 0) from either of its forms 


{S5)^2-^\2K. --*( 40 ) 

On the other hand^ at the edges (cos cc == + 1 ) 

(35) = 4 jj dp sin" ^ log (2 sin p) = (41) 

In (30), the object of our quest, the integral (35) occurs with the coefficient 


(- l)i« 




2®. 4®. 6® ...7^®- 


(42) 
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Thus, expanded in powers of hh, (28) or (30) becomes 
ihh\ r 


TT 


/ , ikb\ rr , ihh n „ i 

(^7 + log j ^ [ j7 + log - 1 j- -f cos^ a] 


+ 


2® . 2^4 ..X . 28 . 2h^ ^ 




+ 




TT 

7rk*b* 
2\4i^ 

2° . 2hs 

TT 

2° . 2/>fl 

TT 

Trk'^b^ 

^7¥T6^ 


(cos® a — sin® a) + — 


j-y + logi^ 


4 2 


TT 

3 

8 


4* S cos® a 4- cos^ a 


(cos* a — 6 cos® a sin® a 4 sin^ a) 


(6 cos® a sin® a •— 2 sin'* a) 4 


2« . 2^.4 


sin* a 


-TT 


7 4 log 


ikb 11) fS 45 


15 


6 j (16 oos* a 4 cos® a 


+ 


2" . 2h^ 


4 


TT 

TT 

2’ . 2A, 


(cos® a — 15 cos* a sin® a 4 15 cos® a sin* a — sin® a) 
^”(15 cos* a sin® a — 30 cos® a sin* a 4 3 sin® a) 

^ * • 


4 (15 cos®a sin* a — 3 sin® a) 4 — — — sin” a 

TT TT 


n 


.(43) 


At the centre of the aperture (cos a == 0), in virtue of (40), a simpler 
form is available. We have 


TT 


^7r5^ 7rib®6® 

'47 ^ 


^7 4 log 

Trk^b* [3.1/ , 

-^(y + log 




14 


2y^e 


TT 


3.1/ , ^6 3 


2®. 4® [_4 

7r/c®5® 

241^^'® 

ttW 


4 


27 TT 


5.3.1/ , 11 \ 2 A; 


67 


TT 


+ 9T 


7 . 5 . 3 . 1 / 

8 .T: ^ . 2 ^ 


ikh 25 \ 2h 


2® . 4® . 6 ® . 8® 

Similarly at the edges, by (34), (41), we have 

ikb 


4 12 






(44) 


TT 


/ ?7r6\ 7rA;®6® fS . 1 / , ikb - \ 2/1,4 

(7 + log 4r j - [271 -4" - 0 ^ V 

+ 1 + log + 2® 1 

^ 2® . 4“ L4 . 3 . 2 . 1 V ^ ^ 4 2)^ TT J 

LI . 9 . 7 . 5 . 3 . 1 / . , 

6 .“57 4 . 3": 2.1 V 


7rA!®5® 

24"44l^ 


/ TT _ 


4 


6 


4 


(45) 
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For the general value of ot, (43) is perhaps best expressed in teriris of cos ct, 
equal to rifh. With, introduction of the values of A, we have 

/ , , %kh\ 'Trk'^P V f . ikh\ / 1\ 1 1' 

tt + log j - -H log ~j (cos-^ « j _ cos^ a - ^ 

, Trh'^h^ r f ^ ikh\ f 3 \ 

+ 2vii |_(^'y W'j r®®'' “ ^ « -+- g j + 

( 


7.5, 11' 

cos^ “ “ 4 ^ 


-32 


irk^b^ 

¥~^T& 




"I ^ ry fy 

cos« a 4- cos^ a 4- --- cos® a H- 


-1 

16/ 


+ -oos«t,-??cos*a ' 

^60 ® 8 ® 3F 


4- 


.(46) 


These expressions are the values of 

f+^ D(kr)d^ 

J-bV(b^-2/^^ <^ 7 ) 

for the various values of 97 . 

We now suppose that kb = 1 . The values for other particular cases, such 
as A :6 = I", may then easily be deduced. For cos a = 0 , from ( 44 ) we have 

1 5.3.1 

4- 


12^ 4 2^ . 


1 3.1 


2''2 22. 4® 4. 2 22.4®. 6 ® 6 . 4. 2 


4- TT 


11 


+ 


73 


] 


■7r\ 


Since 


4232 2®. 4®. 62 192 

(y 4 log [1 - 0T25OO 4- 0-00586 4- 0-00013] 

4- TT [0-06250 - 0-00537 + 0-00016] 

7r ^y 4 log y X 0-88073 -f TT X 0-05729 

TT [^ 0-66528 4 1-3834 ^] ( 48 ) 

y = 0-577215, log 2 = 0-693147, log ^ 

In like manner, if kb — we get still with cos a = 0, 

’7r{j+- log|) [1 - 0-03125 4 0-00037] 4- -tt [0-01562 - 0-00033] 

= 77 [- 1-4405 4 - 1 -5223 i] (49) 

If kb = 2, we have 

-TT 4 log|) [1 - 0-5 4 0-0938 - 0-0087 4 0-0005] 

4 TT [0-25 - 0-0.859 4- 0-0102 - 0 0006] 

= 7J- [4 0-1058 4 0-9199 i]. .(50) 
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If kh = \ and cos a = ± 1, we have from (45) 



13 1 35 

22 2 2^ 42 8 


1 231 

22. 42. 62 16 


1 64.35 

■^22.42.62.82 128 


1 19.17.6435 

22 . 42 . 027-3^X02 10.9.128 


1 1 1 97 1 7303 38-084 - 170*64 

224‘^ 22.42 96 22.42. 62 9 60 -*"22.42.62.82 22. 42 . 62. 82 . IO2 


= 7r (7 -t-log^) [1 - 0-375 + 0-068359 - 0*006266 + 0*000341 - 0*000012] 

-TT [0 0625 + 0 015788 - 0*003302 + 0*000258 + 0*000012] 

= 7r [- 0*63141 + 1*0798 ?:] (51) 


Similarly, if kb = we have 

TT (7 4 - log|^ [1 - 0*09375 + 0*00427 - 0*00010] 

- TT [0*01562 + 0*00099 - 0*00005] 

= TT [- 1*3842 + 1*4301^] (52) 

And if kb — 2, with diminished accuracy, 

TT ( 7 -f log|j [1 - 1*5 + 1*094 - 0-401 + 0*087 - 0*012 + 0*001] 

- TT [0*25 4- 0*253 - 0*211 + 0*066 - 0*012 + 0*001] 

= TT [- 0*378 4 - 0*422 i]. .(63) 


As an intermediate value of ct we will select cos^ a = For kb = 1, 
from (46) 

7r(^7+log~y[l - 0*25 + 0*03320-0*00222 + ...] 

+ TT [0 - 0*01286 4- 0*001522 4- . . .] 


= TT [- 0*6432 4- 1*2268 i] (54) 

Also, when kb = 

TT [- 1*4123 4- 1-4759 i] (55) 

When kb = 2, only a rough value is atforded by (46), viz., 

'7r[-0*16 4-0*61'i] (56) 


The accompanying table exhibits the various numerical results, the factor 
TT being omitted. 

TABLE II. 




Jcb=zl 

kb~2 

cos a — 0 
cos’-^ a = |- 

COS^rtssl 

- 1*4405 + 1-52231 

- 1 *4123 + 1 *4759 i 

- 1 *3842 + 1 *4301 i 

-0*65528 4 1 *3834 z 
-0*6*432 +l-2268 i 
-0*63141 + 1*0798 z 

+0*1058+0*9199 i 
-0*16 +0*61 1 
-0*378 +0*4221 
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As we have seen already, the tabulated quantity when, kh is very small 
takes the form y-f log (^7^:5/4), or log 0-8091 +1-57087, whatever may be the 
value of «. In this case the condition (17) can be completely satisfied with 
= A {h^ — A being chosen suitably- When kh is finite, (17) can no 

longer be satisfied for all values of ce. But when kb — or even when kh = 1 , 
the tabulated number does not vary greatly with a and we may consider (17) 
to be approximately satisfied if we make in the first case 


7r(- 1-4123 + 1-4769 i)A=^- 1, (57) 

and in the second, 

7r(- 0-6432 +1-2268 7)^ =- 1 . (58) 


The value of ylr, applicable to a point at a distance directly in front of the 
aperture, is then, as in (16), 



In order to obtain a better approximation we require the aid of a second 
solution with a different form of 'T'. When this is introduced, as an addition 
to the first solution and again with an arbitrary constant multiplier, it will 
enable us to satisfy (17) for two distinct values of a, that is of t], and thus 
with tolerable accuracy over the whole range from cosa= 0 to cos a =+ 1 . 
Theoretically, of course, the process could be carried further so as to satisfy 
(17) for any number of assigned values of cos a. 


As the second solution we will take simply = 1 , so that the left-hand 
member of (17) is 

D(/rr)<7r+ | D(kr)dr (60) 




Jo 


If we omit k, which may always be restored by consideration of homo- 
geneity, we have 


(60) = (y + log I) 


b^v- + vY 

^ 2'‘* . 3 ^ 2^ . 4® . 5 


, (6 + ^y ^ ,, 

2^.3 2 ^ 4+ 5 " 2‘h 4^ 6 + 7- ■" 

+ (5 + 77 ) (log (6 + 77) _ 1} _ |iog (5 + 1| 

^(6+U)" (i , 1) 

2^4^75 . 

+ the same expression with the sign of tj changed. 

The leading term in (60) is thus 

2b (7 — 1 + log -17) + (h A rf) log(b + 77) + (6 — 7;) log (6 — t}). .. ,( 61 ) 
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At the centre of the aperture (77 = 0), 

(61) = 26 {y — 1 + log 4-2:6], 
and at the edges (27 — + b), 

(61) = 26{y-l 4- log 26]. 

It may he remarked that in (61), the real part varies with r], although the 
imaginary part is independent of that variable. 

The complete expression (60) naturally assumes specially simple forms at 
the centre and edges of the aperture. Thus, when 77 = 0, 


(60) -f- 26 = ^7 -f- log 
“■ 1 + 22~^ 3) 


ih 




+ 


¥ 


2K2 2 “. 4‘-^.5 


¥ 


'2\ 4<K 5 
and, similarly, when 7? = ± 6, 


^2 57 7 ^ 2' 3 ^7/ 

(62) 


( 60 ) S6 = (7 -f logit) 1^1 - -f- 

_ 1 + & ^1 + I'l - A + 1 + h + f 

^ 2‘.3 ^ ;i7 2*.4*.5 V ^ 2 ^5/ ^ 2“. -t®. 6*. 7 V 


, , 1 1 1 
^+ 2 + 3'^7 


,(63) 


To restore k we have merely to write Jcb for 6 in the right-hand members 
of (62), (63). 

The calculation is straightforward. For the same values as before of kh 
and of cos^a, equal to 77^/6^ we get for (60) -r- 26 

TABLE III. 


772/^2 

/c& = 4 

kb = l 

kb~2 

0 

0 

-1-7649 + 1-5384 4 

- 1 -0007 + 1 -4447 i 

-0-2167+1*1198 f 


-1-45 10 + 1-49127; 

- 0-6740 + 1 -2771 t 

-0-1079+0-7166?: 

1 

- 1-0007 + 1 -44-47 i 

- 0-2217 + 1-1198 ^ 

+ 0-1394+0-4024?: 


We now proceed to combine the two solutions, so as to secure a better 
satisfaction of (17) over the width of the aperture. For this purpose we 
determine A and B in 

^P = yl(6^-*y")-^ + i?, (64) 

so that (17) may be exactly satisfied at the centre and edges (77 = 0, 
^ = + 6). The departure from (17) when rf/h‘-^=^ can then be found. If 
for any value of kh and 77 = 0 the first tabular (complex) number is p and 
the second q, and for 77 = ± 6 the first is r and the second s, the equations of 
condition from (17) are 

wA .p •+ 2bB .q==—l, 


ttA . +• 2bB . s — — 1 


(65) 
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When A and B are found, we have in (16) 

J dy = IT A + 25jB. 

From (65) we get 


so that 


A q~ s 

•jrA — — - , 

ps — qr 

'SE'' dy 


2bB= 


-b 

Thus for kb =1 we have 


ps — qr 

q + r ~ s —p 
ps — qr 


( 66 ) 

(67) 


^ = _ 0-65528 + 1-3834, 
r = - 0-63141 + 1-0798 i, 

whence 

tt^ = + 0-60008 + 0-51828 f, 


^ = _ 1-0007 +1-4447 i 
s = - 0-2217 + 1-1198 f, 

2hB = - 0-2652 + 0-1073 i, 


and 


(67) = + 0-3349 + 0-6256 i. 


The above values of ttA and 2hB are derived according to (17) from the 
values at the centre and edges of the aperture. The success of the method 
may be judged by substitution of the values for 'q^/b^ = Using these in 
(17) we get — 0-9801 —0-0082 f, for what should be — 1, a very fair approxi- 
mation. 


In like manner, for kb = 2 


(67) = + 0-259 + 1-2415 f; 
and for kb == ^ ^ *(67) = + 0-3378 + 0-3526 i. 

As appears from (16), when k is given, the modulus of (67) may be 
taken to represent the amplitude of disturbance at a distant point imme- 
diately in front, and it is this with which we are mainly concerned. The 
following table gives the values of Mod. and Mod.^ for several values of kb. 
The first three have been calculated from the simple formula, see (20). 


TABLE IV. 


kb 

Mod.2 

Mod. 

O'.Ol 

0-0174 

0-1320 

0-06 

0-0590 

0-2429 

0-25 1 

0-1372 

0-3704 

0-50 

0-2384 

0-4883 

1-00 

0-5035 

0-7096 

2-00 

1-608 

1-268 


The results are applicable to the problem of aerial waves, or shallow water 
. waves, transmitted through a slit in a thin fixed wall, and to electric 
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(luminous) waves transmitted by a similar slit in a thin perfectly opaque 
screen, provided that the electric vector is perpendicular to the length of 
the slit. 

In curve A, fig. 1, the value of the modulus from the third column of 
Table lY is plotted against kh. 











A 



o 

fj 

i 

! 




0 0-5 1-0 1-5. 2*0 2-5 

Fig. 1. 


When kb is large, the limiting form of (67) may he deduced from a 
formula, analogous to (12), connecting and d(f>!dn. As in (11), 



in which, when a; is very small, we may take D = log r. Thus 


d'yp' 

dx 


= ^ 


-f 

8 

II 

tan-^ 

/ _oo 1 





TT^, or ^=-^^....(68) 
TT a n ^ ' 


Now, when kh is large, d-\ir{dn tends, except close to the edges, to assume 
the value ik, and ultimately 

(67)= = (69) 

J ~b "" 


TT 


of which the modulus is 2/c6/7r simply, i.e. 0'637 kb. 


We now pass on to consider case (ii), where the boundary condition to be 
satisfied over the wall is <jE> = 0. Separating from <f> the solution (%) which 
would obtain were the wall unperforated, we have 

%TO = 

giving over the whole plane (x — 0), 


%»»=0, = 0, dxmldx = — 2ik, dxp/dx~0. 


K. VI. 


12 
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The supplementary solutions yfr, equal to <f> —X’ be written 

= ( 71 ) 


where are functions of y, and the integrations are over the aperture. 

D as a function of r is given by (13), and r, denoting the distance between 
dy and the point (a?, r)), at which are estimated, is equal to 

+ (y — vy}- The form (71) secures that on the walls 'yjrm = so 

that the condition of evanescence there, already satisfied by %, is not 
disturbed. It remains to satisfy over the aperticre 

= '^p> ~ + d'y^^njdx = dy^pjdsc ( 7 ^ 2 ) 

The first of these is satisfied if = — 'T'),, so that and ^frp are equal at 
any pair of corresponding points on the two sides. The values of d^lrmldco, 
d^jrpjdx are then opposite, and the remaining condition is also satisfied if 

d^lrmldx — ik, d'y^pjdx = — ik ( 73 ) 


At a distance, and if the slit is very narrow, dJDjdx may be removed from 
under the integral sign, so that 


in which 


, dD f , 

dx r v2 ikr) 


(74) 

(75) 


And even if kh be not small, (74) remains applicable if the distant point 
be directly in front of the slit, so that x = r. For such a point 



There is a simple relation, analogous to (68), between the value of 
at any point (17) of the aperture and that of i/iq, at the same point. For in 
the application of (71) only those elements of the integral contribute w’-hich 
lie infinitely near the point where is to be estimated, and for these 
dDjdx — (c/r®. The evaluation is effected by considering in the first instance 
a point for which x is finite and afterwards passing to the limit. Thus 



(77) 


It remains to find, if possible, a form for '^p, or -y^p, which shall make 
d'Y^jdx constant over the aperture, as required by (73). In my former 
paper, dealing with the case where kh is very small, it was shown that known 
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theorems relating to the flow of incompressible fluids lead to the desired 
conclusion. It appeared that (74), (75) give 



~W 


TT 


2 ikr, 



( 78 ) 


showing that when h is small the transmission falls off greatly, much more 
than in case (i), see (20). The realised solution from (78) is 


i^P = 


k^b^cc , 
2r 


■ (si;-) 


i’T), 


( 79 ) 


corresponding to 


Xfn — 2 sin nt sin ka.:. 


(80) 


Ihe former method arrived at a result by assuming certain hydrodynainical 
theorems. For the present purpose we have to go further, and it will be 
appropriate actually to verify the constancy of dyfr/daj over the aperture as 
resulting from the assumed form of ^F, when kb is small. In this case we 

may take Z) = logr, where + (y _ From (71), the suffix p being 

omitted, ® 


di"^ 

dx 


/. 


ft 


^ dy; 


and herein 


~ ^ 

dx^ dirf 


Thus, on integration by parts, 


d?D 

d.y'^ 


(rj const.). 


In (81) 


dyjr 

dx 

<W 

dy 



+ 


I 


+^riZ) dt'' 
-5 dy dy 


dy. 


dD dr __ y ~ v 
drdy~ + ,^.2 - 


,..(81) 


and so long as y is not equal to ± b, it does not become infinite at the 
limits (y=± h), even though x = 0. Thus, if ^ vanish at the limits, the 
integrated terms in (81) disappear. We now assume for trial 




which satisfies the last-mentioned condition. Writing 

y = b cos d, y — b cos a, x' = x/b, 

we have ^ T (cos d - cos ay + cos g (cos g - c , . 

J 0 (cos 9 — cos a)-^ + x'^ ” 


(82) 


(83) 


Of the two parts of the integral on the right in (83) the first yields tt 
when = 0. For the second we have to consider 


cos 9 — cos a 
' 0 (cos 9 — cos a)-* -i- x'’^ 


dd, 


(84) 


12--2 
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in which cos ^ — cos a passes through zero within the range of integration. 
It will he shown that (84) vanishes ultimately when x' = 0. To this end 
the range of integration is divided into three parts: from 0 to where 
from oCj to 0 C 2 , where oc.^ > <x^ and lastly from ofg to tt. In evaluating 
the first and third parts we may put ic' = 0 at once. And if tan hO 

f de in ^ ds ] 

Jcosff — cos a sin aj (tan tan ^a—z)' 

Sin a being omitted, the first and third parts together are thus 


I z + 1 ^ i + , io — t 

log— J + Iog — + log^, 

where t — tan-^a, t-y = tan^ai, 4 = tan and a is to be made infinite. 

It appears that the two parts taken together vanish, provided 4, 4 are so 
chosen that = 44- 


It remains to consider the second part, viz., 


_ dd (cos 6 — cos a) 

(cos 6 — cos 


in which we may suppose the range of integration - «i to be verv small 
Thus 


(85) = 

J ttj 


dd . 2 sin ^ (^ 4- a) sin j (ce — 6) 
4sin2^(dH-a) sin‘^^(a- d) 


a: 




1 

2 sin a 


log 


sin^ tt (gg — a)2 -f a;^3 

sin’^ a (a — a^y -f x'^ ’ 


and this also vanishes if a^ — u — a— cLy, a condition consistent with the 
former to the required approximation. We infer that in (83) 



,( 86 ) 


so that, with the aid of a suitable multiplier, (73) can be satisfied. Thus if 
T" = Av'(6' - if), (73) gives A = ikjir, and the introduction of this into (74) 
gives (78). We have now to find what departure from (86) is entailed when 
Ich is no longer very small. 

Since, in general, 

d^Djdd^ + d-^Didif + k-^D = 0 , 

we find, as in (81), 

(87) 

and for the present ^ has the value defined in (82). The first term on the 
right of (87) may be treated in the same way as (28) of the former problem, 
the difference being that occurs now in the numerator instead of 
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the denominator. In (30) we are to introduce under the integral sign the 
additional factor ]{Fb^ sin^ 0. As regards the second term of (87) we have 


. ^ (y - v) dy 1 dP 

J dv dv ^ I 


1 dD 


dy dy J - y^) r dr ’ 

r • X UjJLJ ♦ 

where m ~ ^ we are to replace r by + (y — i;). We then assume as before 

y==bcos0, '>7 = &cosa, and the same definite integrals hn suffice; but the 
calculations are more complicated. 

We have seen already that the leading term in (87) is tt. For the next 
term we have 

n I 1 dD f ikr'^ 

^-7+lOg^, + 

and thus 

1 d^lt TT ( ikb V\ 

k%‘^ dx - 4 (^7 + log -^ + 2) 


+ I (1 — I cos^^ + 1- cos a cos 0) log ± 2 (cos 0 — cos a) (88) 

The latter integral may be transformed into 

r^TT 

^Jo —^oo8^(2<P — a) + I cos a cos (2<p — a) 

+ 1 — f- cos*’ (2<f> + a) + |. cos a cos {2<f> + a)} log (2 sin (j>), 
and this by means of the definite integrals h is found to be 

TT 


8 


(1 + 2 sin*’ a). 


To this order of approximation the complete value is 

~ = TT + |- 7rk%^ {y — sin® a + log \ ikb) (89) 

F or the next two terms I find 

7rk%'^ 


+ 


+ 


512 4 cos® a) (1 — 47 — 4 log ikb) 

+ 3 sin^ a + cos^ a + 6 sin® a cos® a] 


irk^b^ 

2^®76 


1 57 

+ s=.T6‘=“““ ' 8=-; 3 


(tV + f cos® a + ^ cos* a) (7 + log ikb — f ) 
13 


cos* a sin® a 


15 7 ' 

~ cos® a sin* a — — — r sin® a 
8 ® . 3 


....(90) 


When cos a = 0, or ± 1, the calculation is simpler. Thus, when cos a = 0, 


1 

TT dx 

/c«Z)« 

6.45 





(91) 
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and when cos a = + 1, 



the last term, deduced from h^i, h^Q, being approximate. 

For the values of dy^ldac we find from (91), (90), (92) for 

1, V2, 2: 


TABLE y. 




kh-i 

7c:&= 1 

II 

hh=:2 

cos a =0 
eos2a=='^ 
cos2a==l 

0-8448 + 0-09741 
0-8778 + 0-0958 i 
0 -9 ] 03 + 0 -0944 f 

0-5615 +0-3807 ^ 
0-6998 + 0-35831 
0-8353 + 0-3364?; 

0-3123 + 0-7383 i 

0*8687 + 0-5783 i 

0-0102+ 1-3899 i 

0- 618 +1-129? 

1 - 020 +0-861 ? 


These numbers correspond to the value of expressed in (82). 

We have now, in pursuance of our method, to seek a second solution with 
another form ‘ of The first which suggests itself with T" = 1 does not 
answer the purpose. For (81) then gives as the leading term 


dx 


y-2L 


2b 


.{y~ vT + ¥ —7j^’ 

becoming infinite when t] — ±b. 

A like obj ection is encountered if In this case 


.(93) 


d’^ 

dx 





{y - rj) dy 


{y — vY + 

The first part gives 4ib simply when x becomes zero. 


And 


so that 


{y-y)dy 

J {y - vY + 


, (b — tjY -f- _ 

(b + 77 )® + x'^ ’ 


dx 


4!> + 2,,log|-^, 


.(94) 


becoming infinite when y — ±b. 

So far as this difficulty is concerned we might take = (h^ — y'^y, but 
another form seems preferable, that is 


( 95 ) 
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With, the same notation, as was employed in the treatment of (82) we 
have 

cos 0 (cos 0 — cos ci)d0 q f cos® 0 (cos 6 — cos a) 
doc~ ’ Jo (cos 6 — cos a)® -t- ' j o (cos 9 — cos + a?'® 

The first of these integrals is that already considered in (83). It yields 
Stt. In the second integral we r-eplace cos® 0 by {.(cos 0 — cos a) -f-cosa}®, and 
we find, much as before, that when os' — 0 


cos® 0 (cos 0 — cos a) d0 


' 0 (cos 6 — cos af ■+■ x''^ 

Thus altogether for the leading term we get 

d-^ _ 


TT (•!■ -+- cos® a). 


.(96) 


dx 


Stt ("I — cos® a) = Stt (| — 


.(97) 


This is the complete solution for a fluid regarded as incompressible. We 
have now to pursue the approximation, using a more accurate value of D 
than that (log r) hitherto employed. 


In calculating the next term, we have the same values of D and r~^dDldr 
as for (88) ; and in place of that equation we now have 


1 d-\(r ^ Stt 

dx 16 



ikb , IN 
4 2 ) 


+ [ dd [I sin"* ^ — I sin® d + f sin® 6 cos 9 cos a] log {+ 2 (cos 6 — cos a)}. (98) 

J 0 

The integral may he transformed as before, and it becomes 
r in' 

4 d<p log (2 sin </>) [| (sin* 2<j6 cos* a + 6 sin® 2(p cos® 2<f> sin® a cos® a 
0 

•+ cos* 2<p sin* a) — -I (sin® 2<p cos® a + cos® 2<p sin® a) 

q- f cos a cos 2<^ {sin® a cos a ■+ sin® 2cfi (cos® a — 8 sin® a cos a)}]. (99) 

The evaluation could be eifected by expressing the square bracket in 
terms of powers of 4>, but it may be much facilitated by use of two 
lemmas. 


If /(sin 2<t), cos®2<5b) denote an integral function of sin 2(f>, cos® 2^, 

/•iTT _ ^ rj.7r 

I d<f> log (2 sin <j£>) /(sin 2<p, cos® 2d>) = | d<p log (2 cos <p) /(sin 2^, cos® 2^) 
' 0 J 0 


fit”- fiv 

— ^ d<^ 10^(2 sin2^)/(sin 2</), cos®2<;6) = ^ I (2 sin ^,cos® ^), 

J 0 J 0 

...( 100 ) 

in which the doubled angles are got rid of. 
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Again, if m be integral, 

r^TT 

d(j) sin®”* 2(f) cos 2(f> log (2 sin cj)) 


f 


I log (2 sin <^) d sin®”*+i 2(j> 

~ o + cos 24 ,) 44 , 


0 

'itr 


4im + 2 j 0 
1 2m 


sin** 24,44.^- /‘"sin™ 4> d4> 


4w + 2 j 0 
1 . 2m — 3 . . . 1 TT 
2 


2m . 2m — 2 ... 2 


4?n + 2 
For example, if m = 0, 

Jtt 

cos 24 ) log^ (2 sin 4 >y — , 


.( 101 ) 


f 


and (m = 1) 


rrr 


.( 102 ) 

.(103) 


fiir 

sin®2<^ cos 2(^ log (2 sin <jJ>) = 

Using these lemmas, we find 

(99) = 5^4 (cos^ a — 6 cos® a sin® a + sin^ a) 

+ /^2 (30 cos® a sin® a - 10 sin^a — 3 cos® a + 3 sin® a) 

— ^TT COS® a (cos® a -1- 3 sin® a) ; 

md thence, on introduction of the values of h,, h„ for the complete value to 
this order of approximation, 


d-^ o /I \ r 3 / 1 

— _37r (^2-cos®aj-l-7rA;®6® f ry + + log 


4 / 


.(104) 


~ ^ a + 18 cos® a sin® a + 21 sin^ a) 

To carry out the calculations to a sufficient approximation with the 
general value of a would he very tedious. I have limited myself to the 
extreme cases cos a = 0, cos a = +: 1. For the former, wm have 


1 d-ifr 
TT das 


and for the latter 

1 d^|r _ 3 

TT dx 2 


ihh\ J'3ife®6® 




1 + + log + 2V4V2S0 

15^® 5® '7k^h‘^ IW^b^ 


64 


6.256 43 . 25678 ’ 


^ + (^7 + log 
5k^b'^ 


64 


+ 


r3^®6® 7/c^b* 

4 / I 16 
41 ^'*5^ 


33/c®6® 


(105) 

143*>i») 


4* 


16.16 4.16.16.16 24 . 16"*] 

1069A:«5s 41309yb®68 


Bk^b^ 


16.64.15 16. 3 . Y0.64. 64 16”. 9. 420 

"^k^b^ llk^b^ S289k^b^ 


4.16.16 2 . 16® 16® . 36 ' 


.(106) 
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From these formulae the following numbers have been calculated for the 
value of — d'y^ j dcG : 

TABLE VI. 



kb = ^ 

kb=l 

(M 

II 

kb = 2 

cos a=0 
cos a— ± 1 

1 1-3716+0-07322: 

- 1-6634 + 0-07 10^ 

1-1215+0-28851 
-1-6072 +0-25461 

0-8824 + 0-66534 
-1-5693 +0-4401 4 

0-5499 + 1-08604 
-1-3952 + 0-66674 


They correspond to the value of formulated in (96). 

Following the same method as in case (i), we now combine the two 
solutions, assuming 

^ =A v'Ci' - + J5 b-^ (b^ - ...(107) 

and determining A and B so that for cos a = 0 and for cos a = + 1, d-^jdso shall 
be equal to -- ik. The value of at a distance in front is given by (76), in 
which 


ik J-^ dy = r A + 1 13 


.(108) 


.( 110 ) 


We may take the modulus of (108) as representing the transmitted 
vibration, in the same way as the modulus of (67) represented the transmitted 
vibration in case (i). 

Using p, q, r, s, as before, to denote the tabulated complex numbers, we 
have as the equations to determine A and B, 

Ap 4- Bq = At Bs = iklrr, (109) 

so that ik(^dy^- ^ ® l<e - o (110) 

J 2 ps ~ qr 

For the second fraction on the right of (110) and for its modulus we get 
in the various cases 

7c6= i-, 1T470 -0T287 1T642, 

kb= 1, 1-1824 - 0-6986 1-3733, 

kb = ^/2, 0-6362 - 1-0258 f, 1-2070, 

7:6 = 2, 0-1239 - 0-7303 i, 0 7407. 

And thence (on introduction of the value of kb) for the modulus of (110) 
representing the vibration on the same scale as in case (i) 

TABLE Vir. 


kb 

Modulus 


0-1443 

i 

0-6866 

U2 

1 -2070 

o 

At 

1-4814 
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These are the numbers used in the plot of curve hg. 1. When hh is 
much smaller than the modulus may be taken to be When kb is 

large, the modulus approaches the same limiting form as in case (i). 

This curve is applicable to electric, or luminous, vibrations incident upon 
a thin perfectly conducting screen with a linear perforation when the electric 
vector is parallel to the direction of the slit. 

It appears that if the incident light he unpolarised, vibrations perpen- 
dicular to the slit preponderate in the transmitted light when the width of the 
slit is very small, and the more the smaller this width. In the neighbourhood 
of kb ~ 1, or 25 = X/tt, the curves cross, signifying that the transmitted light 
is unpolarised. When kh = l^, or 2h — the polarisation is reversed, 

vibrations parallel to the slit having the advantage, but this advantage is not 
very great. When kb > 2, our calculations would hardly succeed, but there 
seems no reason for supposing that anything distinctive would occur. It 
follows that if the incident light were white and if the width of the slit were 
about one-third of the wave-length of yellow-green, there would be distinctly 
marked opposite polarisations at the ends of the spectrum. 

These numbers are in good agreement with the estimates of Fizeaii; 
“line ligne polarisde perpendiculairement a sa direction a parii ^tre de 
de millimetre ; une autre, heaucoup moins lumineuse, polarisde parallelement 
h sa direction, a 6td estimde a millimetre. Je dois ajouter que ces 

valeurs ne sont qu’une approximation; elles peuvent ^tre en rdalit6 plus 
faibles encore, mais il est peu probable qu’elles soient plus fortes. Ce 
qu’il y a de certain, best que la polarisation parallele n’apparait que dans 
les fentes les plus fines, et alors que leur largeur est hien moindre que la 
longueur d’une ondulatioii qiii est environ de yum millimetre.” It will 
be remembered that the “plane of polarisation” is perpendicular to the 
electric vector. 

It may be well to emphasize that the calculations of this paper relate 
to an aperture in an infinitely thin perfectly conducting screen. We could 
scarcely be sure beforehand that the conditions are sufficiently satisfied even 
by a scratch upon a silver deposit. The case of an ordinary spectroscope 
slit is quite different. It seems that here the polarisation observed with the 
finest practicable slits corresponds to that from the less fine scratches on 
silver deposits. 
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ON THE MOTION OF A VISCOUS FLUID. 


[FMlosoplmal Magazine, Vol. xxvi. pp. 776 — 786, 1913.] 


It has been proved by Helmholtz* and Kortewegf that when the 
velocities at the boundary are given, the slow steady motion of an incom- 
pressible viscous liquid satisfies the condition of making F, the dissipation, 
an absolute minimum. If Hq, Vq, be the velocities in one motion Mo, and 
ti, V, w those of another motion M satisfying the same boundary conditions, 
the difference of the two u', v', w\ where 

u'=Xl,—Uo, v'=V — Vo, — Wo; (1) 

will constitute a motion M' such that the boundary velocities vanish. If 
Fo, F, F' denote the dissipation-functions for the three motions Mo, M, M' 
respectively, all being of necessity positive, it is shown that 

F=:Fo-hF'-2/iJ {u'V% + v'V\ -H wV^Wq) dxdgdz, (2) 

the integration being over the whole volume. Also 
F' - — /u, I -f v' W 4 - dx dy dz 





dv'\^ fdu' dw\“ /dv' 

dz) \dz dx J 



These equations are purely kinematical, if we include under that head 
the incompressibility of the fluid. In the application of them by Helmholtz 
and Korteweg the motion Mq is supposed to be that which would be steady 
if small enough to allow the neglect of the terms involving the second 
powers of the velocities in the dynamical equations. We then have 

/.Vh,.., iyyp+r.). 


* Collected Works, Vol. i. p. 223 (1869). 
t Phil Mag. Vol. xvi. p. 112 (1883). 


( 4 ) 
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where V is the potential of impressed forces. In virtue of (4) 

I (ic'V^Uo -t- v'V^Vq + w'V^Wo) dxdydz= 0, (5) 


if the space occupied bj the fluid be simply connected, or in any case if V be 
single-valued. Hence 

F=F,-\rF', (6) 

or since F' is necessarily positive, the motion Mo makes F an absolute 
minimum. It should be remarked that F' can vanish only for a motion 
such as can be assumed by a solid body (Stokes), and that such a motion 
could not make the boundary velocities vanish. The motion Mq determined 
by (4) is thus unique. 

The conclusion expressed in (6) that Mo makes F an absolute minimum 
is not limited to the supposition of a slow motion. All that is required to 
ensure the fulfilment of (5), on which (6) depends, is that V^Wq 

should be the derivatives of some single-valued function. Obviously it would 
suffice that vanish, as will happen if the motion have a 

velocity-potential. Stokes* remarked long ago that when there is a velocity- 
potential, not only are the ordinary equations of fluid motion satisfied, but 
the equations obtained when friction is taken into account are satisfied 
likewise. A motion with a velocity-potential can always be found which 
shall have prescribed normal velocities at the boundary, and the tangential 
velocities are thereby determined. If these agree with the prescribed 
tangential velocities of a viscous fluid, all the conditions are satisfied by the 
motion in question. And since this motion makes F an absolute minimum, 
it cannot differ from the motion determined by (4) with the same boundary 
conditions. We may arrive at the same conclusion by considering the 
general equation of motion 


dii du du du\ dioV-i-p') .i_. 

+ + + (0 


dt 


dx 


dx 


If there be a velocity-potential <j), so that u = djtjdx, &c., 


du du du 
u— -^v ~ + w ^ 
dz 


dx dy 


-mm <‘£)V ® 


and then CZ) and its analogues reduce practically to the form (4) if the 
motion be steady. 

Other cases where F is an absolute minimum are worthy of notice. It 
suffices that 


dM 
dx ' 




dH 


= 


dH 


dy’ “ dz 

* Camb. Trans. Yol. ix. (1850) ; Math, and Phys. Pajpers, Yol. in. p. 73. 


( 9 ) 



1913] 


ON THE MOTION OF A. VISCOUS FLUID 


189 


where jff is a single-valued function, subject to = 0. If 
rotations, 




f diVo 

\dy 


gLvq 

dz 


d 

dy 


V^Wn 


dz 


V^v, = 0-, 


^ 0 , »7o, "be the 


and thus (9) requires that 


V^^o = 0, V2^„ = 0, V%^0 (10) 

In two dimensions the dynamical equation reduces to = 9*, so 

that ^0 is constant along a stream-line. Among the cases included are the 
motion between two planes 

Uq— A + By -\-Gy^, v^—d, ^t;o=0, (11) 

and the motion in circles between two coaxal cylinders (^o= constant). Also, 
without regard to the form of the boundary, the uniform rotation, as of a 
solid body, expressed by 

Mo == Oy, — CcD (12) 

In all these cases F is an absolute minimum. 

Conversely, if the conditions (9) be not satisfied, it will be possible to 
find a motion for which F< F^. To see this choose a place as origin of 
coordinates where dVHiQjdy is not equal to d^'^Vdjdsc. Within a small sphere 
described round this point as centre let u' = Gy, v' — — Gx, w' = 0, and let 
vf =0, r' = 0, w'' = 0 outside the sphere, thus satisfying the prescribed 
boundary conditions. Then in (2) 


J (u'VHio + y'VX -t- dx dy dz = G J (y'^^^Uo — xV‘%^) dx dy dz, . . .(13) 

the integration being over the sphere. Within this small region we may 
take 

V2.j^o = (V^wo)o -H 


= (VX)o + 


dVhto 

<1 



_ — jjQ .p 

djOCfQ 

dyo 

y + 



d^^Va 


riV^Mo 

— X -f 

CajQCq 

dyo 

y + 

(JuZq 


so that (13) reduces to 

^ - ^°) f ^ '^y 


Since the sign of G is at disposal, this may be made positive or negative 
at pleasure. Also F' in (2) may be neglected as of the second order when 
u' , v', vf are small enough. It follows that F is not an absolute minimum 
for Mo, unless the conditions (9) are satisfied. 

Korteweg has also shown that the slow motion of a viscous fluid 
denoted by i/p is stable. “ When in a given region occupied by viscous 


Whore I>fDt = dldt -i- u dfdx h- v djdy ■+• w djdz^ 
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incompressible fluid there exists at a certain moment a mode of motion M 
which does not satisfy equation (4), then, the velocities along the boundary- 
being maintained constant, the change which must occur in the mode of 
motion will he such (neglecting squares and products of velocities) that 
the dissipation of energy by internal friction is constantly decreasing till it 
reaches the value Fq and the mode of motion becomes identical with Ma” 

This theorem admits of instantaneous proof. If the terms of the second 
order are omitted, the equations of motion, s.uch as (7), are linear, and any 
two solutions may be superposed. Consider two solutions, both giving the 
same velocities at the boundary. Then the difference of these is also a 
solution representing a possible motion with zero velocities at the boundary. 
But such a motion necessarily comes to rest. Hence with flux; of time the 
two original motions tend to become and to remain identical. If one 
of these is the steady motion, the other must tend to become coincident 
with it. 

The stability of the slotv steady motion of a viscous fluid, or (as we may 
put it) the steady motion of a ver^ viscous fluid, is thus ensured. When the 
circumstances are such that the terms of the second order must be retained, 
there is but little definite knowledge as to the character of the motion in 
respect of stability. Viscous fluid, contained in a vessel which rotates with 
uniform velocity, would be expected to acquire the same rotation and 
ultimately to revolve as a solid body, but the expectation is perhaps founded 
rather upon observation than upon theory. We might, however, argue that 
any other event would involve perpetual dissipation which could only be 
met by a driving force applied to the vessel, since the kinetic energy of the 
motion could not for ever diminish. And such a maintained driving couple 
would generate angular momentum without limit — a conclusion which could 
not be admitted. But it may be worth while to examine this case more 
closely. 

We suppose as before that tCg, Va, Wo are the velocities in the steady 
motion Mq and it, -u, w those of the motion M, both motions satisfying the 
dynamical equations, and giving the prescribed boundary velocities ; and we 
consider the expression for the kinetic energy T' of the motion (1) which 
is the difference of these two, and so jgiakes the velocities vanish at the 
boundary. The motion M' with velocities u', v', w' does not in general 
satisfy the dynamical equations. We have 


1 dT 
p dt 



, dv' , 

-f- V -y- -f- W 

dt 


dw'\ 
dt I 


dx dy dz. 


(14) 


In equations (7) which are satisfied by the motion M we substitute 
u It, &c. ; and since the solution Mo is steady we have 

duo dvo dtVo 
dt di dt 


0 . 


(15) 
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We fnr-f>io ■ — 

vve turther suppose that tra 

m (9). This includes the eas^of uniJm rtatr"""''^"" ^ 

unirorm rotation expressed by 

t(o = Vo = — X 'U) f) 

well as those where there is o vaI-i ' ** ’ '" •(16) 

velocity-potential. Thus (7) becomes 
with two analogous equations, where ' ^ ^ ^ 

These values of,,,/,, ^ 

d^» ,. v, .""“"iirTi'Ef r •' ““ *-■ "iT:s 

I'., satisfy equations such t nothing, since 

The terms of the third degree are 


(19) 




'/ I?/ ' _ 1 _ „ ' ydwll 

1 dx dy ■^1 J dxdydz. 


to 


which niaji- be written 


-f ?// 


dy 


dz 


dx dy dz 


and this vanishes for the same reason as the terms in 
the partlnvoivlg'* «'. t.'. Of these 

+ + ^20) 

:io far as this part is eonoerued, we see from (3) that 

dT'/dt = -F' 

' being the dissipation-function oaloulated fiom 
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Of the remaining 18 terms of the second degree, 9 vanish as before when 
integrated, in virtue of the equation of continuity satisfied by Uo, Vq, Wq. 
Finally we have’'^ 


dT' 

dt 


I'-p 


r / f 

t d%^{^ / 

u \u 

“j h- V 

ax 

/ dvo 

f dxo 

U -J— 

cLco 

dy 

, dwo 

, / dwo 

Vj -7 

ax 

4- W T 

dy 


dy 
4- w' 

4 - w' 


+ W 


dz 


dz ' 


dz j 


dix dy dz. 


( 22 ) 


If the motion u^, v^, Wo be in two dimensions, so that Wq — O, while u 
and Vo are independent of z, (22) reduces to 


dT' 

dt 


= -F’ 


/n dUo f 

U ^ b V- 

dx 




dx dy dz. ...(23) 


Under this head comes the case of uniform rotation expressed in (16), for 
which 

du^ _ ^ dvo_ 

dec ’ dy ’ dy da 

Here then dT'fdt=-—F' simply, that is T' continually diminishes until 
it becomes insensible. Any motion superposed upon that of uniform rotation 
gradually dies out. 


When the motion Uo, Vq, Wq has a velocity-potential <p, (22) may be 
written 


dT' 

dt 


-F'-, 


dy^ 


-I- 2ib'v' -f- 2v'vj' — h 2w'u' ^ ^ ' 


da dy 


dy dz 


dz da 


dx dy dz (24) 


So far as I am aware, no case of complete stability for all values of y, is 
known, other than the motion possible to a solid body above considered. 
It may be doubted whether such cases exist. Under the head of (24) a 
simple example occurs when ^ = tan“^ (.vAO* t^he irrotational motion taking 
place in concentric circles. Here if +• y^. 


dT 

dt 



xy 


(-z/® — -y'^) +- - — 


u'v' 


doo dy dz (25) 


^ Compare O. Reynolds, Phil, Trans, 1895, Part i. p. 146. In Lorentz’a deduction of a 
similar equation {Ahhandlungen ^ Vol. i. p, 46) the additional motion is assumed to be small. 
This memoir, as well as that of Orr referred to below, should be consulted by those interested. 
See also Lamb’s Hydrodynamics , § 346. 
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If the superposed motion also "be two-dimensional, it may he expressed 
hy means of a stream-function We have in terms of polar coordinates 




dyfr dylr . _ 1 _ 

_ sm ^ HI 5 ” cos 6, 

ay dr rdd 


V = 


-- ^sin6> 
ax dr r du 


so that 


u 


'2 


- v'^ = (cos“ 9 — sin' 
xi/v' = cos 9 sin 6 


6) jp ( 


1 

Cl 


\d9 J 

1 


dr J 


( 


df-y 

d9) 


+ 


r dr d9 ’ 

cos“ 0 — sin^ 9 dyfr d'yfr 


r 


dr d9 


(cos»(?-sin=e)»V=i^||:, 


.(26) 


Thus 

cos 9 sin 6 {u''^ — 
and (25) becomes 

(27) 

T', F', as well as the last integral, being proportional to z. 

We suppose the motion to take place in the space between two coaxal 
cylinders which revolve with appropriate velocities. If the additional motion 
be also symmetrical about the axis, the stream-lines are circles, and is a 
function of r only. The integral in (27) then disappears and dT' j dt reduces 
to — F', so that under this restriction the original motion is stable. The 
experiments of Couette*!' and of MallockJ, made with revolving cylinders, 
appear to show that when u\ v\ w' are not specially restricted the motion is 
unstable. It may be of interest to follow a little further the indications 
of (27). 

The general value of is 

C(, + Oi cos 6 +8i sin 9 + ... + On cos 7i6 +■ 8n sin nd, (28) 


Gn, 8n being functions of r, whence 

/If If 

n being 1, 2, 3, &c. If S^, On differ only by a constant multiplier, (29) 
vanishes. This corresponds to 

^|r=Ro-{- Ri COS (^ -h 6i) •+■... H- Rn COS 71 (9 -+• fin) ,-f . . . , (SO) 


* We maj imagine a nimiber of thin, coaxal, freely rotating cylinders to be interposed 
between the extreme ones whose motion is prescribed, 
t Ann. d. Chimie, t. xxi. p. 433 (1890). 

J Proc, Roy. Soc. Vol. nix. p. 38 (1895). 


K. VI, 


13 
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where Ri, &c, are functions of r, while ej, Cs, &c. are constants. If t/t 
can he thus limited, dT'[dt reduces to —,F\ and the original motion is 


stable. 

In general ^ = j^n (8n~-Cn ^ .(31) 

Gn, Sn must be such as to give at the boundaries 

(7w = 0, dGn/dr = 0, 8n, — 0, dSnJdr = 0 ; (32) 


otherwise they are arbitrary functions of r. It may be noticed that the 
sign of any term in (29) may be altered at pleasure by interchange of 
Cn and Sn‘ 

When fi is great, so that the influence of F preponderates, the motion is 
stable. On the other hand when /:x is small, the motion is probably unstable, 
unless special restrictions can be imposed. 

A similar treatment applies to the problem of the uniform shearing 
motion of a fluid between two parallel plane walls, defined by 



Wo =A -{-By, 

Wo = 9, Wo = 0 

(33) 

From (23) 

1 

1 

11 

• pB jjidv'dady 

(34) 


If in the superposed motion v' — 0, the double integral vanishes and the 
original motion is stable. More generally, if the stream-function of the 


superposed motion be 

G cos ko) + S sin kcc, (35) 

where G, S are functions of y, we find 

(..) 


Here again if the motion can be such that G and S differ only by a 
constant multiplier, the integral would vanish. When jn is small and there 
is no special limitation upon the disturbance, instability probably prevails. 
The question whether fj, is to be considered great or small depends of course 
upon the other data of the problem. If D be the distance between the 
planes, we have to deal with BB^jv (Reynolds). 

In an important paper * Orr, starting from equation (34), has shown that 
if BZBjv is less than 177 “ every disturbance must automatically decrease, 
and that (for a higher value than 177) it is- possible to prescribe a dis- 
turbance which will increase for a time.” We must not infer that when 

* Ptoc, Roy. Irish AcacL 1907. 
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BD'^jv > 177 the regular motion is necessarily unstable. As the fluid moves 
under the laws of dynamics, the initial increase of certain disturbances may 
after a time be exchanged for a decrease, and this decrease may be without 
limit. 


At the other extreme when v is very small, observation shows that the 
tangential traction on the walls, moving (say) with velocities + U, tends to 
a statistical uniformity and to become proportional, no longer to IT, but 
to Z7®. If we assume this law to be absolute in the region of high velocity, 
the principle of dynamical similarity leads to rather remarkable conclusions. 
For the tangential traction, having the dimensions of a pressure, must in 
general be of the form 




JD being the distance between the walls, and f an arbitrary function. In 
the regular motion {z large) y(^) = 2z, and (37) is proportional to U. If (37) 
is proportional to Z7“, f must be a constant and the traction becomes inde- 
pendent not only of ya, but also of D. 


If the velocity be not quite so great as to reduce f to constancy, we may 
take j 


= a-+ hz, 


where a and b are numerical constants, so that (37) becomes 

apV^-i- b/x ITfD (38) 

It could not be assumed without further proof that 1 has the value (2) 
appropriate to a large z ; nevertheless, Korteweg’s equation (6) suggests 
that such may be the case. 

From data given by Couette I calculate that in c.G.S. measure 

a = -000027. 

The tangential traction is thus about a twenty thousandth part of 
the pressure i^pTT^) due to the normal impact of the fluid moving with 
velocity U. 

Even in cases where the steady motion of a viscous fluid satisfying the 
dynamical equations is certainly unstable, there is a distinction to be attended 
to which is not without importance. It may be a question of the time during 
which the fluid remains in an unstable condition. When fluid moves be- 
tween two coaxal cylinders, the instability has an indefinite time in which 
to develop itself. But it is otherwise in many important problems. Suppose 
that fluid has to move through a narrow place, being guided for example by 
hyperbolic surfaces, either in two dimensions, or in three with symmetry 
about an axis. If the walls have suitable tangential velocities, the motion 

13—2 
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may be irrotational. Tbis irrotational motion is that which wonld be initiated 
from rest by propellent impulses acting at a distance. If the viscosity were 
great, the motion would be steady and stable ; if the viscosity is less, it still 
satisfies the dynamical equations, but is (presumably) unstable. But the 
instability, as it affects any given portion of the fluid, has a very short 
duration. Only as it approaches the narrows has the fluid any considerable 
velocity, and as soon as the narrows are passed the velocity falls off again. 
Under these circumstances it would seem probable that the instability in 
the narrows would be of little consequence, and that the irrotational motion 
would practically hold its own. If this be so, the tangential movement of 
the walls exercises a profound influence, causing the fluid to follow the walls 
on the down stream side, instead of shooting onwards as a jet — the behaviour 
usually observed when fluid is invited to follow fixed divergent w'alls, unless 
indeed the expansion is very gradual. 
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ON THE STABILITY OF THE LAMINAE MOTION OF AN 

INVISCID FLUID. 

\_Philosojohjical Magazine, Yo\. xxyi. pp. 1001 — 1010, 1913.] 


The equations of motion of an inviscid fluid are satisfied by a motion 
such that U, the velocity parallel to w, is an arbitrary function of y only, 
while the other component velocities V and TT vanish. The motion may be 
supposed to he limited by two fixed plane walls for each of which y has a 
constant value. In order to investigate the stability of the motion, we 
superpose upon it a two-dimensional disturbance u, v, where u and v are 
regarded as small. If the fluid is incompressible, 


du dv 
dx dy 


( 1 ) 


and if the squares and products of small quantities are neglected, the hydro- 
dynamical equations give* 


dv doc) \dy doc) 


d^U 

~dtf 


V = 0. 



From (1) and (2), if we assume that as functions of t and x, u and v are 
proportional to where k is real and n may be real or complex. 




d^v 

dy'^ 


) + 


d^U 

dy^ 


■y = 0. 


( 3 ) 


In the paper quoted it was shown that under certain conditions n could 
not be complex ; and it may be convenient to repeat the argument. Let 

nlh=p-\-iq, v — a + i^, 


* Proceedings of London Mathematical Society, Vol. xi. p. 57 (1880) ; Scientific Papers, Vol. i, 
p. 485. Also Lamb’s Hydrodynamics, § 345. 
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where jp, q, /S are real. Substituting in (3) and equating separately to 
the real and imaginary parts, "we get 

_i. (p + U) a + q^ 
dy^ (p+ Uf + q^ ’ 

d?/3 -q'g + CpH- 17)^ . 

whence if we multiply the first hy yS and the second by a and subtract, 


c7y V dg/ ^ dy) dy^ (P + ' 


At the limits, corresponding to finite or infinite values of y, wt‘ stipposc* 
that V, and therefore both ot and /9, vanish. Hence when (4) is int.egrahnl 
with respect to y between tliese limits, the left-hand member variiHlitjK and 
we infer that q also must vanish unless d^TJjdy^ changes sign. Thus in th© 
motion between walls if the velocity curve, in which V is onlinato and y 
abscissa, be of one curvature throughout, n must be wholly rcurl ; otherwim*, 
so far as this argument shows, n maybe complex and the disturbance exponen- 
tially unstable. 


Two special cases at once suggest themselves. If the motion be that 
which is possible to a viscous fluid moving steadily between two fixed walk 
under external pressure or impressed force, so that for example 
d^Ufdy^ is a finite constant, and complex values of n are clearly oxcluded. In 
the case of a simple shearing- motion, exemplified by U ^ y, d^U/dy^^ 0, and 
no inference can be drawn from (4). But referring bfick to (3), w'e see that 
in this case if n he complex. 


df 



0 


(• 5 ) 


would have to be 
v=0. Since such 
n is excluded. 


satisfied over the whole range between the limits where 
satisfaction is not possible, we infer that luu-c^ t.oo a complex 


It may appear at first sight as if real, as well as complex, ™lu.« of „ 
were excluded hy this arguaieat. But if « he such that nlk+U vanishes 
mywhere withm the range, (5) need not there be satisfied. In ul.her words, 
e arbitrary constants which enter into the solution of (5) may Ukto i-harige 

londition'^’r* “f making n continnous. q'lm torndnal 

which CO- T satisfied. Thus any value of -n/k i» n(lrnis,sihle 

argument applies to real values 
n, when d Uldy in (3) does not vanish throughout. It is easy fa, reoognite 
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that here also any value of — JcU is admissible, and for the same reason as 
before, viz., that when n -^-kU — 0, dvjdy may be discontinuous. Suppose, for 
example, that there is but one place where n ■{- kU — 0. We may start from 
either wall with v — 0 and with an arbitrary value of dvjdy and gradually 
build up the solutions inwards so as to satisfy (3)*. The process is to be 
continued on both sides until we come to the place where n kU = 0, The 
two values there found for v and for dvjdy will presumably disagree. But by 
suitable choice of the relative initial values of dvjdy, v may be made con- 
tinuous, and (as has been said) a discontinuity in dvjdy does not interfere 
with the. satisfaction of (3). If there are other places where ?7has the same 
value, dvjdy may there be either continuous or discontinuous. Even when 
there is but one place where n + kU =0 with the proposed value of n, it may 
happen that dvjdy is there continuous. 

The argument above employed is not interfered with even though U is 
such that dJJjdy is here and there discontinuous, so as to make d^Ujdy'^ 
infinite. At any such place the necessary condition is obtained by integrating 
(3) across the discontinuity. As was shown in my former paper {loc. cit.}, 
it is 



A being the symbol of finite differences; and by (6) the corresponding sudden 
change in dvjdy is determined. 

It appears then that any value of — X; Z7 is a possible value of n. Are other 
real values admissible ? If so, w + is of one sign throughout. It is easy 
to see that if d^JJjdy^ has throughout the same sign as n-{-kU, no solution is 
possible. I propose to prove that no solution is possible in any case if 
n-\-kU, being real, is of one sign throughout. 

If U' be written for U + njk, our equation (3) takes the form 


<"> 

or on integration with respect to y, 




where K is an arbitrary constant. Assume v = 17 V ; then 


dv'_ K 
dy 


k^ 


f'v'U'^dyi 
J 0 


( 9 ) 


*■ Graphically, the equation directs us with what curvature to proceed at any point already 
reached. 
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whence, on integration and replacement of 


v==HU' + KU' 



( 10 ) 


if denoting a second arbitrary constant. 

In (10) we may suppose y measured from the first wall, where v = 0. 
Hence, unless XJ' vanish with y, H = 0. Also from (8) when y==0, 


= 

Let us now trace the course of as a function of y, starting from the wall 
where y—0, '!:;==0; and let us suppose first that XT' is everywhere positive. 
By (11) AT has the same sign as (d'vfdy}o> that is the same sign as the early 
values of v. Whether this sign be positive or negative, v as determined 
hy (10) cannot again come to zero. If, for example, the initial values of v 
are positive, both (remaining) terms in (10) necessarily continue positive; 
while if V begins by being negative, it must remain finitely negative. 
Similarly, if XT' be everywhere negative, so that IT has the opposite sign 
to that of the early values of v, it follows that v cannot again come to zero. 
ISTo solution can be found unless IT' somewhere vanishes, that is unless n 
coincides with some value oi ~kXT. 

In the above argument XT', and therefore also n, is supposed to be real, 
but the formula (10) itself applies whether n be real or complex. It is 
of special value when k is very small, that is when the wave-length along x 
of the disturbance is very great ; for it then gives v explicitly in the form 

( 12 ) 


When k is small, but not so small as to justify (12), a second approximation 
might be found by substituting from (12) in the last term of (10). 


If we suppose in (12) that the second wall is situated at y — l, n is 
determined by 

ioiU-hn/ky ^ 


.(13) 


The integrals (12), (13) must not be taken through a place where 
XT -f n/k — 0, as appears from (8). We have already seen that any value 
of n for which this can occur is admissible. But (13) shows that no other 
real value of n is admissible ; and it serves to determine any complex values 
of 


In (13) suppose (as before) that njk =p + iq; then separating the real 
and imaginary parts, we get 





n q{p+U)dy ^ 

U{ip + xjy + q^}^ 


..( 14 ) 
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from the second of which we may infer that if q be finite, 'p-\- TJ must change 
sign, as we have already seen that it must do when q — 0. In every case 
then, when h is small, the real part of n must equal some value of — hU*. 

It may he of interest to show the application of (13) to a case formerly 
treated in which the velocity-curve is made up of straight portions and 
is anti-symmetrical with respect to the point lying midway between the two 
walls, now taken as origin of y. Thus on the positive side 


from 


y= 0 to y = Ih', 




Vy 


from y = ^b' to y=^h' + b, U = yV (y - ^b'); 

while on the negative side U takes symmetrically the opposite values. Then 
if we write Qijk V — (13) becomes 


dy rW+^ dy 

” J o (2y/& +- n'f J l^y/b + /r- (y — j^b') +■ n'}® 
-P same with n' reversed. 


Effecting the integrations, we find after reduction 

,2 _ _ 26 + 6' 2//-6 (6 -1- 6') + /a%%' 

, ~k^V^~ 2b W ’ ^ ^ 

in agreement with equation (23) of the paper referred to when k is there 
mside small. Hence n, if imaginary at all, is a pure imaginary, and it is 
imaginary only when y, lies between —1/6 and — 1/6 — 2/6'. The regular 
motion is then exponentially unstable. 

In the only unstable cases hitherto investigated the velocity-curve is 
made up of straight portions meeting at finite angles, and it may perhaps be 
thought that the instability has its origin in this discontinuity. The method 
now under discussion disposes of any doubt. For obviously in (13) it can 
make no important difference whether dUjdy is discontinuous or not, If a 
motion is definitely unstable in the former case, it cannot become stable 
merely by easing off the finite angles in the velocity-curve. There exist, 
therefore, exponentially unstable motions in which both 67* and dTfjdy are 
continuous. And it is further evident that any proposed velocity-curve may 
be replaced approximately by straight lines as in my former papers. 


* By the method of a former paper “ On the question of the Stability of the Flow of Fluids ” 
{Phil. Mag. Vol. xxxiv. p. 59 (1892); Scientific Papers, Vol. in. p- 579) the oonolueion that 
p -t- U must change sign may be extended to the problem of the simple shearing motion between 
two parallel -walls of a viscous fluid, and this whatever may be the value of fc. 

t Proc. L,ond. Math. Soc. Vol. xix- p. 67 (1887); Scientific Papers, Vol. ni. p. 20, fi.gs. 
(3), (4), (5). 



202 


OF THE STABILITY OF THE 


[377 


The fact that n in equation (15) appears only as in? is a simple conse- 
quence of the anti-symmetrical character of TJ. For if in (13) we measure y 
from the centre and integrate between the limits + \l, we obtain in that 
case 


in which only occurs, 
happens in (15). 


Jo 


(16) 


But it does not appear that is necessarily real^ as 


Apart from such examples as were treated in my former papers in which 
(PXTJdij^ vanishes except at certain definite places, there are very few cases in 
which (3) can be solved analytically. If we suppose that v = sin {pry (I), 
vanishing when y = 0 and when y — I, and seek what is then admissible for XT, 
we get 

XT H- nfk = A cos y+B sin .( 17 ) 

in which A and B are arbitrary and n may as well be supposed to be zero. 
But since XT varies with k, the solution is of no great interest. 

In estimating the significance of our results respecting stability, we must 
of course remember that the disturbance has been assumed to be and to 
remain infinitely small. Where stability is indicated, the magnitude of the 
admissible disturbance may be very restricted. It was on these lines that 
Kelvin proposed to explain the apparent contradiction between theoretical 
results for an inviscid fluid and observation of what happens in the motion of 
real fluids which are all more or less viscous. Prof. McF. Orr has carried this 
explanation further Taking the case of a simple shearing motion between 
two walls, he investigates a composite disturbance, periodic with respect to a; 
but not with respect to t, given initially as 


B cos lx cos my, (IS) 

and he finds, equation (38), that when m is large the disturbance may increase 
very much, though ultimately it comes to zero. Stability in the mathe- 
matical sense (B infinitely small) may thus be not inconsistent with a practical 
instability. A complete theoretical proof of instability requires not only a 
method capable of dealing with finite disturbances but also a definition, not 
easily given, of what is meant by the term. In the case of stability we are 
rather better situated, since by absolute stability we may understand complete 
recovery from disturbances of any kind however large, such as Reynolds 
showed to occur in the present case when viscosity is paramount •[•. In the 
absence of dissipation, stability in this sense is not to be expected. 

* Proc. Roy. Irish Academy, Vol. xxvii. Section A, !No. 2, 1907. Other related questions are 
also treated. 

t See also Orr, Proc. Roy. Irish Academy, 1907, p. 124. 
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Another manner of regarding the present problem of the shearing motion 
of an inviscid fluid is instructive. In the original motion the vorticity is 
constant throughout the whole space between the walls. The disturbance is 
represented by a superposed vorticity, which may be either positive or nega- 
tive, and this vorticity everywhere moves with the jiuid. At any subsequent 
time the same vorticities exist as initially ; the only question is as to their 
distribution. And when this distribution is known, the whole motion is 
determined. Nowit would seem that the added vorticities will produce most 
effect if the positive parts are brought together, and also the negative parts, as 
much as is consistent with the prescribed periodicity along m, and that even 
if this can be done the effect cannot be out of proportion to the magnitude 
of the additional vorticities. If this view be accepted, the temporary large 
increase in Prof. Orr’s example would be attributed to a specially unfavourable 
distribution initially in which {m large) the positive and negative parts of 
the added vorticities are closely intermingled. We may ev^en go further and 
regard the subsequent tendency to evanescence, rather than the temporary 
increase, as the normal phenomenon. The difficulty in reconciling the observed 
behaviour of actual fluids with the theory of an inviscid fluid still seems to me 
to be considerable, unless indeed we can admit a distinction between a fluid 
of infinitely small viscosity and one of none at all. 

At one time I thought that the instability suggested by observation might 
attach to the stages through which a viscous liquid must pass in order to 
acquire a uniform shearing motion rather than to the final state itself. Thus 
in order to find an explanation of " skin friction ” we may suppose the fluid 
to be initially at rest between two infinite fixed walls,, one of which is then 
suddenly made to move in its own plane with a uniform velocity. In the 
earlier stages the other wall has no effect and the problem is one considered 
by Fourier in connexion with the conduction of heat. The velocity U in the 
laminar motion satisfies generally an equation of the form 


dU ^ 
dt dy^ ’ 


(19) 


with the conditions that initially (j{ = 0) 27 = 0, and that from t~0 onwards 
27 = 1 when y = 0, and (if we please) 27 == 0 when y—l. We might employ 
Fourier’s solution, but all that we require follows at once from the differential 
equation itself. It is evident that dJIldt, and therefore d^Ujdy^, is every- 
where positive and accordingly that a non-viscous liquid, moving laminarly 
as the viscous fluid moves in any of these stages, is stable. It would appear 
then that no explanation is to be found in this direction. 

Hitherto we have supposed that the disturbance is periodic as regards os, 
but a simple example, not coming under this head, may be worthy of notice. 
It is that of the disturbance due to a single vortex filament in which the 
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vorticity differs from the otherwise uniform vorticity of the neighbouring 
fluid. In the figure the lines A A, BB represent the situation of the walls 
and AM the velocity-curve of the original shearing motion rising from zero 
at J. to a finite value at M. For the present purpose, however, we suppose 
material walls to be absent, but that the same effect (of prohibiting normal 
motion) is arrived at by suitable suppositions as to the fluid lying outside 
and now imagined infinite. It is only necessary to continue the velocity-curve 
in the manner shown AMCN... , the vorticities in the alternate layers of 
equal width being equal and opposite. Symmetry then shows that under 
the operation of these vorticities the fluid moves as if A A, BB, &c. were 
material walls. 



We have now to trace the effect of an additional vorticity, supposed posi- 
tive, at a point P. If the wall AA were alone concerned, its effect would be • 
imitated by the introduction of an opposite vorticity at the point Q which is 
the image of P in A A. Thus P would move under the influence of the 
original vorticities, already allowed for, and of the negative vorticity at Q. 
Under the latter influence it would move parallel to A A with a certain 
velocity, and for the same reason Q would move similarly, so that PQ would 
remain perpendicular ±0 A A. To take account of both walls the more com- 
plicated arrangement shown in the figure is necessary, in which the points P 
represent equal positive vorticities and Q equal negative vorticities. The 
conditions at both walls are thus satisfied ; and as before all the vortices 
P, Q move under each other’s influence so as to remain upon a line perpen- 
dicular to A A. Thus, to go back to the original form of the problem, 
P moves parallel to the walls with a constant velocity, and no change ensues 
in the character of the motion — a conclusion which will appear the more 
remarkable when we remember that there is no limitation upon the 
magnitude of the added vorticity. 

The same method is applicable — ^in imagination at any rate — whatever 
be the distribution of vorticities between the walls, and the corresponding 
velocity at any point is determined by quadratures on Helmholtz’s principle. 
The new positions of all the vorticities after a short time are thus found, and 
then a new departure may be taken, and so on indefinitely. 
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EEFLECTIOlSr OF LIGHT AT THE CONFINES OF A 

, DIFFUSING MEDIUM. 

{Nature, Vol. xcii. p. 450, 1913.] 

I SUPPOSE that everyone is familiar with the beautifully graded illumina- 
tion of a paraffin candle, extending downwards from the flame to a distance 
of several inches. The thing is seen at its best when there is but one candle 
in an otherwise dark room, and when the eye is protected from the direct 
light of the flame. And it must often be noticed when a candle is broken 
across, so that the two portions are held together merely by the wick, that 
the part below the fracture is much darker than it would otherwise be, and 
the part above brighter, the contrast between the two being very marked. 
This effect is naturally attributed to reflection, but it does not at first appear 
that the -cause is adequate, seeing that at perpendicular incidence the re- 
flection at the common surface of wax and air is only about 4 per cent. 

A little consideration shows that the efficacy of the reflection depends upon 
the incidence not being limited to the neighbourhood of the perpendicular. 
In consequence of diffusion* the propagation of light within the wax is not 
specially along the length of the candle, but somewhat approximately equal 
in all directions. Accordingly at a fracture there is a good deal of "‘total 
reflection.” The general attenuation downwards is doubtless partly due to 
defect of transparency, but also, and perhaps more, to the lateral escape of 
light at the surface of the candle, thereby rendered visible. By hindering 
this escape the brightly illuminated length may he much increased. 

The experiment may be tried by enclosing the candle in a reflecting 
tubular envelope. I used a square tube composed of four rectangular pleicee 
of mirror glass, 1 in. wide, and 4 or 5 in. long, held together by strips of 

* To what is the diffusion due ? Actual cavities seem improbable. Is it ohemioal hetero- 
geneitj, or merely varying orientation of ohemioally homogeneous material operative in virtue of 
double refraction ? 
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pasted paper. The tube should be lowered over the candle until the whole 
of the flame projects, when it will be apparent that the illumination of the 
candle extends decidedly lower down than before. 


In imag'ination we may §et quit of the lateral loss bv supposing the 
diameter of the candle to be increased without limit, the"^ source of light 
being at the same time extended over the whole of the horizontal plane. 

To come to a definite question, we may ask what is the proportion of 
light reflected when it is incident equally in all directions upon a surface of 
transition, such as is constituted by the candle fracture. The answer 
depends upon a suitable integration of Tresnel’s expression for the re- 
flection of light of the two polarisations, viz. 

sinX^+(^')’ tan^lo-hdy 

where d, 0' are the angles of incidence and refraction. We may take first 
the case where ^>d', that is, when the transition is from the less to the 
more refractive medium. 


The element of solid angle is 27 r sin 0 d0, and the area of cross-section 
corresponding to unit area of the refracting surface is cos 0 ; so that we have 
to consider 

2.J^ sin ^ cos ^ (^2 Qj. ^2^ ^10^ ^2) 

the multiplier being so chosen as to make the integral equal to unity when 
/S'® or T- has that value throughout. The integral could be "evaluated 
analytically, at any rate in the case of but the result would scarcely 
repay the trouble. An estimate by quadratures in a particular case will 
suffice for our purposes, and to this we shall presently return. 

In ( 2 ) 6 varies from 0 to and 0' is always real. If we suppose the 
passage to be in the other direction, viz. from the more to the less refractive 
medium, and being symmetrical in 0 and 6' , remain as before, and we 
have to integrate 

2 sin 0' cos d' </Sf® or T®) d0'. 

The integral divides itself into two parts, the first from 0 to a, wffiere a is the 
critical angle corresponding to ^ = Jtt. In this S\ have the values given 
in ( 1 ). The second part of the range from 6' — (x to 0' = involves “total 
reflection, so that /S® and must be taken equal to unity. Thus altogether 
we have 

2 [^sin 0' cos 0' (8^ or T^) d0 '-i- 2 sin 0' cos 0' d0', 


( 3 ) 
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in which siiia=l//i, ja (greater than unity) being the refractive index. 
In (3) 

tsmd'cmO'dff = ds]n^9' = ljr^dsm^S, 

and thus 

(3) = /i"*x(2) + l-fi"*=^j|ji4*-l+| sin2^(/S^or 

expressing the proportion of the uniformly diffused incident light reflected 
in this case. 

Much the more important part , is the light totally reflected. If /* = IS, 
this amounts to 5/9 or 0'5556. 

With the same value of /i, I find by Weddle’s rule 


^sin 20 . 8^dd = 0-1460,* I sin 20. m = 0-0339. 


Jo Jo 

Thus for light vibrating perpendicularly to the plane of incidence 

(4) = 0-5556 + 0-0649 = 0-6205; 
while for light vibrating in the plane of incidence 

(4) = 0-5656 + 0-0151 =0-5707. 

The increased reflection due to the diffusion of the light is thus abundantly 
explained, by far the greater part being due to the total reflection -which 
ensues when the incidence in the denser medium is somewhat oblique. 
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THE PRESSURE OP RADIATION AND CARNOT’S PRINCIPLE. 

[Fature, Yol. xcn. pp. 527, 528, 1914.] 

As is well known, the pressure of radiation, predicted by Maxwell, and 
since experimentally confirmed by Lebedew and by Nichols and Hull, plays 
an important part in the theory of radiation developed by Boltzmann and 
W. Wien. The existence of the pressure according to electromagnetic theory 
is easily demonstrated*, but it does not appear to be generally remembered 
that it could have been deduced with some confidence from thermodynamical 
principles, even earlier than in the time of Maxwell. Such a deduction was, 
in fact, made by Bartoli in 1876, and constituted the foundation of Boltz- 
mann’s workf. Bartoli’s method is quite sufficient for his purpose; but, 
mainly because it employs irreversible operations, it does not lend itself to 
further developments. It may therefore be of service to detail the elementary 
argument on the lines of Carnot, by which it appears that in the absence of 
a pressure of radiation it would be possible to raise heat from a lower to a 
higher temperature. 

The imaginary apparatus is, as in Boltzmann’s theory, a cylinder and 
piston formed of perfectly reflecting material, within which we may suppose 
the radiation to be confined. This radiation is always of the kind charac- 
terised as complete (or black), a requirement satisfied if we include also a 
very small black body with which the radiation is in equilibrium. If the 
operations are slow enough, the size of the black body may be reduced 
without limit, and then the whole energy at a given temperature is that of 
the radiation and proportional to the volume occupied. When we have 
occasion to introduce or abstract heat, the communication may be supposed 

* See, for example, J. J. Thomson, Elements of Electricity and Magnetism (Cambridge, 1895, 
§ 241); Eayleigh, Ehil. Mag. Vol. xlv. p. 222 (1898); Scientific Papevs, Yol. iv. p. .854. 

1“ Wied. Ann. Vol. xxxii. pp. 31, 291 (1884). It is only through Boltzmann that I am 
acquainted with Bartoli’s reasoning. 
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in the first instance to he with the black body. The operations are of two 
kinds; (1) compression (or rarefaction) of the kind called adiabatic, that is, 
without communication of heat. If the volume increases, the temperature 
must fall, even though in the absence of pressure upon the piston no work 
is done, since the same energy of complete radiation now occupies a larger 
space. Similarly a rise of temperature accompanies adiabatic contraction. 
In the second kind of oper*ation (2) the expansions and contractions are 
isothermal — that is, without change ^bf temperature. In this case heat must 
pass, into the black body when the volume expands and out of it when the 
volume contracts, and at a given temperature the amount of heat which 
must pass is proportional to the change of volume. 

The cycle of operations to be considered is the same as in Carnot’s theory, 
the only difference being that here, in the absence of pressure, there is no 
question of external work. Begin by isothermal expansion at the lower 
temperature during which heat is taken in. Then compress adiabatically 
until a higher temperature is reached. Next continue the compression iso- 
thermally until the same amount of heat is given out as was taken in during 
the first expansion. Lastly, restore the original volume adiabatically. Since 
no heat has passed xipon the whole in either direction, the final state is 
identical with the initial state, the temperature being recovered as well as 
the volume. The sole result of the cycle is that heat is raised from, a lower 
to a higher temperature. Since this is assumed to be impossible, the sup- 
position that the operations can be performed without external work is to 
be rejected — in other words, we must regard the radiation as exercising a 
pressure upon the moving piston. Carnot’s principle and the absence of a 
pressure are incompatible. 

For a further discussion it is, of course, desirable to employ the general 
formulation of Carnot’s principle, as in a former paper *. If p be the pressure, 
0 the absolute temperature, 

= ( 29 ) 

where ilf dv represents the heat that must be communicated, while the 
volume alters by dv and dd — 0. In the application to radiation M cannot 
vanish, and therefore p cannot. In this case clearly 

M = U+p (30) 

where U denotes the volume-density of the energy- — a function of 6 only. 
Hence 

+ p ....(31) 

* “On tlie Pressure of Vibrations,” Phil. Mag. Vol. in. p. 338, 1902; Scientific Papers, 
Vol. V. p. 47. 
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FURTHER APPLICATIONS OF BESSEL’S FUNCTIONS OF HIGH 
ORDER TO THE WHISPERING GALLERY AND ALLIED 
PROBLEMS. 


[Philosophical Magazine, Vol. xxvii. pp. 100 — 109, 1914.] 


In the problem of the Whispering Gallery* waves in two dimensions, of 
length small in comparison with the circumference, were shown to run round 
the concave side of a wall with but little tendency to spread themselves 
inwards. The wall was supposed to be perfectly reflecting for all kinds of 
waves. But the question presents itself whether the sensibly perfect re- 
flexion postulated may not be attained on the principle of so-called “ total 
reflexion,” the wall being merely the transition between two uniform media 
of which the outer is the less refracting. It is not to be expected that 
absolutely no energy should penetrate and ultimately escape to an infinite 
distance. The analogy is rather with the problem treated by Stokesf of 
the communication of vibrations from a vibrating solid, such as a bell or 
wire, to a surrounding gas, when the wave-length in the gas is somewhat 
large compared with the dimensions of the vibrating segments. The energy 
radiated to a distance may then be extremely small, though not mathe- 
matically evanescent, 

A comparison with the simple case where the surface of the vibrating 
body is {x = 0) is interesting, especially as showing how the partial 


* Phil. Mag. Vol. xx. p. 1001 (1910); Scientific Papers, Vol. v. p. 619. But the numbers 
there given require some correction owing to a slip in Nicholson’s paper from which they were 
derived, as was first pointed out to me by Prof. Macdonald. Nicholson’s table should be inter- 
preted as relating to the values, not of 2-1128 {u-z)lz\ but of 1*3447 (n - see Nicholson, 
Phil. Mag. Vol. xxv. p. 200 (1918). Accordingly, in my equation (5) l-1814?i^ should read 
1-8658 and in equation (8) •51342/44 should read *8065 /t*. (1916. Another error should be 

noticed. In (8), = / cos n {a> - sin w) dw/zr must be omitted, the integrand being periodic. See 

Watson, Phil, Mag. Vol. xxxii- p. 233, 1916.] 

t Phil. Trans. 1868. See Thaory of Sound, Vol. ii. § 324. 


14—2 
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escape of energy is connected with the curvature of the surface. If V be 
the velocity of propagation, and ‘^Trjk the wave-length of plane waves of 
the given period, the time-factor is e**^*^, and the equation for the velocity- 
potential in two dimensions is 




( 1 ) 


If <p he also proportional to cos my, (1) reduces to 

= ... 


( 2 ) 


of which the solution changes its form when m passes through the value Ic. 
For our purpose m is to be supposed greater than k, viz. the wave-length of 
plane waves is to be greater than the linear period along y. That solution 
of (1) on the positive side which does not become infinite with x is propor- 
tional to gQ t;hat we may take 

<jf) = cos ibFt . cos my . (3) 

However the vibration may be generated at a; = 0, provided only that the 
linear period along y be that assigned, it is limited to relatively small values 
of ® and, since no energy can escape, no work is done on the whole at x==-Q, 
And this is true by however little m may exceed k. 

The reason of the difference which ensues when the vibrating surface is 
curved is now easily seen. Suppose, for example, that in two dimensions 0 
is proportional to cos^^^, where ^ is a vectorial angle. Near the surface of 
a cylindrical vibrator the conditions may be such that (3) is approximately 
applicable, and cf) rapidly diminishes as we go outwards. But when we reach 
a radius vector r which is sensibly different from the initial one, the con- 
ditions may change. In effect the linear dimension of the vibrating 
compartment increases proportionally to r, and ultimately the equation (2) 
changes its form and cf) oscillates, instead of continuing an exponential 
decrease. Some energy always escapes, but the amount must be very small 
if there is a sufacient margin to begin with between m and k. 

It may be well before proceeding further to follow a little more closely 
what happens when there is a transition at a plane surface a; = 0 from a 
more to a less refractive medium. The problem is that of total reflexion 
when the incidence is grazing, in which case the usual formulm^ become 
nugatory. It will be convenient to fix ideas upon the case of sonorous 

waves, but the results are of wider application. The general differential 
equation is of the form 

dt^ Xdoci^ 

* See for example Theory of Sound, Vol. ri. § 270. 


( 4 ) 
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which we will suppose to he adapted to the region where m is negative. On 
the right {x positive) F is to he replaced hy Vi, where Fj > F, and <;6 by <^i. 
In optical notation -VilV jm, where fju (greater than unity) is the refractive 
index. We suppose <jE) and <f>i to be proportional to b and c being 

the same in both media. Further, on the left we suppose h and c to he 
related as they would be for simple plane waves propagated parallel to y. 
Thus ( 4 ) becomes, with omission of 





of which the solutions are 

(p — A. + JBx, .....(6) 

A, B, C denoting constants so far arbitrary. The boundary conditions 
require that when x = 0, d<f>ldx = d<pjdx and that p4> — px<pi, p, pi being 
the densities. Hence discarding the imaginary part, and taking = 1, we 
get finally 

— ^j. cos {by + ct), (7) 


-P~ e i)/m cos {by + ct) (8) 

pi 

It appears that while nothing can escape on the jDOsitive side, the amplitude 
on the negative side increases rapidly as we pass away from the surface of 
transition. 

If ya < 1 , a wave of the ordinary kind is propagated into the second 
medium, and energy is conveyed away. 

In proceeding to consider the effect of curvature it will be convenient 
to begin with Stokes’ , problem, taking advantage of formuke relating to 
Bessel’s and allied functions of high order developed by Lorenz, Nicholson, 
and Macdonald*. The motion is supposed to take place in two dimensions, 
and ideas may be fixed upon the case of aerial vibrations. The velocity- 
potential <56 is expressed by means of polar coordinates r, 6 , and will be 
assumed to be proportional to cos nO, attention being concentrated upon the 
case where n is a large integer. The problem is to determine the motion 
at a distance due to the normal vibration of a cylindrical surface at r= a, 
and it turns upon the character of the function of r which represents a 
disturbance propagated outwards. If Dn (kr) denote this function, we have 


(f) = cos nd . Dn (kr), (9) 

and Dn (^) satisfies Bessel’s equation 

Dn^ H- — Dn — 9 (19) 


* Compare also Debye, Math, Ann, Tol. lxvii, (1909). 



214 


FUETHEE APPLICATIONS OP BESSEL’S FUNCTIONS OF 


It may be expressed in the form 

r pinir T 

. - - — (11) 

which, however, requires a special evaluation when n is an integer. Using 
Schlafli’s formula 

(^z) =— f cos sin ^ — nff) dd — - f ^-ne-z sinii e . . . (i 2) 

TTJ 0 TT Jo 

n being positive or negative, and .s' positive, we find 

1 ^ oo p oo 

D,, (z)=- « d0 + — sioii e ^^0 

77 Jo 

~~J^ ^ ~ ^ f ^ ( 1 ‘U 

the imaginary part being simply. This holds good for any integral 

value of n. The present problem requires the examination of the form 
assumed by when n is very great and the ratio zjn decidedly greater, 
or decidedly less, than unity. 

In the former case we set ?^ = .s sin a, and the important part of i),i arises 
from the two integrals last written. It appears* that 

I>n={ ^ Ye""'’, (14) 

Kirz cos a/ \ } 

where p — ^7^ + z {cos a — (Itt — a) sin a}, ( lf>) 

or when z is extremely large (a = 0) 

I>n (-s) = 

K'TTZ) 

At a great distance the value of 0 in (9) thus reduces to 

^ ~ (7T^r) , 

from which finally the imaginary part may be omitted. 

Wien on the other hand zjn is decidedly less than miitv, I, lie most 
in^ortant part of (1.3) arises from the first and l.-vst integrals. We set 
n~z cosh /3, and then, n being very great, 

■®”(^)“r'2,OT") 12e-‘-«‘}, (|H> 

where t = n (tanh ^ — /9) (19) 

Nicholson, B. A. Report. Dublin 1908 -n • pl;; nr tr i 

dooald, Phil. Tra,^. Vol. L. p. 135 JI909™’ ’ “ 
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Also, the most important part of the real and imaginary terms being retained, 




sinh ^ cosh/SN^ 


.( 20 ) 


The application is now simple. From (9) with introduction of an 
arbitrary coeflScient 

^ == kA cos m-d . D,: (kr) (21) 

dr 

If we suppose that the normal velocity of the vibrating cylindrical surface 
(r = a) is represented by cos? 2 ^, we have 

kAI)n:(kd)=l, ( 22 ) 

and thus at distance r 



or when f is very great 


-TmjST 


.( 2 *) 


^ 

We may now, following Stokes, compare the actual motion at a distance 
with that which would ensue were lateral motion prevented, as by the 
insertion of a large number of thin plane walls radiating outwards along 
the lines ^ = constant, the normal velocity at r=a being the same in both 
cases. In the altered problem we have merely in (23) to replace Dn, 
by jOq, Do- When ^ is great enough, Dn{2) has the value given in (16), 
independently of the particular value of n. Accordingly the ratio of 
velocity-potentials at a distance in the two cases is represented by the 
symbolic fraction 

Dq (^t^ 

D l V^a)’ ^ ^ 


in which 




2 




.(26) 


We have now to introduce the value of J),/ {ka). When n is very great, and 
kajn decidedly less than unity, t is negative in (20), and e* is negligible in 
comparison with e''*. The modulus of (25) is therefore 

( V ,/ e-" 

Vsinh 3cosh ySy ’ sinh^^ /S * ^ 

For example, if n= Ika, so that the linear period along the circumference of 
the vibrating cylinder (27ra/«.) is half the wave-length, 

cosh/3=2, = 1-317, sinh/3 = 1-7321, tanh /9 == *8660, 

and the numerical value of (27) is 


^ ^( 1 - 732 ). 
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When n is great, the vibration at a distance is extraordinarily small in com- 
parison with what it would have been were lateral motion prevented. As 
another example, let n= 1-1 ^a. Then (27) = V(-4587). Here n 

would need to be about 17 times larger for the same sort of effect. 

The extension of Stokes’ analysis to large values of ?? only emphasizes his 
conclusion as to the insignificance of the effect propagated to a distance when 
the vibrating segments are decidedly smaller than the wave-length. 


We now poceed to the case of the whispering gallery supposed to act by 
total reflexion. From the results already given, we may infer that when 
the refractive- index is moderate, the escape of energy must be verv small, 
and accordingly that the vibrations inside have long persistence. There is’, 
however, something to be said upon the other side. On account of the con- 
centration near the reflecting wall, the store of enei’gy to be drawn upon 

is diminished. At all events the problem is worthy of a more dcdaileii 
examination. 

Outside the surface of transition (r = a) we have the same expression (9) 
as before for the velocity-potential, and V having values proper to the 
outer medium. Inside k and V are different, but the product is the 
same. We will denote the altered k by k In accordance with our sup- 
positions /i >k and /i/^ represents the refractive index (g.) of the inside 
me mm rektively to that outside. On account of the damping /»; and A are 
complex though their ratio is real; but the imaginary part is relatively 
small. Thus, omitting the factors cos nd, we have (■/• > a) 

^ (Ar), 

and inside (r< a) = (hr) 

boundary conditions to be satisfied when easily expressed 

The equality of normal motions requires that 

JcADn (ka) = h£ ilia ) ; , .(30) 

and the equality of pressures requires that 

<tAT)^ ih(i) = pJB J ihci), (81 ) 

In the densities of the outer and inner media re.speeti^•(.Iy The 

(“> addition to'/, is 

l^Dn (Ag.) _ hJ^ ill a) 

a-Dn ika) ~ Jj^Jliaj (82) 

the imao-inary nart is relnf « Jic ii es an imaginary part. But since 
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Since ka is supposed to be decidedly less than w, and Dn are given by 
(18), (20) ; and, if we neglect the imaginary part. 



DJ {ka) 
-On {ka) 

— sinh i3. 

(33) 

Thus (32) becomes 

Jn {ha) _ 
Jn (ha) 

— sinh G, • 

crli 

(34) 


the right-hand member being real and negative. Of this a solution can 
always be found in which ha = n very nearly. For* Jn (^) increases with z 

from zero until z — n+ when Jn {z) = 0, and then decreases until it 

vanishes when z — n . Between these limits for z, JnJJn assumes 
all possible negative values. Substituting n for ha on the right in (34), 
we get 

— sinh or — ^ tanh /3, (35) 

while cosh ^ — fx. The approximate real value of ha is thus n simply, while 
that of ha is n/fx. 

These results, though stated for aerial vibrations, have as in all such 
(two-dimensional) cases a wider application, for example to electrical vibra- 
tions, whether the electric force be in or perpendicular to the plane of r, 6. 
For ordinary gases, of which the compressibility is the same, 

pier = 

Hitherto we have neglected the small imaginary part of D^'fDn- By 
(18), (20), when z is real, 

itM ^ = ~ ^ . (1 + i e“*) (36) 

approximately, with cosh j3 — n/z. We have now to determine what small 
imaginary additions must be made to ha, ka in order to satisfy the complete 
equation. 

Let us assume 1ia — x-\‘ iy, where x and y are real, and y is small. Then 
appi’oximately 

Jn + iy) _Jn (^0 + iyJn" (^ ) 

If n (x -\r iy^ J n\x) iy J n {x^ 

and = 

VG \ so*" J 

Since the approximate value of x is n, is small compared with or J"/, 
and we may take 

{x iy) ^ J«' (a?) f , _ . Jn jx )) 

Jn (^‘ + iy) Jn {i«) 1 Jn (^) j 

* See paper quoted on p. 211 and correction. 


( 87 ) 
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Similarly, if we write ha — x' iy\ where x* = ^r/yu,, y' — yj 

A/ {oo' + iy') D/ {x') + iy Dn" {x') 

Dn {x' + iy') {x') + iy' D^' (x') ’ 

and in virtue of (10) 

{x') = - Dn' {x') + sinh^ /3 {x), 

Th 

where cosh ^ = n/x'. Thus 


I>n jx' + iy') _ Dn'ipf) It , • . , 
l)n (*' + iy') B,; (io') r + 1, 

Accordingly with use of (36) 

(x' 4- iy') . , ^ f . / 

A {x' + ~ /3 |i + i- 6=^* + ^y (- 


cosh /8 


72, 


4- sinh® /3 — 


tl 


cosh 


D, 


DA' 


/) ' 


n 


+ sinh^ /3 — -y.- 


(38) 


Equation (32) asserts the equality of the expressions on the two sides of (38) 
with 


^ J, ; (x ) I (a!) | 

kpj^(w)Y ^ ’ 


If we neglect the imaginary terms in (88), (37), we fall back on (84). The 
imaginary terms themselves give a second equation. In forming this we 
notice that the terms in y' vanish in comparison with that in y. For in the 
coefficient of y' the first part, viz. — cosh (3, vanishes when n is made 
infinite, while the second and third parts compensate one another in virtue 
of (33). Accordingly (32) gives with regard to (34) 

_ cr/i e-* yacr e”2n O-tanh^) 

^ ^ pk sinh (3~ p sinh /3 ’ 

in which . cosh /3 = /x (40) 


.(39) 


In (39) iy is the imaginary increment of ha, of which the princiiDal real 
part is n. In the time-factor the exponent 


ilcVt 


ihaYt inVt 


ll 4- 


n ]■ 


pa pa 

In one complete period r, nYtjpa undergoes the increment 27r. The ex- 
ponential factor giving the decrement in one period is thus 

(41) 

or with regard to the smallness of (39) 

27 ryao- (^-tanh^) 


1 - 


.(42) 


np sinh j3 

This is the factor by which the amplitude is reduced after each complete 
period. 
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In the case of ordinary gases pja- = /jl\ As an example, take /z. = cosh /3 = 1‘3 ; 
then (42) gives 

1- -581^-1 (43) 


When n rises beyond 10, the damping according to (43) becomes small; and 
when n is at all large, the vibrations have very great persistence. 

In the derivation of (42) we have spoken of stationary vibrations. But 
the damping is, of course, the same for vibrations which progress round the 
circumference, since these may be regarded as compounded of two sets of 
stationary vibrations which differ in phase by 90°. 

Calculation thus confirms the expectation that the whispering gallery 
effect does not require a perfectly reflecting wall, but that the main features 
are reproduced in transparent media, provided that the velocity of waves is 
moderately larger outside than inside the surface of transition. And further, 
the less the curvature of this surface, the smaller is the refractive index 
(greater than unity) which suffices. 
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ON THE DIFFRACTION OF LIGHT BY SPHERES OF SMALL* 

RELATIVE INDEX. 

{Proceedings of the Royal Society, A, Vol. xc. pp. 219 — 225, 1914.] 

In a short paper “ On the Diffraction of Light by Particles Comparable 
with the Wave-length f,” Keen and Porter describe curious observations upon 
the intensity and colour of the light transmitted through small particles of 
precipitated sulphur, while still in a state of suspension, when the size of the 
particles is comparable with, or decidedly larger than, the wave-length of 
the light. The particles principally concerned in their experiments appear 
to have decidedly exceeded those dealt with in a recent paper^, where the 
calculations were pushed only to the point where the circumference of the 
sphere is 2’25 X. The authors cited give as the size of the particles, when 
the intensity of the light passing through was a minimum, 6 to 10 (m, that 
is over 10 wave-lengths of yellow light, and they point out the desirability 
of extending the theory to larger spheres. 

The calculations referred to related to the particular case where the 
(relative) refractive index of the spherical obstacles is 1'5. This value was 
chosen in order to bring out the peculiar polarisation phenomena observed in 
the diffracted light at angles in the neighbourhood of 90", and as not inappro- 
priate to experiments upon particles of high index suspended in water. 
I remarked that the extension of the calculations to greater particles would 
be of interest, but that the arithmetical work would rapidly become heavy. 

There is, however, another particular case of a more tractable character, 
viz., when the relative refractive index is small * ; and although it may not be 
the one we should prefer, its discussion is of interest and would be expected 

* [1914. It would have been in better accordance with usage to have said “ of Eelative 
Index differing little from Unity.”] 

f Roy. Soc. Proc. A, Vol. nxxxix. p. 370 (1913). 

X Roy. Soc. Proc. A, Vol. nxxxiv. p. 25 (1910) ; Scientific Papers, Vol. v. p. 547. 
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to throw some light upon the general course of the phenomenon. It has 
already been treated up to a certain point, both in the paper cited and the 
earlier one * in which experiments upon precipitated sulphur were first 
described. It is now proposed to develop the matter further. 

The specific inductive capacity of the general medium being unity, that of 
the sphere of radius JR is supposed to be K, where JJJ — 1 is very small. 
Denoting electric displacements by /, g, h, the primary wave is taken to be 

— — ( 1 ) . 

so that the direction of propagation is along x (negatively), and that of 
vibration parallel to z. The electric displacements (/i, gx, in the scattered 
wave, so far as they depend upon the first power of {K. — 1), have at a great 
distance the values 

■f. n. },. 

ji > Qi : 1 ^ ^ 7*^ ) ^ *••••*•• -(.-- j / 


in which 


(^K — 1 ) . Qik{x~r) 


In these equations r denotes the distance between the point (a, /3, ry) 
where the disturbance is required to be estimated, and the element of volume 
{dxdydz) of the obstacle. The centre of the sphere JR will be taken as the 
origin of coordinates. It is evident that, so far as the secondary ray is 
concerned, P depends only upon the angle (p^;) which this ray makes with the 
primary ray. We will suppose that = 0 in the direction backwards along 
the primary ray, and that % w along the primary ray continued. The 
integral in (3) may then be found in the form 


27rJ2“ 
k cos 



Jx (2/ri2 cos cos^ cf> d<f>, 



r now denoting the distance of the point of observation from the centre of 
the sphere. Expanding the Bessel’s function, we get 


P 


■" 3 “"^'“ 






oriJ' 


2.5 2.4.5. 7 2.4.6. 5.7.9 





(5) 


in which m is written for 2kRcosJ^x- is to be observed that in this 
solution there is no limitation upon the value of li if {K — 1)“ is neglected 
absolutely. In practice it will suffice that {K — 1) Rl\ be small, X (equal to 
27r//c) being the wave-length. 

* Phil. Mag. Vol. xii. p. 81 (1881) ; Scientific Papers, Yol. x. p. 618. 
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These are the formulae previously given. I had not then noticed that the 
integral in (4) can be expressed in terms of circular functions. By a general 
theorem due to Hobson * 


so that 


J, (m cos <p) cos^ 4>dcf> = ^ = 


m cos m 


m 


JP = — — 1) . 4s'7rli^ . ^ 


sin 7iz cos m' 




!OS m\ 

J ’ 


.( 6 ) 

(^) 


in agreement with (5). The secondary disturbance vanishes with P, viz., 
when tan m = m, or 


m = 2/cP cos = TT (1-4303, 2-4690, 3-4709, 4-4774, 5-4818, etc.)i- (8) 

The smallest value of kR for which P vanishes occurs when % = 0, i.e. in the 
direction backwards along the primary ray. In terms of \ the diameter is 

2P = 0-715X (9) 

In directions nearly along the primary ray forwards, cos small, and 

evanescence of P requires much larger ratios of R to X. As was formerly 
fully discussed, the secondary disturbance vanishes, independently of P, in 
the direction of primary vibration (« = 0, /3 = 0). 


In general, the intensity of the secondary disturbance is given by 

(10) 


in which Po denotes P with the factor e’- («*-*»■) omitted, and is a function of x, 
the angle between the secondary ray and the axis of x. If we take polar 
coordinates {x, 4>) round the axis of x. 


1 


72 


1 — sin^ X cf ) ; 


( 11 ) 


and the intensity at distance 7- and direction (^, 0) may be expressed in 
terms of these quantities. In order to find the effect upon the transmitted 
light, we have to integrate (10) over the whole surface of the sphere r 
Thus 

^ = tt sin X dx (1 + cos" x) 


'irk'^ (K — 1 )" P" 1 sin x dx (1 + cos" x) 

d 0 


(sin 771 — 771 cos 77iY 


'rrv^ 




{K- 1)" f — {2 - ^ + 


X (1 + 'trP + (m" — I) cos 2m — 2m sin 2m}. (12) 


* JLond. Math. Soc. Proc. Vol. xxv. p. 71 (1893). 
h See Theory of Sound, VoL ii. § 207. 
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The integral may be expressed by means of functions regarded as known. 
Thus on integration by parts 

rm ^ diyv 

I [l+7n? + (m^ — 1) cos 2m — 2m sin 2m} ~ 

1 — cos 2m sin 2m 1 1 

4m'‘ 2m® 2m® 2 ’ 


rm 

{1 + m® + (m® — 1) cos 2m — 2m sin 2m} 

J 0 


1 — cos , cos 2m . ein 2m - 

H — 1 

n m m 


(Jbh 

{1 4- m® 4- (m® — 1) cos 2m — 2m sin 2m} — 


in 1 _ cos 2m , m® m sin 2m 5 cos 2ni 5 
*« + -- + 2 +— 4 i- 


Accordingly, if m now stand for 2 /cjK, we get 


r® 1 sin X dx d<p (/i® 4- .^x® 4- //a") 


Trii® (K- 1)® f 7(1- cos 2m) 


sin 2m ^ „ /4 f ^ — cos 2'??^ , 

4- 5 + OT.® 4- — 4 - — dm 

?7i \m^ J J 0 m 


,.(13) 


If m is small, the { } in (13) reduces to 


so that ultimately 


0 4 0 X m^ 4 A- m*, 


(13) = (K - 1)®, (14) 


in agreement with the result which may be obtained more simply from (5). 
If we include another term, we get 

(13) = (ff- 1)= fl - 4’^') (15) 


As regfirds the definite integral, still written as such, in (13), we have 


■ '"1 — cos 2 m , 

- ” dm — I 

« m J 0 


X a‘® £r/ 


1.2 4! ' 6 


+ 7r-7 — • • • f dx = 7 4- log ( 2m) — Ci ( 2m), (16) 


where 7 is Euler’s constant (0-5772156) and Ci is the cosine-integral, 
defined by 


Ci (.%■) 


cos u 


.(17) 


As in (16), when x is moderate, we may use 
Ci (.X-) = 7 4 log ic - i 4 i I - 


1.2 '‘M.2.3.4 


( 18 ) 
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which is always convergent. When x is great, we have the semi-convergent 
series 


Ci (x) — sin X 


1 1.2 1 . 2 . 3. 4 


(X) 


QCr 




COS X 


1 1 . 2 . 31 . 2 . 3 . 4.6 

H 




x^ 


x^ 




Fairly complete tables of Ci {x), as well as of related integrals, have been 
given by Glaisher^. 


When m is large, Ci (2m) tends to vanish, so that ultimately 

C" 1 — cos 2m 

J 0 m 


dm == 7 + log (2on). 


Hence, when kM is large, (13) tends to the form 


(13) = (K - ly (20) 

Glaisher’s Table XII gives the maxima and minima values of the cosine- 
integral, which occur when the argument is an odd multiple of Thus : 


n 

Ci (n7r/2) 

n 

Ci (n7r/2) 

1 

+ 0-4720007 

7 

- 0-0895640 

3 

- 0-1984076 

9 

+ 0-0700653 

6 

+ 0-1237723 

11 

- 0-0575011 


These values allow us to calculate the { } in (13), viz.. 


7(1-— cos 2'Wt) sin 2m 




m 


5 -1- -H 


A 


4 J [7 4- log 2m -Ci (2m)], (21) 


when 2fn ~ n7r/2, and n is an odd integer. In this case cos 2m = 0 and 
sin 2m = ± 1, so that (21) reduces to 


;> 


6 


nf TT" 


+ 


A 

mr 


+ 5 -l- 


Tq 


-b 


64 


4^ [7 + log {n7rl2) — Ci ('/?.7r/2)]. (22) 


We find 


11 

(22) 

n 

(22) 

1 

0-0530 

7 

23-440 

3 

2-718 

9 

42-382 

5 

10-534 

11 

65-958 


* Phil.. Trans. Vol. clx. p. 367 (1870). 
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For values of n, much greater, (22) is sufficiently represented by w.vyi6, 
or 7n“, simply. It appears that there is no tendency to a falling-off in the 
scattering, such as would allow an increased transmission. 

In order to make sure that the special choice of values for m has not 
masked a periodicity, I have calculated also the results when n is even. 
Here sin 2m = 0 and cos 2m = ± 1 , so that (21) reduces to 


112(1 or 0) . 

2' O + -- -y— 


- 4^ [7 + log (n7r/2) - Ci (W7r/2)]. (23) 


The following are required: 


n 

Ci (rt 7 r/ 2 ) 

! 

Ci (n7r/2) 

2 

! 

+ 0-0738 

8 

-0-0061 

4 

- 0-0224 ! 

10 

+ 0-0040 

6 

-+-0-0106 i 




of which the first is obtained by interpolation from Glaisher’s Table VI, and 
the remainder directly from (19), Thus : 


11 

(23) 

11 

(23) 

2 

0-7097 

8 

32-,336 


6-1077 

10 

53-477 

6 

KMte 

i 


1 


The better to exhibit the course of the calculation, the actual values of the 
several terms of (23) when n = 10 may be given. We have 


112 

n^TT*^ 




64 

rr 


0-11348, =61-685, 


= 4 - 0-06485 = 3*9351.5, 


7 4- log(7r/2) -h log n - Ci (n7r/2) = 0*57722 + 0*45158 +• 2*30259 - 0*0040 

= 13*094, 


so that ( 4 , - (7 H- log (7^7^/2) - Ci (a7r/2)} = 13-094. 

It will be seen that from this onwards the term aV^/lG, viz., greatly 
preponderates ; and this is the term which leads to the limiting form (20). 

The values of 21^/A. concerned in the above are very moderate. Thus, 
a = 10, making m = 47rii/X == 107r/4, gives 2i2/A = 5/4 only. ISTeither below 

15 


K. VI. 




226 DIFFRACTION OF LIGHT BY SPHERES OF SMALL RELATIVE INDEX [381 

this point, nor beyond it, is there anything but a steady rise in the value of 
(13) as I diminishes when R is constant. A fortiori is this the case when R 
increases and X is constant. 

An increase in the light scattered from a single spherical particle implies, 
of course, a decrease in the light directly transmitted through a suspension 
containing a given number of particles in' the cubic centimetre. The 
calculation is detailed in my paper “ On the Transmission of Light through 
an Atmosphere containing Small Particles in Suspension and need not he 
repeated. It will be seen that no explanation is here arrived at of the 
augmentation of transparency at a certain stage observed by Keen and 
Porter. The discrepancy may perhaps be attributed to the fundamental 
supposition of the present paper, that the relative index is very small [or 
rather very near unity], a supposition not realised when sulphur and water 
are in question. But I confess that I should not have expected so wide 
a difference, and, indeed, the occurrence of anything special at so great 
diameters as 10 wave-lengths is surprising. 

One other matter may be alluded to. It is not clear from the description 
that the light observed was truly transmitted in the technical sense. This 
light was much attenuated — down to only 5 per cent. Is it certain that it 
contained no sensible component of scattered light, but slightly diverted 
from its original course ? If such admixture occurred, the question would 
be much complicated. 


* mi. Mas. Tol xivu. p. 375 (1899) ; Saientifix Papen, Vol. iv. p. 397. 
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SOME CALCULATIONS IN ILLUSTRATION OF 
FOURIER’S THEOREM. 


[Proceedings of the Royal Society, A, Vol. xo. pp. 318 — 323, 1914.] 


Accoeding to Fourier’s theorem a curve whose ordinate is ai’bitrary over 
the whole range of abscissje from — oo to .« = +- co can be compounded 
of harmonic curves of various wave-lengths. If the original curve contain 
a discontinuity, infinitely small wave-lengths must be included, but if the 
discontinuity be eased off, infinitely small wa've-lengths may not be necessary. 
In order to illustrate this question I commenced several years ago calcula- 
tions relating to a very simple case. These I have recently resumed, and 
although the results include no novelty of principle they may be worth 
putting upon record. 

The case is that where the ordinate is constant (tt) between the limits ± 1 
for X and outside those limits vanishes. 


In general 


0 («) = 1 ["dk 
'^Jq 


' 4-w 


dv (p (v) cos k{v — x) ( 1 ) 


• 00 


Here 


' + 00 


dv (p (v) cos h (v - x) == 27r cos kx dv cos kv = 27 r cos kw 


"00 


sin k 


TT 


k 


r jsin k {x -I- 1) — sin k (x — 1)}, 




dk 


7 " (sin k (ir H- 1) — sin k {x ~ 1)]. 

K 


■( 2 ) 


As is well known, each of the integrals in (2) is equal to ± Jtt; so that, as 
was required, (p {x) vanishes outside the limits ± 1 and between those limits 
takes the value tt. It is proposed to consider what values are assumed by 
when in (2) we omit that part of the range of integration in which k 
exceeds a finite value k^. 


15—2 
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The integrals in (2) are at once expressible by what is called the sine- 


integral, defined by 

Si(0) = : (3) 

Thus (/) (ir) = Si/ci (a? 4- 1) — Si A?! (a; — 1), (4) 


and if the sine-integral were thoroughly known there would be scarcely 
anything more to do. For moderate values of 0 the integral may be calcu- 
lated from an ascending series which is always convergent. For larger 
values this series becomes useless ; we may then fall back upon a descending 
series of the semi-convergent class, viz., 


Si(^) 


TT 

2 


cos ^ 


1 1.2 1 . 2 . 3. 4 


6 ^ 


-h 




sin 0 


1 1.2.3 1.2. 3. 4. 5 

0 -^ 0 ^^ 


•} (5) 


Dr Glaisher* has given very complete tables extending from ^ = 0 to 
0=1, and also from 1 to 5 at intervals of O'l. Beyond this point he gives 
the function for integer values of 0 from 5 to 15 inclusive, and afterwards 
only at intervals of 5 for 20, 25, 30, 35, &c. For my purpose these do not 
suffice, and I have calculated from (5) the values for the missing integers 
up to 0 = 60. The results are recorded in the Table below. In each case, 
except those quoted from Glaisher, the last figure is subject to a small 
error. 


For the further calculation, involving merely subtractions, I have selected 
the special cases /ci = 1, 2, 10. For = 1, we have 

(.r) = Si (a; ■+ 1) - Si (a- - 1) (6) 


e 

Si (d) 

e 

Si {0) 

0 

Si (0) 

0 

Si(^) 

16 

1 -63130 

28 

1 -60474 

39 

1-56334 

50 

1-55162 

17 

1 -59013 

29 

1 -59731 

40 

1 -58699 

51 

1 -55600 

18 

1 -53662 

30 

1 -56676 

41 

1-59494 

52 

1 -57357 

10 

1-51863 

31 ! 

1-54177 

42 i 

1-58083 

53 

1 -58798 

20 

1 -54824 

32 

1 -54424 

43 

1 -55836 

54 

1-58634 

21 

1 -59490 

33 

1 -57028 

44 

1-54808 

55 

1-57072 

22 

1 -61609 

34 

1 -59525 

45 

1-55871 

56 

1 -55574 

2.3 

1 -59546 

35 

1-59692 

46 

1-57976 

57 

1 -55490 

2^4 

1 -55474 

36 

1-57512 

47 

1-59184 

58 

1-56845 

2 b 

1 -53148 

37 

1 -54861 

48 

1 -58445 

59 

1 -58368 

26 

27 

1-54487 

1 -58029 

38 

1 -54549 

i 

1 

49 

1-56507 1 

i 

60 

1 -58675 


In every case <p (ic) is an even function, so that it suffices to consider O! 
positive. 

J^hiL Trans, VoL clx. p. 867 (1870). 



1914] SOME CALCULATIONS IN ILLUSTRATION OF FOURIER'S THEOREM 229 

A’l = 1. 


X 

( a ?) 

X 


0-0 

+ 1 -8922 

2-5 

+ 0-5084 

0-5 

1-8178 

3-0 

+ 0-1528 

1*0 

1-6054 

3-5 

- 0-1244 

1-5 

1-2854 

4-0 

- 0-2987 

2-0 

0-9026 

5*0 

- 0-3335 


X 

i 

< 5 * 

6-0 

- 0-0953 

7-0 

+ 0*1495 

8-0 

+ 0-2104 

9-0 

+ 0-0842 

10-0 

- 0-0867 



and we find 


2 . 


X 

0 (jc) 

X 

0 (;b) 

X 

0(a:) 

0-0 

+ 3-2108 

0-9 

+ 1 -9929 

3-0 

- 0-1840 

0-1 

3-1934 

1-0 

1-7582 

3-5 

+ 0-1151 

0-2 

3-1417 

1-1 

1-6188 

4-0 

+ 0-2337 

0-3 

3-0566 

1-2 

1 -2794 

4-5 

+ 0-1237 

0-4 

2-9401 

1-3 

1 -0443 

5-0 

- 0-0692 

0-5 

2-7947 

1-4 

0-8179 

5-5 

- 0-1657 

0-6 

2-6235 

1-5 

+ 0-6038 

6-0 

- 0-1021 

0-7 

2-4300 

2-0 

- 0-1807 



0-8 

2-2184 

2-5 

- 0-3940 




Both for ki — 1 and for kj = 2 all that is required for the above 
(f) (x) is given in Glaisher’s tables. 


values of 
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When ^ 1 = 10 , 4> (a;) = Si (10a; H- 10) - Si (10a; - 10) (8) 

We find 

= 10 . 


X 

<p {x) 

X 

(x) 

X 

<p (x) 

0-0 

+ 3-3167 

1-7 

+ 0-1257 

3-4 

- 0-0067 

0-1 

3-2433 

1-8 

+ 0-0305 

3-5 

+ 0-0272 

0-2 

3-0792 

1-9 

- 0-0677 

3-6 

+ 0-0349 

0-3 

2-9540 

2-0 

- 0-0916 

3-7 

+ 0-0115 

0-4 

2-9809 

2-1 

- 0-0365 

3-8 

- 0-0203 

0-5 

3-1681 

2-2 

+ 0 - 0.393 

3-9 

- 0-0322 

0-6 

3-3895 

2-3 

+ 0-0709 

4-0 

- 0:0151 

0-7 

3-4388 

2-4 

+ 0-0390 

4-1 

+ 0-0142 

0-8 

3-1420 

2-5 

- 0-0213 

4-2 

+ 0-0293 

0-9 

2-4647 1 

2-6 

- 0-0562 

4-3 

+ 0-0178 

1-0 

1-5482 1 

2-7 

- 0-0415 

4-4 

- 0-0089 

1-1 

0-6488 i 

2-8 

+ 0-0089 

4-6 

- 0-0262 

1-2 

+ 0-0107 1 

2-9 

+ 0-0447 

4-6 

- 0-0194 

1-3 

- 0-2532 

3 0 

+ 0-0387 

4-7 

+ 0-0063 

1'4 

- 0-2035 

3-1 

+ 0-0000 

4-8 

+ 0-0230 

1-5 

- 0-0184 

3-2 

- 0-0353 

4-9 

+ 0-0203 

1-6 

+ 0-1202 

3-3 

- 0-0371 

5-0 

- 0-0002 



The same set of values of Si up to Si (60) would serve also for the 
calculation of (/> (x) for k^ = 20 and from a; = 0 to a; = 2 at intervals of O’Oo. 
It is hardly necessary to set this out in detail. 
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An inspection of the curves plotted from the above tables shows the 
approximation towards discontinuity as increases. 

That the curve remains undulatory is a consequence of the sudden 
stoppage of the integration at h — If we are content with a partial 
suppression only of the shorter wave-lengths, a much simpler solution is 
open to us. We have only to introduce info (1) the factor where a is 
positive, and to continue the integration up to a? = oo . In place of (2), we 
have 

<f) (x) = ^ — (sin k{x + 1) — sin k{x— 1)} = tan~^ ( ” 0 ”) * 

( 9 ) 

The discontinuous expression corresponds, of course, to a = 0, If a is 
merely small, the discontinuity is eased off. The following are values of 
<f> {x), calculated from (9) for a = 1, 0‘5, 0 05 : 


u = 1. 


X 

<j> ( a :) 

X 


X 


0-0 

1 -571 

2-0 

0-464 

4-0 

0-124 

0 -.') 

1 -446 

2-5 

0-309 

5-0 

0-080 

1-0 

■ 1-107 

3-0 

0-219 

G -0 

0-055 

1-5 

0-727 










N 


a = 0‘5. 


X 

<t> (•‘0 

X 

<p (x) 

1 

X 

<A (*) 

0-00 

2-214 

1-00 

1 -326 

2-00 

0-298 

0-25 

2-173 

1-25 

0-888 

2-50 

0-180 

0-50 

2-111 

1 -50 

0-.588 

3-00 

0-120 

0-75 

1-756 

1-75 

0-408 

3-50 

0-087 



a = 

= 0-()5. 



X 

<P (•») 

X 

</> (.<0 

1 

i 

i 

<f> (x) 

0-00 

3-041 

0-90 

2-652 

1-20 

0-222 

0-20 

3-037 

0-95 

2-331 

1-40 

0-103 

0-40 

3-023 

1-00 

1 -.546 

1 -60 

0-064 

0-60 

2-986 

1-05 

0-761 

1-80 

0-045 

0-80 

2-869 

1-10 

0-440 

2-00 

1 

0-033 


As is evident from the form of (9), ^ {x) falls continuously as x increases 
whatever may be the value of a. 






383 . 

FURTHER CALCULATIONS CONCERNING THE MOMENTUM 

OF PROGRESSIYE WAVES. 

[Philosophical Magazine, Vol. xxvii. pp. 436 — 440, 1914.] 

The question of the momentum of waves in fluid is of interest and has 
given rise to some difference of opinion. In a paper published several years 
ago* I gave an approximate treatment of some problems of this kind. For 
a fluid ipoving in one dimension for which the relation between pressure and 
density is expressed by 

p =f(p) ( 1 ) 

it appeared that the momentum of a progressive wave of mean density equal 
to that of the undisturbed fluid is given by 

X energy, ( 2 ) 

in which is the undisturbed density and a the velocity of propagation. 
The momentum is reckoned positive when it is in the direction of wave- 
propagation. 

For the “ adiabatic ” law, viz. ; 



pIpo = 

= (p/poy , 

(3) 





( 4 ) 


P0| 

po- i 

so that 

py(p,). 

4a-^ 

1 _ 7 - 1 - 1 

2a 4a 

(- 5 ) 


In the case of Boyle’s law we have merely to make 7=1 in ( 5 ). 

For ordinary gases 7>1 and the momentum is positive; but the above 
argument applies to all positive values of 7 . If 7 be negative, the pressure 
would increase as the density decreases, and the fluid would be essentially 
unstable. 

Fhil. Mag. Vol. x* p. 364 (1905) ; Scientific Pajpers, Vol. v* p. 265. 
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However, a slightly modified form of (3) allows the exponent to be 


negative. If we take 

p/p. “ 2 (6) 

with /9 positive, we get as above 

/' (P.) = ~ = f" (P.) = - ± , (7) 

Po Po 

and accordingly — fa- + ~ = • -(8) 


If = 1, the law of pressure is that under which waves can be propagated 
without a change of type, and we see that the momentum is zero. In 
general, the momentum is positive or negative according as /S is less or 
greater than 1. 

In the above formula (2) the calculation is approximate only, powers of 
the disturbance above the second being neglected. In the present note it is 
proposed to determine the sign of the momentum under the laws (3) and (6) 
more generally and further to extend the calculations to waves in a liquid 
moving in two dimensions under gravity. 

It should be clearly understood that the discussion relates to progressive 
waves. If this restriction be dispensed with, it would always be possible 
to have a disturbance (limited if we please to a finite length) without 
momentum, as could be effected very simply by beginning with displace- 
ments unaccompanied by velocities. And the disturbance, considered as a 
whole, can never acquire (or lose) momentum. In order that a wave may 
be progressive in one direction only, a relation must subsist between the 
velocity and density at every point. In the case of Boyle’s law this relation, 
first given by I)e Morgan is 

w = a log (p/po), (9) 

and more generallyf 



Wherever this relation is violated, a wave emerges travelling in the negative 
direction. 

For the adiabatic law (3), (10) gives 



* Airy, P/m7. Mag. Vol. xxxrv, p. 403 (1849). 
+ Barnahaw, Phil. Trans. 1859, p. 146. 
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a being the velocity of infinitely small disturbances, and this reduces to (9) 
when 7 = 1. Whether 7 be greater or less than 1, ii is positive when p 
exceeds Similarly if the law of pressure be that expi’essed in (6), 

B- 4-1 



B + i 1 \po) J 


VT 


.( 12 ) 


Since /9 is positive, values of p greater than po are here also accoinpfmied by 
positive values of u. 

By definition the momentum of the wave, whose length may be supposed 
to be linaited, is per unit oficross-section 


J pu dx, 


.( 13 ) 


the integration extending over the whole length of the wave. If we intro- 
duce the^value of u given in (11), we get 

7 “I- 1 


dx 


.( 14 ) 


<Y—^J IVpo/ Po) 

and the question to he examined is the sign of ( 14 ). For brevity we may 
write unity in place of po, and we suppose that the wave is such that its 

mean density is equal to that of ■^he undisturbed fluid, so that jpdx=l, 

where I is the length of the wave. If I be divided into n e<iual parts, then 
when n is great enough the integral may be represented by tlu^ auin 

y-fl y-fl ^ 


y + 1 


/^2 ^ + /:>3 ^ . — Pi — yOsi 


7 h 




in which all the p’s are positive. Now it is a proposition in Algebra that 

y-M 


y+i y+l 

Pi ^ + P2 ^ + . - . 

n 


^ ~h P2 ■+■••• 


71 


when i(7+ 1) is negative, or positive and greater than unity; but that the 
reverse holds when -1(7 + 1 ) is positive and less than unity. Of course the 
inequality becomes an equality when all the n quantitie.s are equal. In the 
present application the sum of the p’s is n, and under the adiaba,tic biw (3), 
7 and i (74- 1) are positive. Hence ( 15 ) is positive or negative according as 
i (7 -hi) is greater' or less than unity, viz., according a.4 7 is greater or less 
than unity. In either case the momentum represented by ( 13 ) is positive, 
and the conclusion is not limited to the supposition of small disturbance.s. 

In like manner if the law of pressure be that expressed in (6), we o-et 
from (12) I V h 

ys-i 


( 13 ) 




1 J Ipo \Po/ 


dx, 


( 16 ) 
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from which we deduce almost exactly as before that the momentum (13) is 
positive if /S (being positive) is less than 1 and negative if /3 is greater 
than 1 . If /3=1, the momentum vanishes. The conclusions formerly 
obtained on the supposition of small disturbances are thus extended. 


We will now discuss the momentum in certain cases of fluid motion 
under gravity. The simplest is that of long waves in a uniform canal. If 97 
be the (small) elevation at any point x measured in the direction of the 
length of the canal and u the corresponding fluid velocity parallel to x, 
which is uniform over the section, the dynamical equation is* 


dx(j _ dt] 
dt~ ^ dx' 


(17) 


As is well known, long waves of small elevation are propagated without 
change of form. If c be the velocity of propagation, a positive wave may be 
represented by ^ 

7j = F{ct — x), (Ifl) 


where F denotes an arbitrary function, and 0 is related to the depth /io 
according to ■ 

c^ = gha (19) 

From (17), (18) 

'“> 


is the relation obtaining between the velocity and elevation at any place in 
a positive progressive wave of small elevation. 


Eqtiation (20), however, does not suffice for our present purpose. We 
may extend it by the consideration that in a long wave of finite disturbance 
the elevation and velocity may be taken as relative to the neighbouring 
parts of the wave. Thus, writing du for to and h for Iiq , so that 97 = dh, 
we have 

I) dK 

and on integration 

u = 2^g{h^+G]. 



The arbitrary constant of integration is determined by the fact that outside 
the wave u = 0 when Ji = Jiq, whence and replacing h by 1h)-\- rj, we get 


u = 2 {V(^io + “J?) — V/^o}, 


( 21 ) 


as the generalized form of ( 20 ). It is equivalent to a relation given first in 
another notation by De Morgan]", and it may be regarded as the condition 


* Lamb’s Hydrodynamics, § 168. . 

t Airy, Phil. Mag. Vol- xxxiv. p. 402 (1849). 
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which must be satisfied if the emergence of a negative wave is to be 
obviated. 

We are now prepared to calculate the momentum. For a wave in which 
the mean elevation is zero, the momentum corresponding to unit horizontal 
breadth is 

p ju Qiq -\-ri)dx — 1(0 VC^/^o) [ 'tfdx, (22) 


when we omit cubes and higher powers of 77. We may write (22) also in the 
form 


Momentum = | (23) 


c being the velocity of propagation of waves of small elevation. 

As in (14), with 7 equal to 2, we may prove that the momentum is 
positive without restriction upon the value of 77. 

As another example, periodic waves moving on the surface of deep water 
may also be referred to. The momentum of such waves has been calculated 
by Lamb^, on the basis of Stokes’ second approximation. It appears that 
the momentum per wave-length • and per unit width perpendicular to the 
plane of motion is 

irpa^c, (24) 

where c is the velocity of propagation of the waves in question and the wave 
form is approximately 

Q 

Tj — a cos (ct — x) (25) 

A* 

The forward velocity of the surface layers was remarked by Stokes. For 
a simple view of the matter reference may be made also to Phil. Mag, Vol. i. 
p. 257 (1876) ; Bcierttific Papers, Vol. i. p. 263. 


* Hydrodynamics, § 246 . 
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FLUID MOTIONS. 

[Proc. Roy. Inst March, 1914; Nature, VoL xcin. p. 364, 1914.] 

The subject of this lecture has received the attention of several gene- 
rations of mathematicians and experimenters. Over a part of the held their 
labours have been rewarded with a considerable degree of success. In all 
that concerns small vibrations, whether of air, as in sound, or of water, as in 
waves and tides, we have a large body of systematized knowledge, though in 
the case of the tides the question is seriously complicated by the fact that 
the rotation of the globe is actual and not merely relative to the sun and 
moon, as well as by the irregular outlines and depths of the various oceans. 
And even when the disturbance constituting the vibration is not small, 
some progress has been made, as in the theory of sound waves in one 
dimension, and of the tidal hores, which are such a remarkable feature of 
certain estuaries and rivers. 

The general equations of fluid motion, when friction or viscosity is neg- 
hicted, were laid down in quite early days by Euler and Lagrange, and in a 
sense they should contain the whole theory. But, as Whewell remarked, 
it soon appeared that these equations by themselves take us a surprisingly 
little way, and much mathematical and physical talent had to be expended 
before the truths hidden in them could be brought to light and exhibited in 
a practical shape. What was still more disconcerting, some of the general 
propositions so arrived at were found to be in flagrant contradiction with 
observation, even in cases whereat first sight it would not seem that viscosity 
was likely to be important. Thus a solid body, submerged to a sufficient 
depth, should experience no resistance to its motion through water. On 
this principle the screw of a submerged boat would be useless, but, on the 
other hand, its services would not be needed. It is little wonder that 
practical men should declare that theoretical hydrodynamics has nothing at 
all to do with real fluids. Later we will return to some of these difficulties, 
not yet fully surmounted, but for the moment I will call your attention 
to simple phenomena of which theory can give a satisfactory account. 
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Considerable simplification attends the supposition that the motion is 
always the same at the same place — is steady, as we say — and fortunately 
this covers many problems of importance. Consider the flow of water along 
a pipe whose section varies. If the section were uniform, the pressure would 
vary along the length only in consequence of friction, which now wc^ are 
neglecting. In the proposed pipe how will the pressure vary ? I will not 
prophesy as to a Royal Institution audience, but I believe that most un- 
sophisticated people suppose that a contracted place would give rise to an 
increased pressure. As was known to the initiated long ago, nothing can ho 
further from' the fact. The experiment is easily tried, either with air or 
water, so soon as we are provided with the right sort of tube. A suitable 
shape is shown in fig. 1, but it is rather troublesome to construct in niotal. 



Kg. 1. 

W. Froude found paraffin-wax the most convenient material for shij) iiuxIoIh, 

and I have followed him in the experiment now shown. A brass tube is 

filled with candle-wax and bored out to the desired shape, as is easily doms 

with templates of tin plate. When I blow through, a svction is deveI()t)od at 

the narrows, as is witnessed by the rise of liquid in a manometcu- con!U‘(d.ed 
laterally. 

_ In the laboratory, where dry air from an acoustic bellows or a gas-hohicr 
IS available, I have employed successfully tubes built up of cardboard, f<u- 
a_ circular cross-section is not necessary. Three or more precisely similar 
pieces, cut for example to the shape shown in fig. 2 and joined togethm- 




Fig. 2. 
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closely along the edges, give the right kind of tube, and may be made air- 
tight with pasted paper or with sealing-wax. Perhaps a square section 
requiring four pieces is best. It is worth while to remark that there is no 
stretching of the cardboard, each side being merely bent in one dimension. 
A model is before you, and a study of it forms a simple and useful exercise 
in solid geometry. 

Another form of the experiment is perhaps better known, though rather 
more difficult to think about. A tube (fig. 3) ends in a flange. If I blow 
through the tube, a card presented to the flange is drawn up pretty closely, 
instead of being blown away as might be expected. When we consider the 



T’ig, B. • Fig. 4. 


matter, we recognize that the channel between the flange and the card 
through which the air flows after leaving the tube is really an expanding 
one, and thus that the inner part may fairly be considered as a contracted 
place. The suction here developed holds the card up. 

A slight modification enhances the effect. It is obvious that immediately 
opposite the tube there will be pressure upon the card and not suction. To 
neutralize this a sort of cap is provided, attached to the flange, upon which 
the objectionable pressure is taken (fig. 4). By blowing smartly from the 
mouth through this little apparatus it is easy to lift and hold up a penny 
for a short time. 

The facts then are plain enough, but what is the explanation ? It is 
really quite simple. In steady motion the quantity of fluid per second passing 
any section of the tube is everywhere the same. If the fluid be incom- 
pressible, and air in these experiments behaves pretty much as if it were, 
this means that the product of the velocity and area of cross-section is 
constant, so that at a narrow place the velocity of flow is necessarily increased. 
And when we enquire how the additional velocity in passing from a wider 
to a narrower place is to be acquii*ed, we are compelled to recognize that it 
can only be in consequence of a fall of pressure. The suction at the narrows 
is the only result consistent with the great principle of conservation of energy ; 
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but it remains rather an inversion of ordinary ideas that we should have to 
deduce the forces from the motion, rather than the motion from the forces. 

The application of the principle is not always quite straightforward. 
Consider a tube of slightly conical form, open at both ends, and suppose 
that we direct upon the narrower end a jet of air from a tube having the 
same (narrower) section (fig. 5). We might expect this jet to enter the 



Fig. 5. 


conical tube without much complication. But if we examine more closely 
a difficulty arises. The stream in the conical tube would have different 
velocities at the two ends, and therefore different pressures. The pressures 
at the ends could not both be atmospheric. Since at any rate the pressure 
at the wider delivery end must be very nearly atmospheric, that at the 
narrower end must be decidedly below that standard. The course of the 
events at the inlet is not so simple as supposed, and the apparent contra- 
diction is evaded by an inflow of air from outside, in addition to the jet, 
which assumes at entry a narrower section. 

If the space surrounding the free jet is enclosed (fig. 6), suction is there 
developed and ultimately when the motion has become steady the jet enters 
the conical tube without contraction. A model shows the effect, and the 
principle is employed in a well-known laboratory instrument arranged for 
working off the water-mains. 



Fig. 6. 


I have hitherto dealt with air rather than water, not only because air 
makes no mess, but also because it is easier to ignore gravitation. But 
there is another and more difficult question. You will have noticed that in 
our expanding tubes the section changes only gradually. What happens 
when the expansion is more sudden — in the extreme case when the diameter 
of a previously uniform tube suddenly becomes infinite ? (fig. 3) Avithout 
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card. Ordinary experience teaches that in such a case the flow does not 
follow the walls round the corner, but shoots across as a jet, which for a time 
preserves its individuality and something like its original section, Since 
the velocity is not lost, the pressure which would replace it is not developed. 
It is instructive to compare this case with another, experimented on by 
Savart* and W. Frouded*, in which a free jet is projected through a short 
cone, or a mere hole in a thin wall, into a vessel under a higher pressure, 
The apparatus consists of two precisely similar vessels with apertures, in 
which the fluid (water) may be at different levels (fig. 7, copied from 
Froude). Savart found that not a single drop of liquid was spilt so long as 
the pressure in the recipient vessel did not exceed one-sixth of that under 
which the jet issues. And Froude reports that so long as the head in the 
discharge cistern is maintained at a moderate height above that in the 



recipient cistern, the whole of the stream enters the recipient orifice, and 
there is “ no waste, except the small sprinkling which is occasioned by in- 
exactness of aim, and by want of exact circularity in the orifices.” I am 
disposed to attach more importance to the small spill, at any rate when the 
conoids are absent or very short. For if there is no spill, the jet (it would 
seem) might as well be completely enclosed; and then it would propagate 
itself into the recipient cistern without sudden expansion and consequent 
recovery of pressure. In fact, the pressure at thei narrows would never fall 
below that of the recipient cistern, and the discharge would be corresponding!}'’ 
lessened. When a decided spill occurs, Froude e.xplains it as due to the 
I'etardation by friction of the outer layers which are thus unable to force 
themselves against the pressure in front. 

Evidently it is the behaviour of these outer layers, especially at narrow 
places, which determines the character of the flow in a large variety of cases, 

* Atm. de Chimie, Vol. lv. p. 257, 1833, 
t Nature, Vol, xiii, p. 93, 1876, 


R. VI. 


16 
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They are held hack, as Froude pointed out, by friction acting from the walls ; 
but, on the other hand, when they lag, they are pulled forward by layers 
farther in which still retain their velocity. If the latter prevail, the motion 
in the end may not be very different from what would occur in the absence 
of friction ; otherwise an entirely altered motion may ensue. The situation 
as regards the rest of the £uid is much easier when the layers upon which 
the friction tells most are allowed to escape. This happens in instruments 
of the injector class, but I have sometimes wondered whether full advantage 
is taken of it. The long gradually expanding cones are overdone, perhaps, 
and the friction which they entail must have a bad effect. 

Similar considerations enter when we discuss the passage of a solid body 
through a large mass of fluid otherwise at rest, as in the case of an airship or 
submarine boat. I say a submarine, because when a ship moves upon the 
surface of the water the formation of waves constitutes a complication, and 
one of great importance when the speed is high. In order that the water 
in its relative motion may close in properly behind, the aftei'-part of the 
ship must be suitably shaped, fine lines being more necessary at the stern 
than at the bow, as fish found out before men interested themselves in the 
problem. In a well-designed ship the whole resistance (apart from wave- 
making) may be ascribed to skin friction, of the same nature as that which is 
encountered when the ship is replaced by a thin plane moving edgeways. 

At the other extreme we may consider the motion of a thin disk or blade 
flatways through the water. Here the actual motion differs altogether from 
that prescribed by the classical hydrodynamics, according to which the 
character of the motion should be the same behind as in front. The liquid 
refuses to close in behind, and a region of more or less “ dead water ” is 
developed, entailing a greatly increased resistance. To meet this Helmholtz, 
Kii’chhoff, and their followers have given calculations in which the fluid 
behind is supposed to move strictly with the advancing solid, and to be 
separated from the remainder of the mass by a surface at which a finite slip 
takes place. Although some difficulties remain, there can be no doubt that 
this theory constitutes a great advance. But the surface of separation is 
unstable, and in consequence of fluid friction it soon loses its sharpness, 
breaking up into more or less periodic eddies, described in some detail by 
Mallock (fig. 8). It is these eddies which cause the whistling of the wind in 
trees and the more musical notes of the molian harp. 

The obstacle to the closing-in of the lines of flow behind the disk is 
doubtless, as before, the layer of liquid in close proximity to the disk, which 
at the edge has insufficient velocity for what is required of it. It would be 
an interesting experiment to try what would be the effect of allowing a 
small “spill.” For this purpose the disk or blade would be made double, 
with a suction applied to the narrow interspace. Relieved of the slowly 
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moving layer, the liquid might then be able to close in behind, and success 
would he witnessed by a greatly diminished resistance. 



Fig. 8. 


When a tolerably fair-shaped body moves through fluid, the relative 
velocity is greatest at the maximum section of the solid which is the minimum 
section for the fluid, and consequently the pressure is there least. Thus the 
water-level is depressed at and near the midship section of an advancing 
steamer, as is very evident in travelling along a canal. On the same principle 
may be explained the stability of a ball sustained on a vertical jet as in a 
well-known toy (shown). If the ball deviate to one side, the jet in bending 
round the surface develops a suction pulling the ball back. As Mr Lanchester 
has I'emarked, the effect is aided by the rotation of the ball. That a convex 
surface is attracted by a jet playing obliquely upon it was demonstrated by 
T. Young more than 100 years ago by means of a model, of which a copy is 
before you (fig. 9). 



Fig. 9. 

A plate, bent into the form ABC, turning on centre is 
impelled by a stream of air Z> in the direction shown. 


It has been impossible in dealing with experiments to keep quite clear 
of friction, hut I wish now for a moment to revert to the ideal fluid of hydro- 
dynamics, in which pressure and inertia alone come into account. The 
possible motions of such a fluid fall into two great classes — those which do 
and those which do not involve rotation. What exactly is meant by rotation 
is best explained after the manner of Stokes. If we imagine any spherical 

16—2 
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portion of the fluid in its motion to be suddenly solidified, the resulting 
solid may be found to be rotating. If so, the original fluid is considered to 
possess rotation. If a mass of fluid moves irrotationally, no spherical portion 
would revolve on solidification. The importance of the distinction depends 
mainly upon the theorem, due to Lagrange and Cauchy, that the irrotational 
character is permanent, so that any portion of fluid at any time destitute of 
rotation will always remain so. Under this condition fluid motion is com- 
paratively simple, and has been well studied. Unfortunately many of the 
results are very unpractical. 

As regards the other class of motions, the first great step was taken in 
1858, by Helmholtz, who gave the theory of the vortex-ring. In a perfect 
fluid a vortex-ring has a certain permanence and individuality, which so 
much impressed Kelvin that he made it the foundation of a speculation 
as to the nature of matter. To him we owe also many further developments 
in pure theory. 

On the experimental side, the first description of vortex-rings that I have 
come across is that by W. B. Rogers*, who instances their production during 
the bursting of bubbles of phosphuretted hydrogen, or the escape of smoke 
from cannon and from the lips of expert tobacconists. For private obser- 
vation nothing is simpler than Helmholtz’s method of drawing a partially 
immersed spoon along the surface, for example, of a cup of tea. Here half a 
ring only is developed, and the places where it meets the surface are shown 
as dimples, indicative of diminished pressure. The experiment, made on a 
larger scale, is now projected upon the screen, the surface of the liquid and 
its motion being made more evident by powder of lycopodium or sulphur 
scattered over it. In this case the ring is generated by the motion of a 
half-immersed circular disk, withdrawn after a travel of two or three inches. 
In a modified experiment the disk is replaced by a circular or serni-circular 
ajpeHure cut in a larger plate, the level of the water coinciding with the 
horizontal diameter of the aperture. It may be noticed that while the first 
forward motion of the plate occasions a ring behind, the stoppage of the 
plate gives rise to a second ring in front. As was observed by Reuschf, the 
same thing occurs in the more usual method of projecting smoke-rings from 
a box ; but in order to see it the box must be transparent. 

In a lecture given here in 1877, Reynolds showed that a Helmholtz ring 
can push the parent disk before it, so that for a time there appears to be 
little resistance to its motion. 

For an explanation of the origin of these rings we must appeal to friction, 
for in a perfect fluid no rotation can develop. It is easy to recognize that 
friction against the wall in which the aperture is perforated, or againsb the 

* Artier. J, Bci. Voi. xxvi. p. 246, 1858. 

t JBogg. Ann. Vol. ox. p. 309, 1860- 
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face of the disk in the other form of experiment, will start a rotation which, 
in a viscous fluid, such as air or water actually is, propagates itself to a finite 
distance inwards. But although a general explanation is easy, many of the 
details remain obscure. 

It is apparent that in dealing with a large and interesting class of fluid 
motions we cannot go far without including fluid friction, or viscosity as it is 
generally called, in order to distinguish it from the very different sort of 
friction encountered by solids, unless well lubricated. In order to define it, 
we may consider the simplest case where fluid is included between two 
parallel walls, at unit distance apart, which move steadily, each in its own 
plane, with velocities which differ by unity. On the supposition that the 
fluid also moves in plane strata, the viscosity is measured by the tangential 
force per unit of area exercised by each stratum upon its neighbours. When 
we are concerned with internal motions only, we have to do rather with the 
so-called “kinematic viscosity,” found by dividing the quantity above defined 
by the density of the fluid. On this system the viscosity of water is much 
less than that of air. ’ 

Viscosity varies with temperature ; and it is well to remember that the 
viscosity of air increases while that of vrater decreases as the temperature 
rises. Also that the viscosity of water may be greatly increased by admixture 
with alcohol. I used these methods in 1879 during investigations respecting 
the influence of viscosity upon the behaviour of such fluid jets as are sensitive 
to sound and vibration. 

Experimentally the simplest case of motion in which viscosity is para- 
mount is the flow of fluid through capillary tubes. The laws of such motion 
are simple, and were well investigated by Poiseuille. This is the method 
employed in practice to determine viscosities. The apparatus before you is 
ai-ranged to show the diminution of viscosity with rising temperature. In 
the cold the flow of water through the capillary tube is slow, and it requires 
sixty seconds to fill a small measuring vessel. When, however, the tube is 
heated by passing steam through the jacket surrounding it, the flow under 
th(^ same head is much increased, and the measure is filled in twenty-six 
seconds. Anothcu- case of great practical importance, where viscosity is the 
leading consideration, relates to lubrication. In admirably conducted ex- 
periments Tower showed that the solid surfaces moving over one another 
should bo separated by a complete film of oil, and that when this is attended 
to there is no wear. On this basis a fairly complete theory of lubrication 
has been developed, mainly by O. Reynolds. But the capillary nature of the 
fluid also enters to some extent, and it is not yet certain that the whole 
character of a lubricant can be expressed even in terms of both surface 
tension and viscosity. 

It appears that in the extreme cases, when viscosity can be neglected and 
again when it is paramount, we are able to give a pretty good account of 
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what passes. It is in the intermediate region, where both inertia and 
viscosity are of influence, that the difficulty is greatest. But even here we 
are not wholly without guidance. There is a general law, called the law of 
dynamical similarity, which is often of great service. In the past this law 
has been unaccountably neglected, and not only in the present field. It 
allows us to infer what will happen upon one scale of operations from what 
has been observed at another. On the present occasion I must limit myself 
to viscous fluids, for which the law of similarity was laid down in all its 
completeness by Stokes as long ago as 1850. It appears that similar motions 
may take place provided a certain condition be satisfied, viz. that the product 
of the linear dimension and the velocity, divided by the kinematic viscosity 
of the fluid, remain unchanged. Geometrical similarity is presupposed. An 
example will make this clearer. If we are dealing with a single fluid, say 
air under given conditions, the kinematic viscosity remains of course the 
same. When a solid sphere moves uniformly through air, the character of 
the motion of the fluid round it may depend upon the size of the sphere 
and upon the velocity with which it travels. But we may infer that the 
motions remain similar, if only the product of diameter and velocity be given. 
Thus, if we know the motion for a particular diameter and velocity of the 
sphere, we can infer what it will be when the velocity is halved and the 
diameter doubled. The fluid velocities also will everj^where be halved at 
the corres’ponding places. M. Eiffel found that for any sphere there is a 
velocity which may be regarded as critical, i.e. a velocity at which the law of 
resistance changes its character somewhat suddenly. It follows from the 
rule that these critical velocities should be inversely proportional to the 
diameters of the spheres, a conclusion in pretty good agreement with 
M. Eiffel’s observations*. But the principle is at least equally important 
in effecting a comparison between different fluids. If we know what happens 
on a certain scale and at a certain velocity in water, we can infer what will 
happen in air on any other scale, provided the velocity is chosen suitably. 
It is assumed here that the compressibility of the air does not come into 
account, an assumption which is admissible so long as the velocities are small 
in comparison with that of sound. 

But although the principle of similarity is well established on the 
theoretical side and has met with some confirmation in experiment, there 
has been much hesitation in applying it, due perhaps to certain discrepancies 
with observation which stand recorded. And there is another reason. It is 
rather difficult to understand how viscosity can play so large a part as it 
seems to do, especially when we introduce numbers, which make it appear 
that the viscosity of air, or water, is very small in relation to the other data 
occurring in practice. In order to remove these doubts it is very desirable 
to experiment with different viscosities, but this is not easy to do on a 
* ComjpU8 liendus, Dec. 30, 1912, Jan. 13, 1913. [This volume, p, 136.] 
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moderately large scale, as in the wind channels used for aeronautical purposes. 
I am therefore desirous of bringing before you some observations that I have 
recently made with very simple apparatus. 

When liquid flows from one reservoir to another through a channel in 
which there is a contracted place, we can compare what we may call the 
head or driving pressure, i.e. the difference of the pressures in the two 
reservoirs, with the suction, i.e. the difference between the pressure in the 
recipient vessel and that lesser pressure to be found at the narrow place. 
Ihe ratio of head to suction is a purely numerical quantity, and according 
to the principle of similarity it should for a given channel remain unchanged, 
provided the velocity be taken proportional to the kinematic viscosity of the 
fluid. The use of the same material channel throughout has the advantage 
that no question can arise as to geometrical similarity, which in principle 
should extend to any roughnesses upon the surface, while the necessary 
changes of velocity are easily attained by altering the head and those of 
viscosity by altering the temperature. 

ihe apparatus consisted of two aspirator bottles (fig. 10) containing 
water and connected below by a passage bored in a cylinder of lead, 7 cm. 



Fig. 10. 


long, fitted water-tight with rubber corks. The form of channel actually 
employed is shown in fig. 11. On the up-stream side it contracts pretty 
suddenly from full bore (8 mm.) to the narrowest place, where the diameter 
is 2-76 mm. On the down -stream side the expansion takes place in four or 
five steps, corresponding to the drills available. It had at first been intended 
to use a smooth curve, but preliminary trials showed that this was un- 
necessary, and the expansion by steps has the advantage of bringing before 
the mind the dragging action of the jets upon the thin layers of fluid 
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between them and the walls. The three pressures concerned are indicated 
on manometer tabes as shown, and the two differences of level representing 
head and suction can be taken off with compasses and referred to a milli- 
metre scale. In starting an observation the water is drawn up in the 
discharge vessel, as far as may be required, with the aid of an air-pump. 
The rubber cork at the top of the discharge vessel necessary for this purpose 
is not shown. 

As the head falls during the flow of the water, the ratio of head to suction 
increases. For most of the observations I contented myself with recording 
the head for which the ratio of head to suction was exactly 2 : 1, as indicated 
by proportional compasses. Thus on January 23, when the temperature of 
the water was 9° C., the 2 ; 1 ratio occurred on four trials at 120, 130, 123, 
126, mean 126 mm. head. The temperature was then raised with precaution 
by pouring in warm water with passages backwards and forwards. The 
occurrence of the 2 : 1 ratio was now much retarded, the mean head being 
only 35 mm., corresponding to a mean temperature of 37° C. The ratio of 



head to suction is thus dependent upon the head or velocity, but when the 
velocity is altered the original ratio may be recovered if at the same time 
we make a suitable alteration of viscosity. 

And the required alteration of viscosity is about what might have been 
expected. Prom Landolt’s tables I find that for 9° C. the viscosity of water is 
•01368, while for 37°C. it is ‘00704. The ratio of viscosities is accordingly 
T943. The ratio of heads is 125 : 35. The ratio of velooities is the square- 
root of this or T890, in suflficiently good agreement with the ratio of 
viscosities. 

In some other trials the ratio of velocities exceeded a little the ratio of 
viscosities. It is not pretended that the method would be an accurate one 
for the comparison of viscosities. The change in the ratio of head to suction 
is rather slow, and the measurement is usually somewhat prejudiced by 
unsteadiness in the suction manometer. Possibly better results would be 
obtained in more elaborate observations by several persons, the head and 
Suction being recorded separately and referred to a time scale so as to 
facilitate interpolation. But as they stand the results suffice for my purpose, 
showing directly and conclusively the influence of viscosity as compensating 
a change in the velocity. 
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In conclusion, I must touch briefly upon a part of the subject ¥here 
theory is still at feult, and I will limit myself to the simplest case of all— 
the uniform shearing motion of a viscous fluid between two parallel walls, 
oife of which is at rest, while the other moves tangentially with uniform 
velocity. It is easy to prove that a uniform shearing motion of the fluid 
satisfies the dynamical equations, but the question remains : Is this motion 
stable ? Does a small departure from the simple motion tend of itself to 
die out? In the case where the viscosity is relatively great, observation 
suggests an affirmative answer; and 0. Reynolds, whose illness and com- 
paratively early death were so great a loss to science, was able to deduce 
the same conclusion from theory. Reynolds’ method has been improved, 
more especially by Professor Orr of Dublin. The simple motion is thoroughly 
stable if the viscosity exceed a certain specified value relative to the velocity 
of the moving plane and the distance between the planes; while if the 
viscosity is less than this, it is possible to propose a kind of departure from 
the original motion which will increase /b?* a tme. It is on this side of the 
question that there is a deficiency. When the viscosity is very small, obser- 
vation appears to show that the simple motion is unstable, and we ought to 
be able to derive this result from theory. But even if we omit viscosity 
altogether, it does not appear possible to prove instability A priori at least 
so long as we regard the walls as mathematically plane. We must confess 
that at the present we are unable to give a satisfactory account of skin- 
friction, in order to overcome which millions of horse-power are expended in 
our ships. Even in the older sulijects there are plenty of problems left ! 
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[Proceedings of the Royal Society, A, Vol. xc. pp, 324 — 328, 1914.] 


In the theory of long waves in two dimensions, which we may suppose to 
be reduced to a “ steady ” motion, it’ is assumed that the length is so great in 
proportion to the depth of the water that the velocity in a vertical direction 
can be neglected, and that the horizontal velocity is uniform across each 
section of the canal. This, it should be observed, is perfectly distinct from 
any supposition as to the height of the wave. If I be the undisturbed 
depth, and h the elevation of the water at any point of the wave, Wo, u the 
velocities corresponding to 1,1 + h respectively, we have, as the equation of 
continuity, 




lu^ 

T+k' 



By the principles of hydrodynamics, the increase of pressure due to retardation 
will be 


ip = 


2 


2lh+h^ 

{i+W ■ 


( 2 ) 


On the other hand, the loss of pressure (at the surface) due to height will be 
gph ; and therefore the total gain of pressure over the undisturbed parts is 


/ 1 + h/^l 

\X • (1+ 7# 




If, now, the ratio h/l be very small, the coefBcient of h becomes 


p (no'll— g), (4) 

and we conclude that the condition of a free surface is satisfied, provided 
determines the rate of fiow u^, in order that a stationary 
wave may be possible, and gives, of course, at the same time the velocity of 
a wave in still water. 
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Unless can be neglected, it is impossible to satisfy the condition of a 
free surface for a stationary long wave — which is the same as saying that it 
is impossible for a long wave of finite height to be propagated in still water 
without change of type. 


Although a constant gravity is not adequate to compensate the changes 
of pressure due to acceleration and retardation in a long wave of finite 
height, it is evident that complete compensation is attainable if gravity be 
made a suitable function of height ; and it is worth while to enquire what 
the law of force must be in order that long waves of unlimited height may 
travel with type unchanged. If f be the force at height h, the condition of 
constant surface pressure is 


whence 


i- pwo" 1 1 j - p fj dh ; 

d l~ P 

2 ■ dJt (IT hT ~ (IT A)« ’ 


( 5 ) 

( 6 ) 


which shows that the force must vary inversely as the cube of the distance 
from the bottom of the canal. Under this law the waves may be of any 
height, and they will be propagated unchanged with the velocity V(/iO» 
where Jl is the force at the undisturbed level*. 

It may be remarked that we are concerned only with the values of f' at 
water-levels which actually occur. A change in f below the lowest water- 
level would have no effect upon the motion, and thus no difficulty arises 
from the law of inverse cube making the force infinite at the bottom of the 
canal. 


When a wave is limited in length, we may speak of its velocity relatively 
to the undisturbed water lying beyond it on the two aides, and it is iiiiplied 
that the uniform levels on the two sides are the same. But the theory of 
long waves is not thus limited, and we may apply it to the case where the 
uniform levels on the two sides of the variable region are different, as, for 
example, to ho'res. This is a problem which I considered briefly on a former 
occasion f, when it appeared that the condition of conservation of energy 
could not be satisfied with a constant gravity. But in the calculation of the 
loss of energy a term was omitted, rendering the result erroneous, although 
the general conclusions are not affected- The error became apparent in 
applying the method to the case above considered of a gravity varying as the 
inverse cube of the depth. But, before proceeding to the calculation of 
energy, it may be well to give the generalised form of the relation between 
velocity and height which must be satisfied in a progressive wavej, whether 
or not the type be permanent. 

* Phil. Mag. Vol. i. p. 267 (1876); Scientific Papers, Vol. i. p. 264- 
t Boy. Soc. Proc. A, Vol. IjXxxi. p. 448 (1908) ; Scientific Papers, Vol. v. p. 496. 

X Compare Scientific Papers, Vol. i. p, 263 (1899). 
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In a small positive progressive wave, the relation between the particle- 
velocity w at any point (now reckoned relatively to the parts outside the 
wave) and the elevation h is 


(7) 

If this relation be violated anywhere, a wave will emerge, travelling in the 

negative direction. In applying (I) to a wave of finite height, the appropriate 
form of ( 7 ) is 

= N/(iTA) (8) 

where / is a known function of I + h, or on integration 


(f’) 

To this particle-velocity is to be added the wave-velocity 

V{(Z-|-A)/}, (10) 

making altogether for the velocity of, e.g., the crest of a wave relative 
still water 

w 


Thus if/ be constant, say 5 ', (9) giyes De Morgan’s formula 

+ 

and ( 11 ) becomes 

^s/gs/{l + h)-2^{gl) 

If, again, f— 

^ ^ {I 

( 11 ) gives as the velocity of a crest 


( 12 ) 

(13) 

(14) 


which is independent of h, 
of force. 


l+/tl+h 


= V(/.0. 


(15) 


thus confirming what was found before for this law 


As regards the question of a bore, we consider it as the transition from a 
uniform velocity u and depth L to a uniform velocity uf and depth V, V being 

gieatei than 1. The first relation between these four quantities is that given 
by continuity, viz., 

lu=lfu' ( 10 ) 

I he second relation arises from a consideration of momentum. It may be 
convenient to take first the usual case of a constant gravity g. The mean 

pressures at the two sections are ^gl, ^gV, and thus the equation of 
momentum is 


I'U {u — u ) = ^g (l'^ — Z®). 


(17) 
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By these equations u and uf are determined in terms of I, V 

= + I'Jl, u'^ = ^g(l + V) . Ijl' (18) 

We have now to consider the question of energy. The difference of work 
done by the pressure at the two ends (reckoned per unit of time and per 
unit of breadth) is lu {^gl — And the difference between the kinetic 

energies entering and leaving the region is lu{^u^ ~ the density being 

taken as unity. But this is not all. The potential energies of the liquid 
leaving and entering the region are different. The centre of gravity rises 
through a height | (V — V), and the gain of potential energy is therefore 
lu.\g{V—l). The whole Zo«s of energy is accordingly 

III {^gl — \gy — ^g (I 0} ~ — g^ ^g (^ + O j" 

g{y-iy 


= lu . ' 


m' 


.(19) 


This is much smaller than the value formerly given, but it remains of the 
Stune sign. “ Tliat there should be a loss of energy constitutes no difficulty, 
at least in the presence of viscosity ; but the impossibility of a gain of energy 
shows that the motions here contemplated cannot be reversed.” 

We now suppose that the constant gravity is replaced by a force/’, which 
is a function of y, the distance from the bottom. The pressures p, p' at the 
two sections are also functions of y, such that 


p= fdy. 


P 


J 


V. 


V 


.( 20 ) 


The equation of momentum replacing (If) is now 


lu (u — u') = I p' dy — p dy 


pg 

•V 


py 


' r -j , r dp j 

/ V ri ri' 

yfdy - I yfdy=\ yfdy, (21) 

the integrated terins vanishing at the limits. This includes, of course, all 
special cases, such as f — constant, or f <x y”®. 

As regards the reckoning of energy, the first two terms on the left of (19) 
ai-e rciplaced by 

{t fo " y fo 

The third and fourth terms representing kinetic energy remain as before., 
For the potential energy we have to consider that a length n and depth I 
is converted into a length u' and depth I', If we reckon from the bottom, 
the potential energy is in the first case 


U 
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in which 


[ fdy- [ fdy -=Po-p> 

Jo Jo J y 

Pq denoting the pressure at the bottom, so that the potential energy is 

ul |po - j j^p dy]^ . 


The difference of potential energies, corresponding to the fifth and sixth 
terms of (19), is thus 


lU'^Po-po -j j^pdy-hj, j^P'dyj (23) 


The integrals in (23) 
of energy 

lu {po - 


compensate those of (22), and we have finally as the loss 


Po + — ^u'^] — lu — j f d'^ (24) 


It should be remarked that it is only for values of y between I and V that 
f is effectively involved. 


In the special case where f = fj,y-^, equations (16), (21) give 

(25) 

the introduction of which into (24) shows that, in this case, the loss of 
energy vanishes ; all the conditions can be satisfied, even though there be 
no dissipation. The reversed motion is then equally admissible. 


Mscperimental. 

The formation of bores is illustrated by a very ordinary observation, 
probably not often thought of in this connection. Something of the kind 
may usually be seen whenever a stream of water from a tap strikes a 
horizontal surface [or when water from a can is poured into a flat bath]. 
The experiment is best made by directing a vertically firlling stream into a 
flat and shallow dish from which the water overflows*. The effective depth 
may be varied by holding a glass plate in a horizontal position under the 
water surface. Where the jet strikes, it expands into a thin sheet which 
diverges for a certain distance, and this distance diminishes as the natural 
depth of the water over the plate is made greater. The circular boundary 
where the transition from a small to a greater depth takes place constitutes 
a bore on a small scale. The flow may be made two-dimensional by limiting 
it with two battens held in contact with the glass. I have not attempted 
measures. On the smallest scale surface-tension doubtless plays a considerable 
part, but this maybe minimised by increasing the stream, and correspondingly 
the depth of the water over the plate, so far as may be convenient. 

* The tap that I employed gives a jet whose diameter is 6 mm. A much larger tap may need 
to be fitted with a special nozzle. — May 14, [1914]. 
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THE SAND-BLAST. 

{Nature, Vol. xcni. p. 188, 1914).] 

Among the many remarkable anticipations contained in T. Young’s 
Lectures on Natural Philoso'phy (1807) is that in which he explains the effect 
of what is now commonly known as the sand-blast. On p. 144 he writes : — 
“There is, however, a limit beyond which the velocity of a body striking 
another cannot be increased without overcoming its resilience, and breaking 
it, however small the bulk of the first body may be, and this limit depends 
on the inertia of the parts of the second body, which must not be disregarded 
when they are impelled with a considerable velocity. For it is demonstrable 
that there is a certain velocity, dependent on the nature of a substance, with 
which the effect of any impulse or pressure is transmitted through it ; a 
certain portion of time, which is shorter accordingly as the body is more 
elastic, being required for the propagation of the force through any part of 
it ; and if the actual velocity of any impulse be in a greater proportion to 
this velocity than the extension or compression, of which the substance is 
capable, is to its whole length, it is obvious that a separation must be pro- 
duced, since no parts can be extended or compressed which are not yet 
affected by the impulse, and the length of the portion affected at any instant 
is not sufficient to allow the required extension or compression. Thus if the 
velocity with which an impression is transmitted by a certain kind of wood 
be 15,000 ft. in a second, and it be susceptible of compression to the extent of 
1/200 of its length, the greatest velocity that it can resist will be 75 ft. in a 
second, which is equal to that of a body falling from a height of about 90 ft.” 

Doubtless this passage was unknown to 0. Reynolds when, with customary 
penetration, in his paper on the sand-blast {Phil. Mag. Vol. XLVL p. 887, 1878) 
he emphasises that “the intensity of the pressure between bodies on first 
impact is independent of the size of the bodies.” 

After his manner, Young was over-concise, and it is not clear precisely 
what circumstances he had in contemplation. Probably it was the longitudinal 
impact of bars, and at any rate this affords a convenient example. We may 
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begin by supposing the bars to be of the same length, material, and section, 
and before impact to be moving with equal and opposite velocities v. At 
impact, the impinging faces are reduced to rest, and remain at rest so long 
as the bars are in contact at all. This condition of rest is propagated in each 
bar as a wave moving with a velocity a, characteristic of the material. In 
such a progressive wave there is a general relation between the particle- 
velocity (estimated relatively to the parts outside the wave) and the com- 
pression (e), viz., that the velocity is equal to ae. In the present case the 
relative particle-velocity is v, so that v = ae. The limit of the strength of the 
material is reached when e has a certain value, and from this the greatest 
value of V {half the original relative velocity) which the bars can bear is 
immediately inferred. 

But the importance of the conclusion depends upon an extension now to 
be considered. It will be seen that the length of the bars does not enter 
into the question. Neither does the equality of the lengths. However 
short one of them may be, we may contemplate an interval after first impact 
so short that the wave will not have reached the further end, and then the 
argument remains unaffected. However short one of the impinging bars, the 
above calculated relative velocity is the highest which the material can bear 
without undergoing disruption. 

As more closely related to practice, the case of two spheres of radii r, r", 
impinging directly with relative velocity v, is worthy of consideration. 
According to ordinary elastic theory the only remaining data of the problem 
are the densities p, p, and the elasticities. The latter may be taken to be 
the Young’s moduli q, q', and the Poisson’s ratios, cr, a\ of which the two last 
are purely numerical. The same may be said of the ratios q'lq, p'lp, and r'jr. 
So far as dimensional quantities are concerned, any maximum strain e may 
be regarded as a function of r, v, q, and p. The two last can occur only in 
the combination q/p, since strain is of no dimensions. Moreover, q/p == 
where a is a velocity. Regarding e as a function of r, v, and a, we see that 
V and a can occur only as the ratio vfa, and that r cannot appear at all. The 
maximum strain then is independent of the linear scale ; and if the rupture 
depends only on the maximum strain, it is as likely to occur with small 
spheres as with large ones. The most interesting case occurs when one 
sphere is very large relatively to the other, as when a grain of sand impinges 
upon a glass surface. If the velocity of impact be given, the glass is as likely 
to be broken by a small grain as by a much larger one. It may be remarked 
that this conclusion would be upset if rupture depends upon the duration of 
a strain as well as upon its magnitude. 

The general argument from d3m,amical similarity that the maximum strain 
during impact is independent of linear scale, is, of course, not limited to the 
case of spheres, which has been chosen merely for convenience of statement. 
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THE EQUILIBRIUM OF REVOLVING LIQUID UNDER 

CAPILLARY FORCE. 

[Philosophical Magazv)%e, Vol. XXTIII. pp. 161 — 170, 1914.] 

The problem of a mass of homogeneous incompressible fluid revolving 
with uniforxn angular velocity (<o) and held together by capillary tension (T) 
is suggest€id by well-known experiments of Plateau. If there is no rotation, 
the mass assumes a spherical form. Under the influence of rotation the 
sphere flattens at the poles, and the oblateness increases with the angular 
velocity. At higher rotations Plateau’s experiments suggest that an annular 
form may be one of equilibrium. The earlier forms, where the liquid still 
meets the axis of rotation, have been considered in some detail by Beer*, but 
little attention seems to have been given to the equilibrium in the form of a 
ring. A general treatment of this case involves difficulties, but if we assume 
that the ring is thin, viz. that the diameter of the section is small compared 
with the diameter of the circular axis, we may prove that the form of the 
section is approximately circular and investigate the small departures from 
that figure. It is assumed that in the cases considered the surface is one of 
revolution about the axis of rotation. 

Fig. 1 represents a section by a plane through the axis Oy, 0 being the 
point where the axis meets- the equatorial plane. One of the principal 



* Pogg, Ann. Vol. xcvi. p. 210 (1855) ; compare Poincar4’8 CapillariU, 1895. 
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curvatures of the surface at P is that of the meridianal curve, the radius of the 
other principal curvature is PQ — the normal as terminated on the axis. The 
pressure due to the curvature is thus 





and the equation of equilibrium may be written 


1 _ 1 O'CO^CC^ ^ Pq 


( 1 ) 


where p# is the pressure at points lying upon the axis, and cr is the density of 
the fluid. 


The curvatures may most simply be expressed by means of s, the length 
of the arc of the curve measured say from A. Thus 

JL = 1 ^ /9\ 

PQ X ds ' . p dxfds ’ ^ ^ 

so that (1) becomes 

dy dx d‘^y o-co^af dx p^x dx 

Si ~~^ds '^ICds^ 

or on integration 

dy crco^xf^ VnX^ , 

^ds~ W 

Thus dyfds is a function of x of known form, say X, and we get for y in terms 
of X 

f Xdx 

y ° * j V(1 - - 

as given by Beer. 

If, as in fig. 1, the curve meets the axis, (3) must be satisfied by a? = 0, 
dyjds — 0. The constant accordingly disappears, and we have the much 
simplified form 

dy _ cr<d^a?’ 

ds~ sr ■*"2T 

At the point A on the equator dyjds = 1. If OA = a, 

- _ aora^ pffiL 
- “ST* + ^ ’ 

whence eliminating po s^nd writing 

^ _ cro>®a=’ 

^ 8T ' 

we get 

^ = xx| + (i-n)5 (7) 
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In terms of y and ic from (7) 



.dy 

X ^ 

'a~ + i - xi) 




-x^ (n^^ + 1 - xiJI ' 

or if we write 




= 1 — z, 

2dy _ 


1 -Xl^ 


= + (lO) 

when we neglect higher powers of H than Reverting to x, we find for 

the integral of (10) 


+ I = (1 - n + fll®) (l 


(-S)> 


.(11) 


no constant being added since y = 0 when x — a. 
If we stop at XI, we have 


5 + a=-(T^“^ 

representing an ellipse whose minor axis OB is a (1 — XI). 

When XI® is retained, 

0R = (1-Xl + Xl®)a (13) 

The approximation in powers of Xi could of course be continued if desired. 

So long as XI < 1, po is positive and the (equal) curvatures at B are convex. 
When XI = 1, po == 0 and the surfirce at B is fiat. In this case (8) gives 

. dy £C® 

j t/ _ / i A \ 


dx V [a“ — /r"} ’ 


.(14) 


or if we set x = a sin* <)!>, 


= (1®) 


Here a; = a corresponds to <f> — ^tt, and = 0 corresponds to <p ==0. Hence 

OB ~ I' sin* ^ d(f> (16) 

The integral in (16) may be expressed in terms of gamma functions and 
we get 

OR = a Vtt . r (I) .4- r (^) = *4312 a (17) 

When 11 > 1, the curvature at B is concave and is negative, as is quite 
t>ermissible. 


we get 


17—2 
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In order to trace the various curves we roay calculate by quadratures 
from (4) the position of a sufficient number of points. This, as I understand, 
was the procedure adopted by Beer. An alternative method is to trace the 
curves by direct use of the radius of curvature at the point arrived at. 
Starting from (7) we find 


and thence 


_ f r) . I ~ cZag 
\ a® a ) ds ’ 


a d^y(d^ „ 3^^ , ^ 
- = Xl — 4- 1 

p dxds^ a? 


-n. 


(18) 


From (18) we see at once that 0 = 0 makes p = a throughout, and that 
when O = 1, a? = 0 makes p — oo . 


In tracing a curve we start from the point ri in a known direction and with 
p = a}(20, + 1), and at every point arrived at we know with what curvature 
to proceed. If, as has been assumed, the curve meets the axis, it must do so 
at right angles, and a solution is then obtained. 


The method is readily applied to the case 0 = 1 with the advantage that 
we know where the curve should meet the axis of y. From (18) with O = 1 
and a = 5, 


1 _ 24} 

p “ fo 0 0 ' 


(19) 


Starting from x = 5 we draw small portions of the curve corresponding to 
decrements of x equal to *2, thus arriving in succession at the points for which 
X = 4*8, 4*6, 4*4, &:c. For these portions we employ the mean curvatures, 
corresponding to x = 4’9, 4'7, &c. calculated from (19). It is convenient to 
use squared paper and fair results may be obtained with the ordinary ruler 
and compasses. There is no need actually to draw the normals. But for 
such work the procedure recommended by Boys* offers great advantages. 
The ruler and compasses are replaced by a straight scale divided upon a strip 
of semi-transparent celluloid. At one point on the scale a fine pencil point 
protrudes through a small hole and describes the diminutive circular arc. 
Another point of the scale at the required distance occupies the centre of the 
circle and is held temporarily at rest with the aid of a small brass tripod 
standing on sharp needle points. After each step the celluloid is held firmly 
to the paper and the tripod is moved to the point of the scale required to give 
the next value of the curvature. The ordinates of the curve so drawn are 
given in the second and fifth columns of the annexed table. It will be seen 
that from x = 0 to x = 2 the curve is very flat. Fig. (1). 


* Phil. Mag. Vol. xxxvi. p, 75 (1893). I am much indebted to Mr Boys for the loan of 
suitable instruments. The use is easy after a little practice. 
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Another case of special interest is the last figure reaching the axis of 
symmetry at all, which occurs at the point a? = 0. We do not know before- 
hand to what value of fi this corresponds, and curves must be drawn 
tentatively. It appears that XI = 2*4 approximately, and the values of y 
obtained from this curve are given in columns 3 and 6 of the table. Fig. (2)*. 



Fig. (2). 


± X 

± y 

db y' 

± X 

db y 

± y ' 

0-0 

2*16 

0-00 

2-6 

2-06 

0-75 

0-2 

2-16 

o-oi 

2*8 

2-03 

0-83 

()-4 

2T6 

0-03 

3*0 

1-99 

0-90 

0-6 

2T6 

0-06 

3-2 

1-95 

0-95 

0-8 

2-16 

0-10 

3-4 

1-89 

0-99 

1 •() 

2-15 

0-14 

3-6 

1-81 

101 

1-2 

2-15 

0-20 

3-8 

1-72 

1 -02 

1 -4 

2T5 

0-27 

4-0 

1-61 

1‘00 

1 -G 

2-15 

0-34 

4*2 

1-49 

0-98 

1 -8 

2-14 

0*42 

4'4 

1-32 

0-89 

2-0 

2'12 

0-50 

4-6 

1-11 

0-78 

2-2 

2-11 

0-58 

4-8 

0-80 

0-67 

2-4 

2-09 

0-65 

4-9 

0-59 

0-41 




5-0 

0-00 

0-00 


There is a little difiiculty in drawing the curve through the point of zero 
curvature. I found it best to begin at both ends {x = 0,y = 0) and (so = 5, 2/ = 0) 
with an assumed value of Xl and examine whether the two parts could be 
made to fit. 

* [1916. These figures were omitted in the original memoir.] 
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When 12 > 2'4 and the curve does not meet the axis at all, the constant 
in (3) must be retained, and the difficulty is much increased- If we suppose 
that dyjds = + 1 when x — a^ dyjds = — 1 when = ai, we can determine 
_Po as well as the constant of integration, and (3) becomes 


X 




= -I- 




a, a 




ds 8T 


^2 - 


.( 20 ) 


We may imagine a curve to be traced by means of this equation. We 
start from the point A where y ~ 0, x = a.^ and in the direction perpendicular 
to OA, and (as before) we are told in what direction to proceed at any point 
reached. When x = a^, the tangent must again be parallel to the axis, but 
there is nothing to ensure that this occurs when y — 0. To secure this end 
and so obtain an annular form of equilibrium, crco^jT must be chosen suitably, 
but there is no means apparent of doing this beforehand. The process of 
curve tracing can only be tentative. 


If we form the expression for the curvature as before, we obtain 
1 crco^ 1 

■^7) ■* 


accr 


Sx^ — — ai 


Ojx a'2^\ 

x^ ) 


+ 


+ 


0^2 — «! 


....( 21 ) 


by means of which the curves may be traced tentatively. 

If we retain the normal PQ, as we may conveniently do in using Boys’ 
method, we have the simpler expression 


i + J- 

p PQ 


CTO)-' 


(2ic® 


+ 




tu 


.( 22 ) 


When the radius CP of the section is very small in comparison with the 
radius of the ring OC, the conditions are approximately satisfied by a circular 



form. We write OP ^ r, OC == a, PC A = 6. Then, r being supposed constant, 
the principal radii of curvature are r and a sec (9 + r, so that the equation of 
equilibrium is 


Pl- 
T ~ 


1 cos 6 
T a + r cos 6 


€0 


— ^ (a + ’'COS ey, 


(23) 
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in which, po should be constant as 0 varies. In this 
cos 6 


a + r cos 6 


“ 1“ ^ 0 — ~ cos W + ™ cos 3^1 , 

a [ 2a. \ 4aV 2a 4a® j 


r 


1 + - cos 0 
a 


r® 2r /» 

]. +^~^ + — cos ^ + 5-^ cos 20. 
2a® a 2 a® 


Thus approximately 

gpo _ a r 
T ~ r 2a 


&)®a® 


_ r® \ ^ f- 3r® ft>®a® 2r 

2T Wa 


4- cos 20 


r 


CO 


®a r® 1 




2a 2T 2a®J ■^®‘^®^^'4a®' 


The term in cos^ will vanish if we take co so that 

a)®a® _ 1 /-, 

T ~r\ 


3r®\ 
a® / 


The coefficient of cos 20 then becomes 


,.(24) 


.(25) 


Sr 

4a 


+ cubes 



(26) 


If we are content to neglect r/a in comparison with unity, the condition of 
equilibrium is satisfied by the circular form ; otherwise there is an inequality 
of pressure of this order in the term proportional to cos 20. From (25) it is 
seen that if a and T be given, the necessary angular velocity increases as the 
radius of the section decreases. 


In order to secure a better fulfilment of the pressure equation it is 
necessary to suppose r variable, and this of course complicates the expressions 
for the curvatures. For that in the rneridianal plane we have 


1 

P 



or with sufficient approximation 


1 

P 


1 

r 


(- 1 d^r 1 

/drN®) 

j r rfO® 2r® 

J 


(27) 


For the curvature in the perpendicular plane we have to substitute PQ , 
measured along the normal, for FQ, whose expression remains as before 
(fig. 3). Now 

^ = cos QI^Q' - tan 0 sin QFQ' 

FQ sin Q ^ Nc, 

in which 

, CiV ,1 /dr\®)-4 , 1 /'dry 
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approximately, 




Thus 


1 _ cos 6 

PQ' ” a + r cos 6 


2r^ \de 


_ 1 (dry) sin^ 1 dr \ 

1 - — I I 1- + ^ ^ cos r de^^ 


1 /c^rV 

\d£) 


.(28) 



« Fig.* 3. 

It will be found that it is unnecessary to retain (drjdd'f, and thus the 
pressure equation becomes 


• apo ^ ^ dV) ctcos 6 a sin 0 1 dr <o~a? / 

~ ' r dd^) a + r cos d'^ a + r cos 9 r d6 2T ' 


r cos 0\^ 


.(29) 


It is proposed to satisfy this equation so far as terms of the order r'^ja^ 
inclusive. 


As a function of 9, r may be taken to be 

r = ro + 8r = ro 4- r^ cos 6 + cos 20 ■+■ , 


.(30) 


where rj, r^, &c. are constants small relatively to r^. It will appear that to 
our order of approximation (Sr/roy may be neglected and that it is unnecessary 
to include the r’s beyond r., inclusive. We have 


a _a 
r~n\ 


Sr /8r\‘^ 


Tn vr, 


a cos 0 r„ 7*2 , ^ 1 , 3’ 1 n* 

V, = — ^ — + cos 0-^1 + - 7 — r — -i X- 

a + r cos 0 2a 4ia I 4ia^ 4a 4a. 


r,, . r.2 


cos 20 +cos3(9 


4a^ 4a 2a 


r cos 


_ ri ry ror .2 ^ (2ro Sro^ nn 


y 4 - cos 29 ] 4 - ^ 4 - 

a a 2 a^ 




(a 2a-^ 
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a d^r a f . . 'I 

~ ^ cos 2(9 + 9r3 cos 3^^ , 

Thus altogether for the coefficient of cos 9 on the right of (29) we get 

, 3ro® n ra f2ro r^} 

^^ 4 ^- 2 -a-Frwia + 4 - 

This will he made to vanish if we take « such that 

= 1 + ?!iL _ !i /on. 

T ■** 4tt- 2a 2ro 

The coefficient of cos 2^ is 

_ Zi 4. '^2 _ *?!i _ fc ^8 ^0“ ] 

•7V ■2a'*’27’,; 2n 2 T\a'^a~^^^\’ 

or when we introduce the value of « from (31) 

Sar^ 3ro 2n 

(32) 

The coefficient of cos 3^ is in like manner 

Sara ro‘-* 

“r7 4a"^ 27^' (3^) 

Ihese coefficients are annulled and ap^jT is rendered constant so far as 
the second order of T,/a inclusive, when we take r„ r„ &c. equal to zero and 

r.J ro = roY 4a“, r^jr^ = - 3roV64a» (34) 

We may also suppose that rj = 0. 

The solution of the problem is accordingly that 

{’■ + ® cos 3«J (36) 

gives the figure of equilibrium, provided o) be such that 

3'iV 

( 36 ) 

The form of a thin ring of equilibrium is thus determined; but it seems 
probable that the equilibrium would be unstable for disturbances involving a 
departure from symmetry round the axis of revolution. 
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FURTHER REMARKS ON THE STABILITY OF 
VISCOUS FLUID MOTION. 

[Philosophical Magazine, Vol. XXVIII. pp. 609 — 619, 1914.] 

At an early date my attention was called to the problem of the stability 
of fluid motion in connexion with the acoustical phenomena of sensitive jets, 
which may be ignited or unignited. In the former case they at'e usually 
referred to as sensitive flames. These are naturally the more conspicuous 
experimentally, but the theoretical conditions are simpler when the jets are 
unignited, or at any rate not ignited until the question of stability has been 
decided. 

The instability of a surface of separation in a non-viscous liquid, i.e. of 
a surface where the velocity is discontinuous, had already been remarked by 
Helmholtz, and in 18’79 I applied a method, due to Kelvin, to investigate the 
character of the instability more precisely. But nothing very practical can 
be arrived at so long as the original steady motion is treated as discontirmous, 
for in consequence of viscosity such a discontinuity in a real fluid must 
instantly disappear. A nearer approach to actuality is to suppose that while 
the 'Velocity in a laminated steady motion is continuous, the rotation or 
vorbicity changes suddenly in passing from one layer of finite thickness to 
another. Several problems of this sort have been treated in various papers^. 
The most general conclusion may be thus stated. The steady motion of a 
non-viscous liquid in two dimensions between fixed parallel plane walls is 
stable provided that the velocity JJ, everywhere parallel to the walls and 
a function of y only, is such that d^XJjdy^ is of one sign throughout, y being 
the coordinate measured perpendicularly to the walls. It is here assumed 
that the disturbance is in two dimensions and infinitesimal. It involves 

* Proc. Lond. Math. Soc. Vol. x. p. 4 (1879); xi. p. 57 (1880) ; xix. p. 67 (1887) ; xxvii, p. 5 
(1895) ; Phil. Mag. Vol. xxxiv. p. 59 (1892) ; xxvi. p. 1001 (1913) ; Scientific Papers, Arts. 68, 
66, 144, 216, 194. [See also Art. 377.] 
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a slipping at the walls, but this presents no inconsistency so long as the fluid 
is regarded as absolutely non- viscous. 

The steady motions for which stability in a non- viscous fluid may be 
inferred include those assumed by a viscous fluid in two important cases, 
(i) the simple shearing motion between two planes for which <PUIdy^ — 0, 
and (ii) the flow (under suitable forces) between two fixed plane walls for 
which iPUjdy^ is a finite constant. And the question presented itself whether 
the effect of viscosity upon the disturbance could be to introduce instability. 
An affirmative answer, though suggested by common experience and the 
special investigations of O. Reynolds* * * § , seemed difficult to reconcile with the 
undoubted fact that great viscosity makes for stability. 

It was under these circumstances that “ the Criterion of the Stability and 
Instability of the Motion of a Viscous Fluid,” with special reference to cases 

(i) and (ii) above, was proposed as the subject of an Adams Prize essay j", and 
shortly afterwards the matter was taken up by Kelvin J in papers which form 
the foundation of much that has since been written upon the subject. His 
conclusion was that in both cases the steady motion is wholly stable lor 
infinitesimal disturbances, whatever may be the value of the viscosity (^) ; 
but that when the disturbances are finite, the limits of stability become 
narrower and narrower as jju diminishes. Two methods are employed : "the 
first a special method applicable only to case (i) of a simple shear, the second 

(ii) more general and applicable to both cases. In 1892 {l.c.) I had occasion 
to take exception to the proof of stability by the second method, and Orr§ 
has since shown that the same objection applies to the special method. 
Accordingly Kelvin’s proof of stability cannot be considered sufficient, even 
in case (i). That Kelvin himself (partially) recognized this is shown by the 
following interesting and characteristic letter, which I venture to give in full. 


July 10 (n895). 

“ On Saturday I saw a splendid illustration by Arnulf Mallock of our 
ideas regarding instability of water between two parallel planes, one kept 
moving and the other fixed. (Fig. 1) Coaxal cylinder's, nearly enough planes 
for our illustration. The rotation of the outer can was kept very accurately 
uniform at whatever speed the governor was set for, when left to itself. At 
one of the speeds he shewed me, the water came to regular regime, quite 
smooth. I dipped a disturbing rod an inch or two down into the water and 
immediately the torque increased largely. S'/nooth regime could only be 

* Phil, Trans. 1883, Part in. p. 935. 

t Phil. Mag. Vol. xxiv. p. 142 (1887). The suggestion came from me, but the notice was 
(I think) drawn up by Stokes. 

X Phil. Mag. Vol. xxiv. pp. 188, 272 (1887) ; Collected Papers., Vol. iv. p. 321. 

§ Orr, Proc. Roy. Irish Acad. Vol. xxvii. (1907). 
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re-established by slowing down and bringing up to speed again, gradually 
enough. 

“ Without the disturbing rod at all, I found that by resisting the outer 
can by hand somewhat suddenly, but not very much so, the torque increased 
suddenly and the motion became visibly turbulent at the lower speed and 
remained so. 

“ I have no doubt we should find with higher and higher speeds, very 
gradually reached, stability of laminar or non-turbulent motion, but with 
narrower and narrower limits as to magnitude of disturbance ; and so find 
through a large range of velocity, a confirmation of Phil. Mag. ISST, 2, 
pp. 191 — 196. The experiment would, at high velocities, fail to prove the 
stability which the mathematical investigation proves for every velocity 
however high. 


water- 




torsiQYiatlg 
to measure 
torque 


rotating 


mercury 



rotating 


fixed 


Fig. 1. 


“As to Phil. Mag. 1887, 2, pp. 272 — 278, I admit that the mathematical 
proof is not complete, and withdraw [temporarily ?] the words ‘ virtually 
inclusive’ (p. 273, line 3). I still think it probable that the laminar motion 
is stable for this case also. In your {Phil. Mag. July 1892, pp. 67, 68) refusal 
to admit that stability is proved you don’t distinguish the case in which my 
proof was complete from, the case in which it seems, and therefore is, not 
complete. 

“ Your equation (24) of p. 68 is only valid for infinitely small motion, in 
which the squares of the total velocities are everywhere negligible ; and 
in this case the motion is manifestly periodic, for any stated periodic con- 
ditions of the boundary, and comes to rest according to the logarithmic law 
if the boundary is brought to rest at any time. 
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“In your p. 62, lines 11 and 12 are ‘inaccurate/ Stokes limits his 
investigation to the case in which the squares of the velocities can be 
neglected 


(i.e. 


radius of globe x velocity 
diffusivity 


very small), 


in which it is manifest that the steady motion is the same whatever the 
viscosity ; but it is manifest that when the squares cannot be neglected, the 
steady motion is very different (and horribly difficult to find) for different 
degrees of viscosity. 


“ In your p. 62, near the foot, it is not explained what Y is ; and it 
disappears henceforth. — Great want of explanation here — Did you not want 
your paper to be understandable without Basset in hand ? I find your two 
papers of July/92, pp. 61 — 70, and Oct./93,pp. 355 — 372, very difficult reading, 
in every page, and in some co ly difficult. 

“ Pp. 366, 367 very mysterious. The elastic problem is not defined. It 
is impossible that there can be the rectilineal motion of the fluid asserted 
in p. 367, lines 17 — 19 from foot, in circumstances of motion, quite undefined, 
but of some kind making the lines of motion on the right side different from 
those on the left. The conditions are not explained for either the elastic- 
solid *, or the hydraulic case, 

“ See p. 361, lines 19, 20, 21 from foot. The formation of a backwater 
depends essentially on the non-negligibility of squares of velocities ; and your 
p. 367, lines 1 — 4, and line 17 from foot, are not right. 

“ If you come to the R. S, Library Committee on Thursday we may come 
to agreement on some of these questions.’^ 


Although the main purpose in Kelvin’s papers of 1887 was not attained, 
his special solution for a disturbed vorticity in case (i) is not without interest. 
The general dynamical equation for the vorticity in two dimensions is 


I)^ ^ ^ dx ^ dy 




( 1 ) 


where v{—ijulp) is the kinematic viscosity and V “ = In this 

hydrodynaniical equation ^ is itself a feature of the motion, being connected 
with the velocities u, v by the relation 



( 2 ) 


while u, V themselves satisfy the “ equation of continuity ” 


^ ^ = 0 , 
dx ^ dy 


(3) 


* I think Kelvin did not understand that the analogous elastic problem referred to is that of 
a thin plate. See words following equation (5) of my paper. 
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In other applications of (1), e.g. to the diffusion of heat or dissolved matter 
in a moving fluid, ^ is a new dependent variable, not subject to (2), and 
representing temperature or salinity. We may then regard the motion as 
known while ^ remains to be determined. In any case ^ = v If 

the fluid move within fixed boundaries, or extend to infinity under suitable 
conditions, and we integrate over the area included, 

SO that 

1 I J/ idxdy = v\l;fjs- + (|)] dy. 

( 4 ) 

by Green’s theorem. The boundary integral disappears, if either ^ or d^fdn 
there vanishes, and then the integral on the left necessarily diminishes as 
time progresses*. The same conclusion follows if ^ and d^/dn have all along 
the boundary contrary signs. Under these conditions ^ tends to zero over 
the whole of the area concerned. The case where at the boundary ^ is 
required to have a constant finite value Z is virtually included, since if we 
write Z+ for Z disappears from (1), and ^ everywhere tends to the 
value Z. 


In the hydrodynamical problem of the simple shearing motion, ^ is a 
constant, say Z, u is & linear function of y, say U, and v = 0. If in the 
disturbed motion the vorticity be Z and the components of velocity be 
U-\-u and v, equation (1) becomes 


dt 


+ {U + v,)^ + v 


dy 


vvn, 


( 6 ) 


in which u, and v relate to the disturbance. If the disturbance be treated 
as infinitesimal, the terms of the second order are to be omitted and we get 
simply 


^ 4 . TT^ 
dt doc 




( 6 ) 


In (6) the motion of the fluid, represented by U simply, is given independently 
of and the equation is the same as would apply if ^ denoted the tempera- 
ture, or salinity, of the fluid moving with velocity U. Any conclusions that 
we may draw have thus a widened interest. 

In Kelvin s solution of (6) the disturbance is supposed to be periodic in os, 
proportional to and U is taken equal to /Sy. He assumes for trial 


^ = 2’0Hkx+ (n—kpt) y] 


a) 


* Compare Orv, l.c. p. 115 . 



dt 
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where is a function of t. On substitution in (6) he finds 

= — V [k^ + (n — k(3ty] T, 

whence — (jQ-vtifs^+n^—nk^t+W^^t?^}^ 

and comes ultimately to zero. Equations (7) and CS) determine ^ and so 
suffice for the heat and salinity problems in an infinitely extended fluid. 
As an example, if we suppose n = 0 and take the real part of (7), 

cos k((c — {9) 

reducing to G cos kx simply when t—0. At this stage the lines of 
constant ^ are parallel to y. As time advances, T diminishes with increasing 
rapidity, and the lines of constant f tend to become parallel to x. If x be 
constant, f varies more and more rapidly with y. This solution gives a 
good idea of the course of events when a liquid of unequal salinity is 
stirred. 

In the hydrodynamical problem we have further to deduce the small 
velocities u, v corresponding to From (2) and (3), if u and v are pro- 
portional to 




Thus, corresponding to (9), 


V 


2Ic \dy^ 

2T 

k(l +0H^) 


2k 


sink {x — ^t.y). — (11) 


No complementary terms satisfying di^vfdy^ — k^v = 0 are admissible, on account 
of the assumed periodicity with x. It should be mentioned that in Kelvin’s 
treatment the disturbance is not limited to be two-dimensional. 


Another remarkable solution for an unlimited fluid of Kelvin’s equation 
(6) with U — /Sy has been given by Oseen*. In this case the initial value 
of ^ is concentrated at one point (^, y), and the problem may naturally be 
regarded as an extension of one of Fourier relating to the conduction of heat, 
Oseen finds 


where 




O 


Ge 


4e.vt 


^TTVt \/(l + 


.( 12 ) 


?(f. ■?. 0) ; (13) 


and the result may be verified by substitution. 


* Arkiv f(ir Materuatik, Astronomi och Fysik, Upsala, Bd. vir. No. 15 (1911). 
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“The curves const, constitute a system, of coaxal and similar ellipses, 
whose centre at i = 0 coincides with the point t), and then moves with 
the velocity parallel to the £B-axis. For very small values of t the eccen- 
tricity of the ellipse is very small and the angle which the major axis makes 
with the iZ!-axis is about 45°. With increasing t this angle becomes smaller. 
At the same time the eccentricity becomes larger. For infinitely great 
values of t, the angle becomes infinitely small and the eccentricity infinitely 
great.” 

When /S= 0 in (12), we fall back on Fourier’s solution. Without loss of 
generality we may suppose 0, r)= 0, and then (r^ 


QQ-mvt 


(14) 


representing the diffusion of heat, or vorticity, in two dimensions. It may 
he worth while to notice the corresponding tangential velocity in the hydro- 
dynamical problem. If -x/o be the stream-function, 

^ dy^ r dr V dr j ’ 

r ^ = - (1 - (15) 

dr TT 

of integration being determined from the known value of dx/r / dr 
"When r is small (15) gives 


so that 

I 

the constant 
when r = 00 . 


dy^ (Jr 

dr ^rrvt ' 


(16) 


becoming finite when r = 0 so soon as t is finite. 

At time t the greatest value of d-y^rldr occurs when 

r2= 1-256 X ^vt (11) 

On the basis of his solution Oseen treats the problem of the stability 
of the shearing motion between two parallel planes and he arrives at 
the conclusion, in accordance with Kelvin, that the motion is stable for 
infinitesimal disturbances. For this purpose he considers “ the specially 
unfavourable case ” where the distance between the planes is infinitely great. 
I cannot see myself that Oseen has proved his point. It is doubtless true 
that a great distance between the planes is unfavourable to stability, but to 
arrive at a sure conclusion there must be no limitation upon the character 
of the infinitesimal disturbance, whereas (as it appears to me) Oseen assumes 
that the disturbance does not sensibly reach the walls. The simultaneous 
evanescence at the walls of both velocity-components of an otherwise sensible 
disturbance would seem to be of the essence of the question. 
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It may be added that Oseen is disposed to refer the instability observed 
in practice not merely to the square of the disturbance neglected in (6), but 
also to the inevitable unevenness of the walls. 

We may perhaps convince ourselves that the infinitesimal disturbances 
of (6), with U = I3y, tend to die out by an argument on the following lines, 
in which it may suffice to consider the operation of a single wall. The 
argument could, I think, be extended to both walls, but the statement 
is more complicated. When there is but one wall, we may as well fix ideas 
by supposing that the wall is at rest (at y = 0). 

The difficulty of the problem arises largely from the circumstance that 
the operation of the wall cannot be imitated by the introduction of imaginary 
vorticities on the further side, allowing the fluid to be treated as uninterrupted. 
We may indeed in this way satisfy one of the necessary conditions. Thus if 
corresponding to every real vorticity at a point on the positive side we 
introduce the opposite vorticity at the image of the point in the plane y = 0, 
we secure the annulment in an unlimited fluid of the velocity-component 
V parallel to y, but the component ti, parallel to the flow, remains finite. In 
order further to annul u, it is in general necessary to introduce new vorticity 
at y = 0. The vorticities on the positive side are not wholly arbitrary. 

Let us suppose that initially the only (additional) vorticity in the interior 
of the fluid is at A, and that this vorticity is clockwise, or positive, like that 
of the undisturbed motion (fig. 2). If this existed alone, there would be of 
necessity a finite velocity u along the wall in its neighbourhood. In order 

— — — — >- — >■ 


A 

o 




B viziiiir— »/ =o B i: . - . -- . - y 

B'ig. 2. Fig. 8. 

to satisfy the condition u = 0, there , must be instantaneously introduced at 
the wall a negative vorticity of an amount sufficient to give compensation. 
To this end the local intensity must be inversely as the distance from A and 
as the sine of the angle between this distance and the wall (Helmholtz). 
As we have seen these vorticities tend to diffuse and in addition to move 
with the velocity of the fluid, those near the wall slowly and those arising 
from A more quickly. As A is carried on, new negative vorticities are 
developed at those pai-ts of the wall which are being approached. At the 
other end the vorticities near the wall become excessive and must be com- 
pensated. To effect this, new positive vorticity must be developed at the 
wall, whose diffusion over short distances rapidly annuls the negative so far 

18 


K. VI. 
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as may be required. After a time, dependent upon its distance, the vorticity 
arising from A loses its integrity by coming into contact with the negative 
diffusing from the wall and thus suffers diminution. It seems evident that 
the end can only be the annulment of all the additional vorticity and 
restoration of the undisturbed condition. So long as we adhere to the 
suppositions of equation (6), the argument applies equally well to an original 
negative vorticity at A, and indeed to any combination of positive and 
negative vorticities, however distributed. 

It is interesting to inquire how this argument would be affected by the 
retention in (5) of the additional velocities ti, v, which are omitted in (6), 
though a definite conclusion is hardly to be expected. In fig. 2 the negative 
vorticity which diffuses inwards is subject to a backward motion due to the 
vorticity at A in opposition to the slow forward motion previously spoken of. 
And as A passes on, this negative vorticity in addition to the diffusion 
is also convected inwards in virtue of the component velocity v due to A. 
The effect is thus a continued passage inwards behind A of negative vorticity, 
which tends to neutralize in this region the original constant vorticity (£^). 
When the additional vorticity at A is negative (fig, 3), the convection 
behind A acts in opposition to diffusion, and thus the positive developed 
near the wall remains closer to it, and is more easily absorbed as A passes 
on. It is true that in front of A there is a convection of positive inwards ; 
but it would seem that this would lead to a more rapid annulment of A 
itself; and that upon the whole the tendency is for the effect of fig. 2 to 
preponderate. If this be admitted, we may perhaps see in it an explanation 
of the diminution of vorticity as we recede from a wall observed in certain 
circumstances. But we are not in a position to decide whether or not a 
disturbance dies down. By other reasoning ( Reynolds, Orr) we know that 
it w'ill do so if /3 be small enough in relation to the other elements of the 
problem, viz. the distance between the walls and the kinematic viscosity p. 

A precise formulation of the problem for free infinitesimal disturbances 
was made by Orr (1907). We suppose that ^ and v are proportional to 
where -{-iq. If V^y = >5?, we have from (6) and (10) 

+ + (18) 

and “ hH — S, (10) 

with the boundary conditions that r = 0, dv/dy = 0 at the walls. Orr easily 
shows that the period-equation takes the form 



1914] 


ON THE STABILITY OF VISCOUS FLUID MOTION 


275 


where are any two independent solutions of (18), and the integrations 

are extended over the interval between the walls. An equivalent equation 
was given a little later (1908) independently by Sommerfeld*. 

Stability requires that for no value of fc shall any of the q’s determined 
by (20) be negative. In his discussion Orr arrives at the conclusion that 
this ^condition is satisfied, though he does not claim that his method is 
rigorous. Another of Orr’s results may be mentioned here. He shows that 
p + h^y necessarily changes sign in the interval between the walls. 

The stability problem has further been skilfully treated by v. Misesf and 
by Hopf J, the latter of whom worked at the suggestion of Sommerfeld, 
with the result of confirming the conclusions of Kelvin and Orr. Doubtless 
the reasoning employed was sufficient for the writers themselves, but the 
statements of it put forward hardly carry conviction to the mere reader. 
The problem is indeed one of no ordinary difficulty. It may, however, be 
simplified in one respect, as has been shown by v. Mises. It suffices to 
prove that q can never be zero, inasmuch as it is certain that in some cases 
(/3 = 0) q is positive. 


In this direction it may be possible to go further. When yS = 0, it is 
easy to show that not merely q, but q~k^v, is positive§. According to 
Hopf, this is true generally. Hence it should suffice to omit P - qjv in (18), 
and then to prove that the /8-solutions obtained from the equation so 
shnplified cannot satisfy (20). The functions and 8,,, satisfying the 
simplified equation 


drf 


= irjS, 


( 21 ) 


where 17 is real, being a linear function of y with real coefficients, could be 
completely tabulated by the combined use of ascending and descending 
series, as explained by Stokes in his paper of 1857 1|. At the walls rj takes 
opposite signs. 

Although a simpler demonstration is desirable, there can remain (I suppose) 
little doubt but that the shearing motion is stable for infinitesimal dis- 
turbances. It has not yet been proved theoretically that the stability can 
fail for finite disturbances on the supposition of perfectly smooth walls; but 
such failure seems probable. We know from the work of Reynolds, Lorentz, 
and Orr that no failure of stability can occur unless >177, where D is 

the distance between the walls, so that /3Z) represents their relative motion. 


* AUi dt‘l IV. Oongr. intern, dei Math. Eoma (1909). 

f I* entifchri^t II. eber, Leipzig (1912), p. 252; tTahreshev, d. Deutsohen Math. 
p. 211 (191H). The mathematics has a very wide scope, 
t Ann. der Phystk, Bd. xtav. p. 1 (1914). 

S Phil. Ma;/. Vol. xxxiv. p. 69 (1892) ; Scientijic Papers, Vol. ni. p. 683. 

II Gavih. Phil. Trans. Mol. x. p. 106; Math, and Ph>js. Papers, Vol. iv, *p. 77, 
to have long preceded the work of Hankel. I may perhaps pursue the line of 
suggested. 


Ver, Bd. xxi. 


This appears 
inquiry here 
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NOTE ON THE FORMULA POE THE GRADIENT WIND. 


[Advisory Committee for Aeronautics. Reports and Memoranda. 

No. 147. January, 1915.] 


An instantaneous derivation of the formula for the “ gradient wind ” has 
been given by Gold*. “For the steady horizontal motion of air along a path 
whose radius of curvature is r, we may write directly the equation 

{(or sin \ ± vf _1 dp (cor sin Xf 
r p dr r ’ 

expressing the fact that the part of the centrifugal force arising from the 
motion of the wind is balanced by the effective gradient of pressure. 

“In the equation p is atmospheric pressure, p density, v velocity of 
moving air, X is latitude, and <o is the angular velocity of the earth about its 
axis,” Gold deduces interesting consequences relating to the motion and 
pressure of air in anti-cyclonic regions f. 

But the equation itself is hardly obvious without further explanations, 
unless we limit it to the case where sinX,= l (at the pole) and where the 
relative motion of the air takes place about the same centre as the earth’s 
rotation. I have thought that it may be worth while to take the probleni 
avowedly in two dimensions, but without further restriction upon the 
character of the relative steady motion. 

The axis of rotation is chosen as axis of . 2 ^. The axes of x and y being 
supposed to rotate in their own plane with angular velocity co, we denote by 
u, V, the velocities at time t, relative to these axes, of the particle wliich then 
occupies the position x, y. The actual velocities of the same particle, parallel 
to the instantaneous positions of the axes, will be u ~ coy, v -f- cox, }ind the 
accelerations in the same directions will be 


du du 


da 

dy 


2cov — (o'X 


* Proc. Roy. Soc. Vol. lxxxa. p. 436 (1908). 
t See also Shaw’s forecasting Weather, Chapter ii. 
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Since the relative motion is supposed to be steady, dujdt, dvjdt disappear, 
and the dynamical equations are . 

1 dp dtc du /-I \ 

P S = + 

~ ^ = “ ^COU — ~ ( 2 ) 

p dy dx dy ^ ^ 

The velocities u, v may be expressed by means of the relative stream- 
function l/r : 

— d^frl dy, -y = ~ d-yjrjdx. 

Equations (1), (2) then become 


p dx dx 


iil®)’*(i|Th'-+-S <»> 


I 

7 — CO 1/ 

p dy ^ 






d^lr 


■(4) 


and on integration, if we leave out the part of p independent of the relative 
motion, 

£^-2.^-1 {(^)- + gy I + 1 d^. (5) 

in which by a known theorem is a function of ^p' only. If a> be omitted, 
(5) coincides with the equation given long ago by Stokes -j-. It expresses p 
m terms of yfr ; but it does not directly allow of the expression of yfr in terms 
ol 2>} ‘IB is required if the data relate to a barometric chart. 

We may revert to the more usual form, if in (1) or (ii) we take the axis 
of X p€?rpendicular to the direction of (relative) motion at any point. Then 
u = 0, and 


.( 6 ) 


p dx dx dy'^ 

But since d-^^jdy = 0, the curvature at this place of the stream-lino (■\^ = const.) 
is 

1 dj-*!^ 


and thus 


r dy^ ' dx 
p cite ^ r 


•(7) 


* Lamb’s IlydrodynamiGS, § 206. 

t Garni). Phil. Tram. Vol. vii. 1842 ; Math, and Phys. Papers, Yol. i, p. 9. 
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giving the velocity v in terms of the barometric gradient dp jdse by means of 
a quadratic. As is evident from the case w = 0, the positive sign in the 
alternative is to be taken when (s and r are drawn in opposite directions. 

In (7) r is not derivable from the barometric chart, nor can f be deter- 
mined strictly by means of p. But in many cases it appears that the more 
important part of p, at any rate in moderate latitudes, is that which depends 
upon Cl), so that approximately from (5) 


lf' = -j3/2p0. 



Substituting this value of f in the smaller terms, we get as a second 


2po).f=’-p^ 


1 j/dpy , fdpy ] , 1 


8q)^P [IdiT, 


ico'^p 


With like approximation we may identify r in (7) with the radius of curvature 
of the isokric curve which passes through the point in question. 

The interest of these formulas depends largely upon the fact that the 
velocity calculated as above from the barometric gradient represents fairly 
well the wind actually found at a moderate elevation. At the surface the 
discrepancy is larger, especially over the land, owing doubtless to friction. 
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SOME PROBLEMS OONCEENING THE MUTUAL INFLUENCE 
OF RESONATORS EXPOSED TO PRIMARY PLANE WAVES. 

\_Philosopliical Magazine, Vol. xxix. pp. 209 — 222, 1915.] 

Recent investigations, especially the beautiful work of Wood on Radia- 
tion of Gas Molecules excited by Light”*, have raised questions as to the 
behaviour of a cloud of resonators under the influence of plane waves of 
their own period. Such questions are indeed of fundamental importance. 
Until they are answered we can hardly approach the consideration of absorp- 
tion, viz. the conversion of radiant into thermal energy. The first action 
is upon the molecule. We may ask whether this can involve on the average 
an increase of translatory energy. It does not seem likely. If not, the 
transformation into thermal energy must await collisions. 

The difficulties in the way of answering the questions which naturally 
arise are formidable. In the first place we do not understand what kind of 
vibration is assumed by the molecule. But it seems desirable that a be- 
ginning should be made ; and for this purpose I here consider the case of 
the simple aerial resonator vibrating symmetrically. The results cannot be 
regarded as even roughly applicable in a quantitative sense to radiation, 
inasmuch as this type is inadmissible foj: transverse vibrations. Nevertheless 
they may afford suggestions. 

The action of a simple resonator under the influence of suitably tuned 
primary aerial waves was considered in Theory of Sound, § 319 (1878). The 
primary waves were supposed to issue from a simple source at a finite 
distance c from the resonator. With suppression of the time-factor, and at a 
distance r from their source, they are representedf by the potential 


* A convenient summary of many of the more important results is given in the Guthrie 
Lecture, Proo. Phys. 8oc. Vol. xxvi. p. 185 (1914). 

+ A slight change of notation is introduced. 
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in which k = 27r/X, and X is the wave-length; and it appeared that the 
potential of the secondary waves diverging from the resonator is 


so that 


^—ikc ikr' 

~V~ ’ ■" 


( 2 ) 

(3) 


The left-hand member of (3) may be considered to represent the energy 
dispersed. At the distance of the resonator 

Mod"<^ = l/c". 

If we inquire what area S of primary wave-front propagates the same 
energy as is dispersed by the resonator, we have 

Sfc^ — 47r / k^c^, 

or S = Astt jk^ — X^ j TT. . : (4) 

Equation (4) applies of course to ‘plane primary waves, and is then a 
particular case of a more general theorem established by Lamb*. 

It will be convenient for our present purpose to start de novo with plane 
primary waves, still supposing that the resonator is simple, so that we are 
concerned only with symmetrical terms, of zero order in spherical harmonics. 

Taking the place of the resonator as origin, and the direction of pro- 
pagation as initial line, we may represent the primary potential by 

(f) = e«*rcose _ 1 _|_ QQQ Q __ ^ ^5^ 


The potential of the symmetrical waves issuing from the resonator may 
be taken to be 



( 6 ) 


Since the resonator is supposed to be an ideal resonator, concentrated in a 
point, r is to be treated as infinitesimal in considering the conditions to be 
there satisfied. The first of these is that no work shall be done at the 
resonator, and it requires that total pressure and total radial velocity shall 
be in quadrature. The total pressure is proportional to d ((p + or to 

and the total radial velocity is d(<p-f- '\/r)/dr. Thus (cp -f- i/r) and 
d (<p ■+■ ‘yjr) I dr must be in the same (or opposite) phases, in other words their 
ratio must be real. Now, with sufficient approximation. 


^ + 1 + 2(1 


a 

r- 


so that 


tv 


ih — real. 


■(O 


* Gamh. Trans. Vol. xviir. p. 348 (1899) ; Proc. Math. Soc. Vol. xxxii. p. 11 (1900). The 
resonator is no longer limited to be simple. See also Rayleigh, Phil. Mag. Yol. in. p. 97 (1902) ; 
Scientific Pajiers, Yol. v. p. 8. 
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If we write 

a = A 1 j a — A~'^ ( 8 ) 

then A'= — k~^ sin a (9) 


So far a is arbitrary, since we have used no other condition than that no 
work is being done at the resonator. For instance, (9) applies when the 
source of disturbance is merely the presence at the origin of a small cpiantity 
of gas of varied character. The peculiar action of a resonator is to make A 
a maximum, so that sin a = ±1, say — 1. Then 

A = l/k, a — — ilk, .(10) 

■^= ^ ( 11 ) 

As in (3), 4j7rr^ Mod“ = 47r jk^ = X^/tt, (12) 

and the whole energy dispersed corresponds to an area of primary wave- 
front equal to 


The condition of I'esonance implies a definite relation between (<^ -t- 1 //') 
and d (cf) + ■yj/') I dr. If we introduce the value of a from (10), we see that 
this is 


<p + '\jr _ 1 / a ■+ 1 / r — ^7r 
d + '\lr) J d?' — i/r“ 


(13) 


and this is the relation which must hold at a resonator so tuned as to 
respond bo the primary waves, when isolated from all other influences. 


The above calculation relates to the case of a single resonator. For 
many purposes, especially in Optics, it would be desirable to understand the 
operation of a company of resonators. A strict investigation of this question 
requires us to consider efich resonator as under the influence, not only 
of the primary waves, but also of the secondary waves dispersed by its 
neighbours, and in this many difficulties are encountered. If, however, the 
resonators are not too near one another, or too numerous, they may be 
supposed to act independently. From (11) it will be seen that the standard 
of distance is the wave-length. 

The. action of a number (n) of similar and irregularly situated centres of 
secondary disturbance has been considered in various papers on the light 
from the sky*. The phase of the disturbance from a single centre, as it 
reaches a distant point, depends of course upon this distance and upon the 
situation of the centre along the primary i-ays. If all the circumstances are 
accurately prescribed, we can calculate the aggregate effect at a distant 
point, Jind the resultant intensity may be anything between 0 and that 
corres^jonding to complete agreement of phase among all the components. 
But such a calculation would have little significance for our present purpose. 

* Compare also “Wave Theory of Light,” Emc. Brit. Vol. xxiv. (1888), § 4; Scientific JPajpern, 
Vol. III. pp. SB, S4. 
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Owing to various departures from ideal simplicity, e.g. want of homogeneity 
in the primary vibrations, movement of the disturbing centres, the impossi- 
bility of observing what takes place at a mathematical point, we are in effect 
only concerned with the average, and the average intensity is n times that 
due to a single centre. 

In the application to a cloud of acoustic resonators the restriction was 
necessary that the resonators must not be close compared with X’, otherwise 
they would react upon one anSther too much. This restriction may appear 
to exclude the case of the light from the sky, regarded as due mainly to the 
molecules of air; but these molecules are not resonators — at any rate as 
regards visible radiations. We can most easily argue about an otherwise 
uniform medium disturbed by numerous small obstacles composed of a 
medium of different quality. There is then no difficulty in supposing the 
obstacles so small that their mutual reaction may be neglected, even although 
the average distance of immediate neighbours is much less than a wave- 
length. When the obstacles are small enough, the whole energy dispersed 
may be trifling, but it is well to observe that there must be some. No 
medium can be fully transparent in all directions to plane waves, which 
is not itself quite uniform. Partial exceptions may occur, e.g. when the want 
of uniformity is a stratification in plane strata. The dispersal then becomes 
a regular reflexion, and this may vanish in certain cases, even though the 
changes of quality are sudden (black in Newton’s rings)*. But such trans- 
parency is limited to certain directions of propagation. 


To return to resonators : when they may be close together, we have to 
consider their mutual reaction. For simplicity we will suppose that they all 
lie on the same primary wave-front, so that as before in the neighbourhood 
of each resonator we may take 

d<pjdr = 0 (14) 


Further, we suppose that all the resonators are similarly situated as regards 
their neighbours, e.g., that they lie at the angular points of a regular 
polygon. The waves diverging from each have then the same expression, 
and altogether 

f ^ “ tier I g 

+ - 


where r^, ... are the distances of the point where is measured from the 

various resonators, and a is a coefficient to be determined. The whole 
potential is <p -i- 'xjr, and it suffices to consider the state of things at the first 
resonator. With sufficient approximation 




ikH 


...( 16 ) 


* See Proc. Roy. Soc. Vol. lxxxvi a, p- 207 (1912) ; [This volume, j). 77]. 
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M being the distance of any other resonator from the first, while (as before) 


d((f> + yjr) 
dr 


a 



(17) 


We have now to distinguish two cases. In the first, which is the more 
important, the tuning of the resonators is such that each singly would 
respond as much as possible to the primary waves. The ratio of (16) to (17) 
must then, as we have seen, be equal to — , when rj is indefinitely 

diminished. Accordingly 





Q - ikB 

~~R~ ’ 


(18) 


which, of course, includes (10). If we write a = then 


1 


^ cos kR 

2 

^ sin kR 


+ 



(19) 


The other case arises when the resonators are so tuned that the aggregate 
responds as much as possible to the primary waves. We may then proceed 
as in the investigation for a single resonator. In order that no work may be 
done at the disturbing centres, and d (<f> + yjr') f dr must be in the 

same phase, and this requires thJlt 


1 1 p-ilcit 

~ _) ik + 'Si — - = real, 

a ri li ' 


or 


1 

a 


real + ik + %% 


sin kit 


( 20 ) 


The condition of maximum resonance is that the real part in (20) shall 
vanish, so that 



a 


1 1 + 


sin /ri?) 

/ 


( 21 ) 


or 


A ~ 


Ijk 


1 + S 


sin kR ' 


( 22 ) 


The present value of A." is greater than that in (19), as was of course to 
be expected. In either case the disturbance is given by (15) with the value 
of a determined by (18), or (21). 

The simplest example is when there are only two resonators and the 
sign of summation may be omitted in (18). In order to reckon the energy 
dispersed, we may proceed by either of two methods. In the first we con- 
sider the value of and its modulus at a great distance r from the resonators. 
It is evident that ^ is symmetrical with respect to the line R joining the 
resonators, and if 6 be the angle between r and R,r^-r^=^R cos 6. Thus 

. Mod=^ >/. = {2 + 2 cos {kR cos (9)} ; 
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and on integration over angular space. 


27rr® I" Mod® . sin 6 d6 = SttA^ |l -p (23) 


Introducing the value of from (19), we have finally 

sin kR 


27rr® f Mod® yfr . sin 0 dO 
J 0 


”0 


SttJc ® ( 1 + 


IcE 


^ ^ 1 ^ ^ sin IcE 

^ kR 


.(24) 


If we suppose that kE is large, but still so that E is small compared 
with r, (24) reduces to 87rk~‘^ or 2X^/7r. The energy dispersed is then the 
double of that which would be dispersed by each resonator acting alone ; 
otherwise the mutual reaction complicates the expression. 

The greatest interference naturally occurs when kR is small. (24) then 
becomes 2k^R^ . 2V/7r, or IGwii®, in agreement with Theory of Sound, § 321. 
The whole energy dispersed is then much less than if there were only one 
resonator. 


It is of interest to trace the influence of distance more closely. 
kR~ 2'n'm, so that E — mK, we may write (24) 

^ = (^X®/ it) . F, 


If we put 


(25) 


where S is the area of primary wave-front which carries the same energy as 
is dispei'sed by the two resonators and 




27rm + sin ( 27 rm) 

27rm -f ( 27 rm)“^ 2 sin (f.rmi) 


,(26) 


If 2?a is an integer, the sine vanishes and 


F- 


1 + (2^?^)-® ’ 


(27) 


not differing much from unity even when 2m = 1 ; and whenever 2m is great, 
F approaches unity. 

The following table gives the values of F for values of 2m not greater 
than 2 : 



F 1 

2 m 

F 

2nt 

.. .. - 


0-05 

0-0459 

0-70 

0-7042 

1-40 

1-266 

OTO 

0-1514 

0-80 

0-75S8 

1-50 

1 -269 

0-20 

0-3582 

0-90 

0-8256 

1-60 

1-226 

0-30 

0-4836 

1-00 

0-9080 

1-70 

1-159 

0-40 

0-5583 

1-10 

1*006 

1-80 

1 -088 

0-50 

0-6110 

1-20 

1-113 

1-90 

1 -026 

0-60 

0-6569 

1-30 

1 -208 

2-00 

0-975 
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In the case of two resonators the integration in (23) presents no difficulty ; 
but when there are a larger number, it is preferable to calculate the emission 
of energy in the dispersed waves from the work which would have to be done 
to generate them at the resonators (in the absence of primary waves) — a 
method which entails no integration. We continue to suppose that all the 
resonators are sirnilarly situated, so that it suffices to consider the work done 
at one of them — say the first. From (15) 


■yfr == a 




dyjr _ a 
dr * 


The pressure is proportional to iyfr, and the part of it which is in the same 
phase as dyjr /dr is proportional to 


a -l/r + X 


sin kM 




Accordingly the work done at each source is proportional to 




.(28> 


Hence altogether by (19) the energy dispersed by n resonators is that 
carried by an area S of primary wave-front, where 


^ ^ sin kR 


TT 

cos kR 

2 

sin kR 


L ^ J 

+ 

1 -L. V 

^ kR J 


.(29) 


the constant factor being determined most simply by a comparison with the 
case of a single resonator, for which n=l and the X’s vanish. We fall back 
on (24) by merely putting n = 2, and dropping the signs of summation, as 
there is then only one R. 

If the tuning is such as to make the effect of the aggregude of resonators 
a maximum, the cosines in (29) are to be dropped, and we have 


S> 


vX-^/ 


TT 


1 -h X 


sin kR ' 


.(30) 


As an example of (29), we may take 4 resonators at the angular points of 
a square whose side is h. There are then 3 R'& to be included in the sum- 
mation, of which two are equal to h and one to h ^/2, so that (28) becomes 


A‘-^ 


sin kb sin (kb \/2)| 

i + ^ + /ci, '^2 




(31) 
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A similar result may be arrived at from the value of 'xfr at an infinite 
distance, by use of the definite integral* 

I*" J'o (a; sin 0) sin 6 dO = ~~~ (32) 

As an example where the company of resonators extends to infinity, we 
may suppose that there is a row of them, equally spaced at distance M. 
By (18) 

1 (o-ikR 

~=%k-2 1"^ + + . ■ . j- (33) 

The series may be summed. If we write 

2, = e H ^ 1 g h . . - , (34») 

where h is real and less than unity, we have 

_ i e~^’® 

and S = -~log(l - (35) 


no constant of integration being required, since 

S = ~ h~^ log (1 — A) when x = 0. 

If now we put K = 1, 

2 = — log (1 — e-^*) = — log ^2 sin {x — tt) -f- 2t mr (36) 

^ ~ ^ ~ /i^ {“ ~ ■*" (3'?' ) 

If kR = ^mTT, or R = mX, where m is an. integei*, the logarithm becomes 
infinite and a tends to vanish^*. 

When R is very small, a is also very small, tending to 

a — R-i-2 log (kR) (33) 

The longitudinal density of the now approximately linear source may be 
considered to be a/R, and this tends to vanish. The multiplication of 
resonators ultimately annuls the effect at a distance. It must be rmnemberod 
that the tuning of each resonator is supposed to be as for itself alone. 

In connexion with this we may consider for a moment the problem in 
two dimensions of a linear resonator parallel to the primary waves, which 
responds symmetrically. As before, we may take at the resonator 

<p=l, d<p/dr = 0. 

* Enc. Brit. 1. c. equation (43) ; Scientific Papers, Vol. in. p. 98. 
t Phil. Mag. Vol. xiv, p. 60 (1907) ; Scientific Papers, Vol. v. p. .Riy. 
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As regards yjr, the potential of the waves diverging in two dimensions, we 
must use different forms when r is small (compared with X) and when r is 
large*. When r is small 


^ 2 y .2 


, , / , ikr\ f_ 

yjrla = ^7 + log |1 - --- + 


2® . 4“ 


+ -^i 2a . 4,2 +i; + 2~42~;"02 (1 + i + -g-) — ; 


(39) 


and when r is large, 
t/t / a — — 


TT 


2iA?r) 


4 ' 

^—ikr 



1" 

1 . 8i7cr 


1". 3=^ 

1.2. (8^7:r•)“ 



...(40) 


By the same argument as for a point resonator we find, as the condition that 
no work is done at r — 0, that the imaginary part of 1 j a is — tV/ 2. For 
maximum resonance 

a==2'i/7r, (41) 

so that at a distance approximates to 


Thus 




— iilcr-M 


TTfs/r 


27rr . Mod^ ’\lr == 


2X 


TT 


(42) 

(43) 


which expresses the width of primary wave-front carrying the same energy 
as is dispersed by the linear I'esonator tuned to maximum resonance. 


A subject which naturally presents itself for treatment is the efiect of a 
distribution of point resonators over the whole plane of the primary wave- 
front. Such a distribution rnay be either regular or haphazard. A regular 
distribution, e.g. in square order, ha.s the advantage that all the resonators 
are similarly situated. The whole energy dispersed is then expressed by 
(29), though the interpretation presents difficulties in general. But even 
this would not cover all that it is desirable to know. Unless the side of the 
square (5) is smaller than X, the waves directly reflected back are accom- 
panied by lateral “ spectra ” whose directions may be very various. When 
6 < X, it seems that these are got rid of For then not only the infinite lines 
forming sides of the squares which may be drawn through the points, hut a 
foi'tiori lines drawn obliquely, such as those forming the diagonals, are too 
close to give spectra. The whole of the effect is then represented by the 
specular reflexion. 

In some respects a haphazard distribution forms a more practical problem, 
especially in connexion with resonating vapours. But a precise calculation 
of the averages then involved is probably not easy. 


TJieory of Sounds § 341 , 
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If we suppose that the scale (b) of the regular structure is very small 
compared -with X, we can proceed further in the calculation of the regularly 
reflected wave. Let Q be one of the resonators, O the point in the plane of 
the resonators opposite to P, at which -yjr is required ; OP = a), OQ=y, PQ — 7\ 
Then if ra be the number of resonators per unit area, 


or since y dy— r dr,' 


0’—%1cr 

^ ydy--^, 

^00 

yp- = 27 rma / d,r. 

J X 


The integral, as written, is not convergent ; but as in the theory of diffraction 
we may omit the integral at the upper limit, if we exclude the case of a 
nearly circular boundary. Thus 



’^TT'ina 


e 


—ikiv 


(44) 


and 


Mod^^/r 




(45) 


The value of is given by (19). 
above. 


cos kR /"” 

S — ^y- = 27rm 

sin kR _ /”* 

X — 5 — = 27rm I 
-ti Jo 


We find, with the same limitation as 


cos kR dR = 0, 
sin JcRdR = ’•lir'iiij k. 


Thus A^ = 1 /(ib + 27 rm / ky 
and 


Mod® 'p — 


4)7r‘^m" 

(A:® + 2'Trtuf 


(46) 


When the structure is very fine compared with X, /r’ in the denominator 
may be omitted, and then Mod®'^ = 1, that is the regular reflexion becomes 
total. 


The above calculation is applicable in strictness only to reisoiuitoi's arranged 
in regular order and very closely distributed. It seems not unlikely that a 
similar result, viz. a nearly total specular reflexion, would ensue ev'en when 
there are only a few resonators to the square wave-length, and these arc in 
motion, after the manner of gaseous molecules; but tlris ixMiuires further 
examination. 


In the foregoing investigation we have been dealing solely with forced 
vibrations, executed in synchronism with primary waves incident upon the 
resonators, and it has not been necessary to enter into details respecting the 
constitution of the resonators. All that is required is a suitable adjustment 
to one another of the virtual mass and spring. But it is also of interest to 
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consider yree vil^rations. These are of necessity subject to damping, owing 
to the communication of energy to the medium, forthwith propagated away; 
and their persistence depends upon the nature of the resonator as regards 
mass and spring, and not merely upon the ratio of these quantities. 

Taking first the case of a single resonator, regarded as bounded at the 
surface of a small sphere, we have to establish the connexion between the 
motion of this surface and the aerial pressure operative upon it as the result 
of vibration. We suppose that the vibrations have such a high degree of 
persistence that we may calculate the pressure as if they were permanent. 
Thus if 'yfr be the velocity-potential, we have as before with sufficient approxi- 
mation 


'yp'/a = 


1 — ikr 
r 


9 


1 ^ 
a dr 



so that, if p be the radial displacement of the spherical surface, dpjdt = — a/r®, 
and 

= _ r (1 — ikr) dpjdt 

Again, if a- be the density of the fluid and Bp the variable part of the 
pressure, 

Sp — — crd^lrj dt = err (1 — ikr) d^pfdt^, (48) 


which gives the pressure in terms of the displacement p at the surface of a 
sphere of small radius r. Under the circumstances contemplated we may 
use (48) although the vibration slowly dies down according to the law of 
where n is not wholly real. 

If Af denotes the “ mass ” and /n the coefficient of restitution applicable 
to p, the equation of motion is 


Ad -1- pup ■+ 47rcrr® (1 — ikr) 


<^p _ 


0 , 


.(49) 


.( 50 ) 


or if we introduce and write AX' for M -f- 47 r<rr», 

n® ( — Ad' + diTTcrkr ^ . ^) + /u- = 0 

Approximately, 

n = ^/{^x/Al'). {I ^TTo-kr^lAX'] ; 
and if we write n —p q- iq, 

p = sJiplAd'), q = p. ^TTo-kr^jAd' (51) 

If T be the time in which vibrations die down in the ratio of e : 1, T ~ 1 /.q. 

If there be a second precisely similar vibrator at a distance R from the 
first, we have for the potential 


■^2 = 


R 




dp2 
dt ’ 


.(62) 


R. VI. 


19 
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and. for the pressure due to it at the surface of the first vibrator 




e-m ^ 

di? 


.( 63 ) 


The equation of motion for pi is accordingly 

and that for p^ differs only by the interchange of pi and Pa* Assuming that 
both px and p^ are as functions of the time proportional to we get to 
determine n 

[M' — 4i'!rar^ . ikr] — /i. = + n® . 47rar^jB“'’^ 0 -ikR^ 

or approximately 


7.1 + 


( 54 ) 


If, as before, we take n = p + iq. 


27ra'r* 


7. (l±^cosA;ii), (65) 


q=p. 


27r<rr^ 

iOF 


{hit + sin kR). 


( 66 ) 


We may observe that the reaction of the neighbour does not disturb the 
frequency if cos/<;J2 = 0, or the damping if sm/i;jR = 0. When kll is small, 
the damping in one alternative disappears. The two vibrators then execute 
their movements in opposite phases and nothing is propagated to a distance. 

The importance of the disturbance of frequency in (55) cannot be estimated 
without regard to the damping. The question is whether the two vibrations 
get out of step while they still remain consider able. Let us suppose that 
there is a relative gain or loss of half a period while the vibration dies down 
in the ratio of e : 1, viz. in the time denoted previously by T, so that 

(Pl —p^)T— TT. 

Calling the undisturbed values of p and q respectively P and Q, and supposing 
kR to be small, we have 

P 47rcrr* 

Q 

in which Q/P = ^ira-kPlM'. According to this standard the disturbance of 
frequency becomes important only when 1 / tt, or R less than A/ttI It 

has been assumed throughout that r is much less than R. 
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ON THE WIDENING OF SPECTRUM LINES. 

[Philosophical Magazine, Vol. xxix. pp. 274 — 284, 1915.] 

Modern improvements in optical methods lend additional interest to an 
examination of the causes which interfere with the absolute homogeneity of 
spectrum lines. So far as we know these may be considered under five heads, 
and it appears probable that the list is exhaustive: 

(i) The translatory motion of the radiating particles in the line of sight, 
operating in accordance with Doppler’s principle. 

(ii) A possible effect of the rotation of the particles. 

(iii) Disturbance depending on collision with other particles either of the 
same or of another kind. 

(iv) Gradual dying down of the luminous vibrations as energy is radiated 
away. 

(v) Complications arising from the multiplicity of sources in the line of 
sight. Thus if the light from a flame be observed through a similar one, the 
increase of illumination near the centre of the spectrum line is not so great 
as towards the edges, in accordance with the principles laid down by Stewart 
{Mid Kirchhoflf ; and the line is effectively widened. It will be seen that this 
cause of widening cannot act alone, but merely aggravates the effect of other 
cau.ses. 

There is reason to think that in many cases, especially when vapours in a 
highly rarefied condition are excited electrically, the first cause is the most 
important. It was first considered by Lippich* and somewhat later inde- 
pendently by myself •!■. Subsequently, in reply to Ebert, who claimed to 
have discovered that the high interference actually observed was inconsistent 
with Doppler’s principle and the theory of gases, I gave a more complete 

* l^ogg. Ann. Vol. cxxxix. p. 465 (1870). 

t Nature, Vol. viii. p. 474 (1873) ; Scientific Papers, Vol. i. p. 183. 

19—2 
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calculation*, taking into account the variable velocity of the molecules as 
defined by Maxwell’s law, from which it appeared that there was really ho dis- 
agreement with observation. Michelson compared these theoretical results 
with those of his important observations upon light from vacuum-tubes and 
found an agreement which was thought sufficient, although there remained 
some points of uncertainty. 

The same ground was traversed by Schonrockf, who made the notable 
remark that while the agreement was good for the monatomic gases it failed 
for diatomic hydrogen, oxygen, and nitrogen ; and he put forward the sugges- 
tion that in these cases the chemical atom, rather than the usual molecule, was 
to be regarded as the carrier of the emission-centres, By this substitution, 
entailing ah increase of velocity in the ratio V2 : 1, the agreement was much 
improved. 

While I do not doubt that Schbnrock’s comparison is substantially correct, 
I think that his presentation of the theory is confused and unnecessarily com- 
plicated by the introduction (in two senses) of the “width of the spectrum 
line,” a quantity not usually susceptible of direct observation. Unless I 
misunderstand, what he calls the observed width is a quantity not itself 
observed at all but deduced from the visibility of interference bands by 
arguments which already assume Doppler’s principle and the theory of gases. 
I do not see what is gained by introducing this quantity. Given the nature of 
the radiating gas and its temperature, we can calculate from known data the 
distribution of light in the bands corresponding to any given retardation, and 
from photometric experience we can form a pretty good judgment as to the 
maximum retardation at which they should still be visible. This theoretical 
result can then be compared with a purely experimental one, and an agree- 
ment will confirm the principles on which the calculation was founded. 
I think it desirable to include here a sketch of this treatment of the question 
on the lines followed in 1889, but with a few slight changes of notation. 

The phenomenon of interference in its simplest form occurs when two 
equal trains of waves are superposed, both trains having the same frequency 
and one being retarded relatively to the other by a linear retardation X}. 
Then if X denote the wave-length, the aggregate may be represented by 


cos nt ■+ cos {7it — 27rXI\) — 2 cos (ttX/X.) . cos (nt — ttX/X) (1) 

The intensity is given by 

I = 4s cos^ (ttX/A-) — 2 [1 -I- cos (27rX j\)\ (2) 


If we regard X as gradually increasing from zero, J is periodic, the maxima 
(4) occurring when JT is a multiple of X and the minima (0) when X is an odd 

* “On the limits to interference when light is radiated from moving molecules,’’ PhiU Mag* 
VoL XXVII. p. 298 (1889) ; Scientific Fapera, VoL m. p. 258. 
t Awn* tier Physik, VoL xx. p. 995 (1906). 

X In the paper of 1889 the retardation was denoted bj 2A. 
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multiple of If bands are visible corresponding to various values of X, 

the darkest places are absolutely devoid of light, and this remains true how- 
ever great X may be, that is however high the order of interference. 

The above conclusion requires that the light (duplicated by reflexion oj 
otherwise) should have an absolutely definite frequency, should be absc- 
lutely homogeneous. Such light is not at our disposal ; and a defect of 
homogeneity will usually entail a limit to interference, as X increases. We 
are now to consider the particular defect arising in accordance with Doppler’s 
principle from the motion of the radiating particles in the line of sight. 
Maxwell showed that for gases in temperature equilibrium the number of 
molecules whose velocities resolved in three rectangular directions lie within 
the range must be proportional to 

If ^ be the direction of the line of sight, the component velocities rj, ^ are 
without influence in the present problem. All that we require to know is that 
the number of molecules for which the component ^ lies between ^ and 
is proportional to 

e-^^d^. (3) 


The relation of yS to the mean (resultant) velocity v is 

2 

^ "" V(7r/3) ■ ■ ■ ■ 


(4) 


It was in terms of v that my (1889) results were expressed, but it was pointed 
out that V needs to be distinguished from the velocity of mean square with 
which the pressure is more directly connected. If this be called 


V 



( 5 ) 


so that 



( 6 ) 


Again, the relation between the original wave-length A and the actual wave- 
length X, as disturbed by the motion, is 

^= 1 + 1 - 

c denoting the velocity of light. The intensity of the light in the inter- 
ference bands, so far as dependent upon the molecules moving with velocity 
is by (2) 


d/ = 2 |l + cos f 1 + 1)1 df, 


( 8 ) 
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and this is now to be integrated with respect to ^ between the limits i co , 
The bracket in (8) is 

, 27rX 2'7rXP . SttX . ^ttX^ 

^ A Ac A Ac 

The third term, being uneven in contributes nothing. The remaining 
integrals are included in the well-known formula 

f cos (2ra}) dcc= 

J -00 a ’ 

Thnc! T 2'irX ^ 

^ L' ^ "A - E-P (~o^/9aOJ 

The intensity at the darkest part of the bands is found by making X an 
of ^ maximum brightness by making X a multiple 

Exp { — — XT' 

where F denotes the “ visibility ” according to Michelson’s definition. Eqna- 

ion ( ' arrived at in my former paper, and j3 can be expressed 

m erms o eit er the mean velocity v, or preferably of the velocity of mean 
square v'*. 

The next questmn is what is the smallest value of F for which the bands 
are rec^niza e. Relying on photometric experience, I estimated that a rela- 
ive 1 erence of 5 per cent, between and would be about the limit in 
the case of high interference bands, and I took V = -025. Shortly afterwards t 
ma e specia experiments upon bands well under control, obtained by ineans- 
u e re rac ion, an I found that in this veiy favourable case the bands 
were still j ust distinctly seen when the relative difference between I, and 4 
was reduced to 4 per cent. It would seem then that the estimate '025 
can hardly be improved upon. On this basis (10) gives in torni.s of t; 

-3r 2c ^ 

A=:^V(loge40)==-690~, ( 11 ) 

as before. In terms of v' by (6) 

-X j\/3 c 

A ” 40) = -749 y (12) 

Here"/- 1839^^0°^ 'f *° hydrogen moIocuIoH at 0"O. 

nere - 1889 x 10® cm./sec.+, and c = 3 x 10'» Thus 

X JA = 1‘222 X 10® (13) 

that of Joule (MaZLT. OA velooilies »as 
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This is for the hydrogen molecule. For the hydrogen atom (13) must he 
divided by V2. Thus for absolute temperature T and for radiating centres 
whose mass is m times that of the hydrogen atom, we have 


X _ 1-222 X V(273) x 1Q« 


A 


V2 


/ fm 

V \T. 


1427 X 10® 


y®- 


...(14) 


In Bilisson and Fabry’s corresponding formula, which appears to be derived 
from Schdnrock, 1*427 is replaced by the appreciably different number 1-22*^. 

The above value of X is the retardation corresponding to the limit of visi- 
bility, taken to be represented by V = •026. In Schdnrock’s calculation the 
retardation Xi, corresponding to F'=*5, is considered. In (12), V(loge 4 j 0) 
would then be replaced by V(loge 2), and instead of (14) we should have 


^ = 6-186 X 10* y (^) . 


(16) 


But I do not understand how V~~ ‘o could be recognized in practice with any 
precision. 

Although it is not needed in connexion with high interference, we can of 
course calculate the width of a spectrum line according to any conventional 
definition. Mathematically speaking, the width is infinite ; but if we dis- 
regard the outer parts where the intensity is less than one-half the maximum 
the limiting value of ^ by (3) is given by 

^f= = log,2, .(16) 

and the corresponding value of X by 


'X — K _ I ^ V(l ogc 2 ) 
A c c 


(17) 


Thus, if SX. denote the half-width of the line according to the above definition. 


^ ^ V(;6931) 
A G f ^ 


3-57 X 10-^ 



(18) 


T' denoting absolute temperature and m the mass of the particles in terms of' 
that of the hydrogen atom, in agreement with Schdnrock. 

In the application to particular cases the question at once arises as to what 
we are to understand by T and ni. In dealing with a flame it is natural to 
take the temperature of the flame as ordinarily understood, but when we pass 
to the rare vapour of a vacuum-tube electrically excited, the matter is not so 
simple. Michelson assumed from the beginning that the temperature with 
which we are concerned is that of the tube itself or not much higher. This 
view is amply confirmed by the beautiful experiments of Buisson and Fabry -f*. 


* [1916. I understand from M. Fabry that the difference between our numbers has its 
origin in a somewhat different estimate of the minimum value of V. The French authors admit 
an allowance for the more difficult conditions under which high interference is observed.] 
i* Joiirrt, de Physique, t. ii. p. 442 (1912). , 
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whq olbseryed the limit of interference when tubes containing helium, neion, 
and krypton were cooled in liquid air. Under these conditions bands 
which had already disappeared at room temperature again became distinct, 
and the ratios of maximum retardations in the two cases 1*60, 1*58) 

were riot much less than the theoretical 1*73 calculated on the supposition that 
the temperature of the gas is that of the tube. The highest value of X/A, in 
their notation X, hitherto observed is 950,000, obtained from krypton in 
liquid air. With all three gases the agreement at room temperature between 
the observed and calculated values of X is extremely good, but as already 
remarked their theoretical numbers are a little lower than mine (14). We 
may say not only that the observed effects are accounted for almost completely 
by Doppler’s principle and the theory of gases, but that the temperature of 
the emitting gas is not much higher than that of the containing tube. 

As regards m, no question arises for the inert monatomic gases. In the 
case of hydrogen Buisson and Fabry follow Schonrock in taking the atom 
rather than the molecule as the moving source, so that m = 1 ; and further 
they find that this value suits not only the lines of the first spectrum of 
hydrogen but equally those of the second spectrum whose origin has some- 
times been attributed to impurities or aggregations. 

In the case of sodium, employed in a vacuum-tube, Schonrock found a tair 
agreement with the observations of Michelson, on the assumption that the 
atom is in question. It may be worth while to make an estimate for the D 
lines from soda in a Bunsen fiaine. Here m = 23, and we may perhaps take 
T at 2600. These data give in (14) as the maximum number of bands 

A/A = 137,000. 

The number of bands actually seen is very dependent upon the amount of soda 
present. By reducing this Fizeau was able to count 50,000 bands, and it 
would seem that this number cannot be much increased*, so that observation 
falls very distinctly behind calculation -j-. With a large supply of soda the 
number of bands may drop to two or three thousand, or even further. 

The second of the possible causes of loss of homogeneity enumerated above, 
viz. rotation of the emitting centres, was briefly discirssed many years ago in 
a letter to Michelson J, where it appeared that according to the views then 

* “Interference Bands and their Applications,” J<!ature, Vol. xnvin, p. 212 (18951); Scientijic 
Papers, Vol. iv. p. 59. The parallel plate was a layer of water snpei’posed upon mercury. An 
enhanced illumination may be obtained by substituting nitro-benzol for water, and the reflexions 
from the mercury and oil may be balanced by staining the latter with aniline blue. But a thin 
layer of nitro-benzol takes a surprisingly long time to become level. 

t Smithells {Phil. Mag. Vol. xxxvii, p. 245, 1894) argues with much force that the, actually 
operative parts of the flame may be at a much higher temperature (if the word may be admitted) 
than is usually supposed, but it would need an almost imjijossible allowance to meet the dis- 
crepancy. The chemical questions involved are very obscure. The coloration with soda appears 
to require the presence of oxygen (Mifccherlich, Smithells). 

J Phil. Mag. Vol. xxxiv. p. 407 (1892) ; Scientijic Papers, Vol. iv. p. 16. 
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widely held this cause should be more potent than (i). The transverse vibra- 
tions emitted from a luminous source cannot be uniform in all directions, and 
the effect perceived in a fixed direction from a rotating source cannot in 
general be simple harmonic. In illustration it may suffice to mention the 
case of a bell vibrating in four segments and rotating about the axis of 
symmetry. The sound received by a stationary observer is intermittent and 
therefore not homogeneous. On the principle of equipartition of energy 
between translatory and rotatory motions, and from the circumstance that the 
dimensions of molecules are much less than optical wave-lengths, it followed 
that the loss of homogeneity from (ii) was much greater than from (i). I had 
in view diatomic molecules— for at that time mercury vapour was the only 
known exception ; and the specific heats at ordinary temperatures showed that 
two of the possible three rotations actually occurred in accordance with equi- 
partition of energy. It is now abundantly clear that the widening of spectrum 
lines at present under consideration does not in fact occur; and the difficulty 
that might be felt is largely met when we accept Schdnrock’s supposition that 
the radiating centres are in all cases monatomic. Still there are questions 
remaining behind. Do the atoms rotate, and if not, why not ? I suppose that 
the quantum theory would help here, but it may be noticed that the question 
is not merely of acquiring rotation. A permanent rotation, not susceptible of 
alteration, shoiild apparently make itself felt. These are problems relating 
to the constitution of the atom and the nature of radiation, which I do not 
venture further to touch upon. 

The third cause of widening is the disturbance of free vibration due to 
encounters with other bodies. That something of this kind is to be expected 
has long been recognized, and it would seem that the widening of the D lines 
when more than a very little soda is present in a Bunsen flame can hardly be 
accounted for otherwise. The simplest supposition open to us is that an 
entirely fresh start is made at each collision, so that we have to deal with a 
series of regular vibrations limited at both ends. The problem thus arising 
has been treated by Godfrey* and by Schdnrock -f*. The Fourier analysis of 
the limited train of waves of length r gives for the intensity of various parts 
of the spectrum line 

sin“ (TrrA.-), (19) 

where k is the reciprocal of the wave-length, measured from the centre of the 
line. In the application to radiating vapours, integrations are required with 
respect to r. 

Calculations of this kind serve as illustrations ; but it is not to be sup- 
posed that they can represent the facts at all completely. There must surely 


* Phil. To'aiiH. A. Vol. cxov. p. 346 (1899). See also Proc. Roy. Soc. VoL lxxvi. A. p. 440 (1906) ; 
Scientijic Papers, Vol. v. p. 257. 

t Ami. der Physik, Vol. xxii. p. 209 (1907). 
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be encounters of a milder kind where the free vibrations are influenced but 
yet not in such a degree that the vibrations after the encounter have no rela- 
tion to the previous ones. And in the case of flames there is another question 
to be faced ; Is there no distinction in kind between encounters first of two 
sodium atoms and secondly of one sodium atom and an atom say of nitrogen ? 
The behaviour of soda flames shows that there is. Otherwise it seems im- 
possible to explain the great effect of relatively very small additions of soda 
in presence of large quantities of other gases. The phenomena suggest that 
the failure of the least coloured flames to give so high an interference as is 
calculated from Doppler’s principle may be due to encounters with other gases, 
but that the rapid falling off when the supply of soda is increased is due to 
something special. This might be of a quasi-chemical character, e.g. tem- 
porary associations of atoms ; or again to vibrators in close proximity putting 
one another out of tune. In illustration of such effects a calculation has been 
given in the previous paper*. It is in accordance with this view that, as 
Gouy found, the emission of \jght tends to increase as the square root of the 
amount of soda present. 

We come now to cause (iv). Although it is certain that this cause must 
operate, we are not able at the present time to point to any experimental 
verification of its influence. As a theoretical illustration “we may consider 
the analysis by Fourier’s theorem of a vibration in which the amplitude follows 
an exponential law, rising from zero to a maximum and afterwards falling 
again to zero. It is easily proved that 

1 r°° 

cos rx = — ■, — / du cos uos fg— <«—>•) g— («+-»•) .. .(20) 

in which the second member expresses an aggregate of trains of waves, each 
individual train being absolutely homogeneous. If a be small in comparison 
with r, as will happen when the amplitude on the left varies but slowly, 
Q-(u+r)^lm* neglected, and g- («-»•) “M'' is sensible only when u is very 

nearly equal to 

An analogous problem, in which the vibration is represented by sin bt, 
has been treated by Gai’bassoJ. I presume that the form quoted relates to 
positive values of t and that for negative values of t it is to be replaced by 
zero. But I am not able to confirm Garbasso’s formula^. 

As regards the fifth cause of (additional) widening enumerated at the 
beginning of this paper, the case is somewhat similar to that of the fourth. 
It must certainly operate, and yet it does not appear to be important in prac- 
tice. In such rather rough observations as I have made, it seems to make no 

FhlL Mag, siipra^ p. 209. [This volume, Art. 390-] 
t Phil, Mag. VoL xxxiv. p. 407 (1892) ; Scientijia Papers^ YoL iv. p. 16* 

J: Ann, dev Physih, YoL xx. p. 848 (1906). 

§ Possibly the sign of a is supposed to change when t passes through zero. But even then 
what are perhaps misprints would need correction. 
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great difference whether two surfaces of a Bunsen soda flame (front and hack) 
are in action or only one. If the supply of soda to each be insufficient to 
‘ cause dilatation, the multiplication of flames in line (3 or 4) has no important 
effect either upon the brightness or the width of the lines. Actual measures, 
in which no high accuracy is needed, would here be of service. 

The observations referred to led me many years ago to make a very rough 
comparison between the light actually obtained from a nearly undilated soda 
line and that of the corresponding part of the spectrum from a black body at 
the same temperature as the flame. I quote it here rather as a suggestion to 
be developed than as having much value in itself. Doubtless, better data are 
now available. 


How does the intrinsic brightness of a just undilated soda flame compare 
with the total brightness of a black body at the temperature of the flame ? 
As a source of light Yiolle’s standard, viz. one sq. cm. of just melting platinum, 
is equal to about 20 candles. The candle presents about 2 sq. cm. of area, so 
that the radiating platinum is about 40 times as bright. Now platinum is 
not a black body and the Bunsen flame is a good deal hotter than the melting 
metal. I estimated (and perhaps under estimated) that a factor of 5 might 
therefore be introduced, making the black body at flame temperature 200 times 
as bright as the candle. 

To compare with a candle a soda flame of which the D-lines were just 
beginning to dilate, I reflected the former nearly perpendicularly from a single 
glass surface. The soda flame seemed about half as bright. At this rate the 


intrinsic brightness of the flame was ^ x 


_1 

25 


i 

50 


of that of the candle, and 


accordingly 


1 

10,000 


of that of the black body. 


The black body gives a continuous spectrum. What would its brightness 
be when cut down to the narrow regions occupied by the D-lines ? According 
to Abney’s measures the brightness of that part of sunlight which lies between 


the D’s would be about 


1 

250 


of the whole. 


We may perhaps estimate the 


region actually covered by the soda lines as 


1 

25 


of this. 


At this rate we 


should get 

25 ^ 250 “ 6250 ’ 


as the fraction of the whole radiation of the black body which has the wave- 
lengths of the soda lines. The actual brightness of a soda flame is thus of 
the same order of magnitude as that calculated for a black body when its 
spectrum is cut down to that of the flame, and we may infer that the light of 
a powerful soda flame is due much more to the widening of the spectrum lines 
than to an increased brightness of their central parts. 
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THE PKHSrCIPLE OF SIMILITUDE. 

[^Nature, Vol. xcv. pp. 66 — 68, March, 1915.] 

I HAVE often been impressed by the scanty attention paid civon by original 
workers in physics to the great principle of similitude. It ha{)peris not infre- 
quently that results in the form of “laws ” are put forward as novelties on the 
basis of elaborate experiments, which might have been prodiettid (t prton after 
a few minutes’ consideration. However useful verification may bo, whether 
to solve doubts or to exercise students, this seems to be an inversion of the 
natural order. One reason for the neglect of the principle may be that, at 
any rate in its applications to particular cases, it docs not much interest 
mathematicians. On the other hand, engineers, who might make much more 
use of it than they have done, employ a notation which tcTids to obscure it. 
I refer to the manner in which gravity is treated. When t<he que.stion under 
consideration depends essentially upon gravity, the symbol of gra vity (//) makes 
no appearance, but when gravity does not enter into the (juestion at all, g 
obtrudes itself conspicuously. 

I have thought that a few examples, chosen almost at random from various 
fields, may help to direct the attention of woi-kers and tcacihtu’s t/O tlu^ gri:‘at 
importance of the principle. The statement made is brii-f and in some cast's 
inadequate, but may perhaps suffice for the purpose. Some fort'ign considera- 
tions of a more or less obvious character have been invoked in aid. In using 
the method practically, two cautions should be borne in mind. First, there 
is no prospect of determining a numerical coefficient from the princi[>le of 
similarity alone ; it must he found, if at all, by further calculation, or experi- 
mentally. Secondly, it is necessary as a preliminary sti'p to specify clearly 
all the quantities on which the desired result may reasonalily bo au|>posed to 
depend, after which it may be possible to drop one or more if further considera- 
tion shows that in the circumstances they cannot enter. The following, then, 
are some conclusions, which may be arrived at by this method : 

Geometrical similarity being presupposed here as always, how does the 
strength of abridge depend upon the linear dimension and the force of gravity ? 
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In order to entail the same strains, the force of gravity must be inversely 
as the linear dimension. Under a given gravity the larger structure is the 
weaker. 

The velocity of propagation 6f periodic waves on the surface of deep water 
is as the square root of the wave-length. 

The periodic time of liquid vibration under gravity in a deep cylindrical 
vessel , of any section is as the square root of the linear dimension. 

The periodic time of a tuning-fork, or of a Helmholtz resonator, is directly 
as the linear dimension. 

The intensity of light scattered in an otherwise uniform medium from a 
small particle of different refractive index is inversely as the fourth power of 
the wave-length. 

The resolving power of an object-glass, measured by the reciprocal of the 
angle with which it can deal, is directly as the diameter and inversely as the 
wave-length of the light. 

The frequency of vibration of a globe of liquid, vibrating in any of its 
modes under its own gravitation, is independent of the diameter and directly 
as the square root of the density. 

The frequency of vibration of a drop of liquid, vibrating under capillary 
force, is directly as the square root of the capillary tension and inversely as the 
square root of the density and as the power of the diameter. 

The time-constant (i.e. the time in which a current falls in the ratio e : 1) 
of a linear conducting electric circuit is directly as the inductance and inversely 
as the resistance, measured in electro-magnetic measure. 

The time-constant of circumferential electric currents in an infinite con- 
ducting cylinder is as the square of the diameter. 

In a gaseous medium, of which the particles repel one another with a force 
inversely as the nth power of the distance, the viscosity is as the (n -f- d)l(2n — 2) 
power of the absolute temperature. Thus, if n = 5, the viscosity is proportional 
to temperature. 

Eiffel found that the resistance to a sphere moving through air changes 
its character somewhat suddenly at a certain velocity. The consideration of 
viscosity shows that the critical velocity is inversely proportional to the 
diameter of the sphere. 

If viscosity may be neglected, the mass (M) of a drop of liquid, delivered 
slowly from a tube of diameter (a), depends further upon (T) the capillary 
tension, the density (a), and the acceleration of gravity (g). If these data 
suffice, it follows from similarity that 
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where F denotes an arbitrary function. Experiment shows that F varies but 
little and that within somewhat wide limits it may be taken to be 3'8. 
Within these limits Tate’s law that M varies as a holds good. 

In the JEolian harp, if we may put out of account the compressibility and 
the viscosity of the air, the pitch (n) is a function of the velocity of the wind 
(v) and the diameter (d) of the wire. It then follows from similarity that the 
pitch is directly as v and inversely as d, as was found experimentally by 
Strouhal. If we include viscosity (v\ the form is 

n = vld.f{vlvd), 

where f is arbitrary. 


As a last example let us consider, somewhat in detail, Boussineaq’s problem 
of the steady passage of heat from a good conductor immersed in a stream of 
fluid moving (at a distance from the solid) with velocity v. The fluid is 
treated as incompressible and for the present as inviscid, while the solid has 
always the same sha/pe and presentation to the stream. In these circum- 
stances the total heat (/?-) passing in unit time is a function of the linear 
dimension of the solid (a), the temperature-difference (^), the stream- velocity 
(-y), the capacity for heat of the fluid per unit volume (c), and the conductivity 
(«). The density of the fluid clearly does not enter into the question. We 
have now to consider the “dimensions ” of the various symbols. 


Those of Ob are (Length)^, 

„ (Length)i (Time)“t 
» 55 Q 5. (Temperature T, 

5, „ c „ (Heat)i (Length)-® (Temp.)-b 

” 55 55 (Heat)’^ (Length)—^ (Temp,)~^ (Time)-*, 

55 55 55 (Heat)* (Time)-*. 


Hence if we assume 


we have 


so that 


by heat 

by temperature 0 = y — u — v, 
by length 0 = as + z — Su - v, 

by time ~ 1 = _ ^ • 


h = /caO 



Since z is undetermined, any number of terms of this form may be com 
bined, and all that we can conclude is that 


h = KOiO . F {avcjK), 
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where F is an arbitrary function of the one variable avcjK. An important 
particular case arises when the solid takes the form of a cylindrical wire of 
any section, the length of which is perpendicular to the stream. In strictness 
similarity requires that the length I be proportional to the linear dimension 
of the section 6 ; but when I is relatively very great h must become proportional 
to I and a under the functional symbol may be replaced by h. Thus 

h^Kie.F{hvclK). 

We see that in all cases h is proportional to 6, and that for a given fluid 
F is constant provided v be taken inversely as a or h. 

In an important class of cases Boussinesq has shown that it is possible to go 
further and actually to determine the form of F. When the layer of fluid which 
receives heat during its passage is very thin, the flow of heat is practically in 
one dimension and the circumstances are the same as when the plane boundary 
of a uniform conductor is suddenly raised in temperature and so maintained. 
From these considerations it follows that F varies as v^, so that in the case of 
the wire 

hex. 16 . fJ(bvcfK), 

the remaining constant factor being dependent upon the shape and purely 
numerical. But this development scarcely belongs to my present subject. 

It will be remarked that since viscosity is neglected, the fluid is regarded 
as flowing past the surface of the solid with finite velocity, a serious departure 
from what happens in practice. If we include viscosity in our discussion, the 
question is of course complicated, but perhaps not so much as might be ex- 
pected. We have merely to include another factor, where v is the kine- 
matic viscosity of dimensions (Length)** (Time)“h and we find by the same 
process as before 

Here z and w are both undetermined, and the conclusion is that 

[ K K ) 

where F is an arbitrary function of the two variables avc/K and cvjic. The 
latter of these, being the ratio of the two diftusivities (for momentum and for 
temperature), is of no dimensions ; it appears to be constant for a given kind 
of gas, and to vary only moderately from one gas to another. If we may, 
assume the accuracy and universality of this law, cv/k is a merely numerical 
constant, the same for all gases, and may be omitted, so that h reduces to the 
forms already given when viscosity is neglected altogether, F being again a 
function of a single variable, avcjK or 6uc//c. In any case F is constant for 
a given fluid, provided v be taken inversely as a or h. 
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\_Nature, Vol. xcv. p. 644, Aug. 1915.] 

The question raised by Dr Riabouchinsky {Nature, July 29, p. 105)* 
belongs rather to the logic than to the use of the principle of similitude, with 
which I was mainly concerned. It would be well worthy of further discussion. 
The conclusion that I gave follows on the basis of the usual Fourier equation 
for the conduction of heat, in which heat and temperature are regarded as 
sui generis. It would indeed be a paradox if further knowledge of the nature 
of heat afforded by molecular theory put us in a worse position than before 
in dealing with a particular problem. The solution would seem to be that 
the Fourier equations embody something as to the nature of heat and tempera- 
ture which is ignored in the alternative argument of Dr Riabouchinsky. 

[1917. Reference may be made also to a letter signed J. L. in the same 
number of Nature, and to Nature, April 22, 1915. See further Buckingham, 
Nature, Vol. xcvi. p. 396, Dec. 1915.« Mr Buckingham had at an earlier date 
(Oct. 1914) given a valuable discussion of the whole theory {Physical Review, 
Yol. IV. p. 345), and further questions have been raised in the same Review 
by Tolman. 

As a variation of the last example, we may consider the passage of heat 
between two infinite parallel plane surfaces maintained at fixed temperatures 
differing by 6, when the intervening space is occupied by a stream of incom- 
pressible viscous fluid {e.g. water) of mean velocity v. In a uniform regime 
the heat passing across is proportional to the time and to the area considered ; 
but in many cases the uniformity is not absolute and it is necessary to take 
the mean passage over either a large enough area or a long enough time. On 
this understanding there is a definite quantity h', representing the passage 
of heat per unit area and per unit time. 

If there be no stream (v — 0), or in any case if the kinematic viscosity {v) 
is infinite, we have 

h' = KOja, 

a being the distance between the surfaces, since then the motion, if any, 
takes place in plane strata. But when the velocity is high enough, or the 
viscosity low enough, the motion becomes turbulent, and the flow of heat 
may be greatly augmented. With the same reasoning and with the same 
notation as before we have 



* Nature of March 18, Lord Eayleigh gives this formula nad . F (avcfK)y considering 
heat, temperature, length, and time as four ^ independent ’ units. If we suppose that only three 
of these quantities are really independent, we obtain a difierent result. For example, if the 
temperature is defined as the mean kinetic energy of the molecules, the principle of similarity 
allows us only to affirm ftiat = ,F{vjKa^^ 
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or which comes to the same 



F, Fi being arbitrary functions of two variables. And, as we have seen, 
J^(0, ov/k') — 1. 

For a given fluid cvffc is constant and may be omitted. Dynamical 
similarity is attained when av is kept constant, so that a complete determi- 
nation of F, experimentally or otherwise, does not require a variation of both, 
a and v. There is advantage in retaining a constant.; for if a varies, geo- 
metrical similarity demands that any roughnesses shall be in proportion. 

It should not be overlooked that in the above argument, c, k, v are treated 
as constants, whereas they would really vary with the temperature. The 
assumption is completely justified only when the temperature diflference 0 
is very srnall. . 

Another point calls for attention. The regime ultimately established may 
in some cases depend upon the initial condition. Reynolds’ observations 
suggest that with certain values of aylv the simple stratified motion once 
established may persist; but that the introduction of disturbapces exceedipg 
a certain amount may lead to an entirely different (turbulent) regime. Over 
part of the range F would have double values. 

It would be of interest to know what F becomes when av tends to infinity. 
It seems probable that F too becomes infinite, but perhaps very slowly.] 


K. VI. 


20 
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DEEP WATER WAVES, PROGRESSIVE OR STATIONARY, 

TO THE THIRD ORDER OF APPROXIMATION. 

[^Proceedings of the Royal Society, A, Vol. xci. pp. 345 — 353, 1915.] 

As is well known, the form of periodic waves progressing over deep water 
without chcmge of type was determined by Stokes* to a high degree of approxi- 
mation. The wave-length (X/) in the direction of x being 27r and the velocity 


of propagation unity, the form of the surface is given by. 

y = a cos (x — t)—^a^ cos 2 {og — 0 + cos 3 (a? — j5), (1) 

and the corresponding gravity necessary to maintain the motion by 

g^\-a^ ( 2 ) 


The generalisation to other wave-lengths and velocities follows by ‘‘ dimen- 
sions.” 

These and further results for progressive waves of permanent type are 
most easily ai'rived at by use of the stream-function on the supposition that 
the waves are reduced to rest by an opposite motion of the water as a whole, 
when the problem becomes one of steady motion Ny object at present is 
to extend the scope of the investigation by abandoning the initial lestiiction 
to progressive waves of permanent type, ihe more general ec^uations may 
then be applied to progressive waves as a particular case, or to stationary 
waves in which the principal motion is proportional to a simple circular 
function ot the time, and furthei' to ascertain what occiiis w^hen the ctonditions 
necessary for the particular cases are not satisfied. Under these ciicumstances 
the use of the stream-function loses much of its advantage, and the method 
followed is akin to that originally adopted by Stokes. 

* Gamh. Phil. Trans. Vol. viii. p. 441 (1847) ; Math, and Phijs. Papers, Vol. i. p. 197. 

+ Phil. Ma(). Vol. I. p. 257 (1876) ; Scientific Papers, Vol. i. p. 262. Also Phil. Blag. Vol. xxi. 
p. 183 (1911) ; [TMs volume, p. 11]. 
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The velocity-potential (f>, being periodic in £c, may be expressed by the series 

(p = ae~y sin x — a'e“2^ cos x 4- sin '^x 

- cos 2a; -4- 7 e-^ sin 3a; - 7'e-v cos 3a; -f , ... (3) 

where a, a, etc., are functions of the time only, and y is measured down- 
wards from mean level. In accordance with (3) the component velocities are 
given by 

u = dcf>ldx = e~y {ct cos a; + a' sin x) + 2e-^ (/3 cos 2x + j3' sin 2a;) 4 - . . . 

- u = dcf>/dy = e-y (a sin x — a' cos x) -|- 2e-^v (/9 sin 2a; — /S' cos 2a;) 4 - . . .. 

The density being taken as unity, the pressure equation is 

P ~ ~ d<pldt F + gy ~ 

in which is a function of the time. 

In applying (4) we will regard a, a', as small quantities of the first order, 
while /S , 7, 7 , are small quantities of the second order at most and for 
the present we retain only quantities of the second order. /8, etc., will then 
not appear in the expression for 4 - v\ In fact 


and 




doc . doc' dB 

H ^ ^ “57 *" • 


4- yy - i (a“ + a'") h- F. 

Ihe surface conditions are (i) that p be there zero, and (ii) that 

,,, dp , .dp _ 

JJt- di-^'^dx-^^d^-^ 

The first is already virtually expressed in (5). I^or the second 

doL 
dt 


dp 

dt 


d'^cc . d‘^a' 

e sin 4- e-y cos ^ 


.(5) 


.( 6 ) 




dt 


dp _ da da! . 

(ix~ dt*" ■ di^ 


dp da ,, . da' 

dij "" di ^ ~ dt cos a; -f . . . -f ^ (a“ + a'% 

In foriuing equation (6) to the second order of small quantities we need to 
include only the principal term of tq but v must be taken correct to the 
second order. As the equation of the free surface we assume 

y — a cos X + a' sin a; 4 - cos 2 ^ 1 ; 4- h' sin 2x -f c cos 3x 4- c' sin 3x + ... . . .(7) 

20—2 
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in which h, b', c, c\ are small compared with a, a'. Thus (6) gives 

d^oL . d^a.' 


sin X + —-f:^ cos x 
dt^ dt^ 


^sm2* 


(1 — a cos x~a' sin x) 

, d^/ 3 ' , d^y da , cZa' . 

^ ~Tj. ~ ® ~ji + ^ 


dt^ — - • ^^2 

/da da! 


dt 


dt 


— {a cos X -\-d sin x) cos x + sin — {(1 — a cos x — a' sin x') 

X (a sin x —d cos x') H- 2/3 sin 2.03 — 2/3' cos 2/r +■ 87 sin Zx — By' cos 3J^■} 


da . 


da' 


^ sm X cos x\ 

‘ dt dt 


0 . 


.( 8 ) 


This equation is to hold good to the second order for all values of x, and 
therefore for each Fourier component separately. The terms in sinic and 
cos X give 

d^a cZV , ^ 




The term in sin gives 


j_ 9 1 ^ d fd'^a! 

dt^ + 9^ <2.\dP'^ 2 V dt^ + 


and, similarly, that in cos 2^i3 gives 


d^R' 

w + = 0- 


In like manner 


d^y 

d¥ 


^+tiffy' = 0 .. 


.( 10 ) 


( 11 ) 


.( 12 ) 


and so on. These are the results of the surface condition DpJDt= 0 . From 
the other surface condition (p = 0) we find in the same way 


t\ 

0 

II 

+ 

1 

dd 

S7+-9“ = ® 

(1-^) 

„b' - ™ 

^ dt^ 2 dt 

a da dB , 

-iLdt^ dt~^^^^^ 

(14) 

dB a' da a 

“ * + 2 St + 2 

doi dB , , 

(15) 


+ 

0 

II 

p 

(16) 


From equations (9) to (16) we see that a, a' satisfy the same equations (9) 
as do a, a', and also that c, c' satisfy the same equations (12) as do y, y ; hut 
that &, 6' are not quite so simply related to ^3, J 3 '. 
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Let us now suppose that the principal terms represent a progressive wave. 
In accordance with (9) we may take 

a = A cos t', a' — A sin t', (1'7) 

where t' = \/g . t. Then if jS', 7, 7', do not appear, c, c', are zero, and 
6 = 6' = — cos sin ; so that 

g — A cos (cff — t') — cos 2 (as — t'), (18) 

representing a permanent wave-form propagated with velocity \/g. So far 
as it goes, this agrees with (1). But now in addition to these terms we may 
have others, for which b, b' need only to satisfy 

(dydf^ -f 2) (6, 50 = 0, (19) 

and c, c' need only to satisfy 

{d^/dt'^ -f 3) (c, cO = 0 (20) 

The corresponding terms in y represent m.erely such waves, propagated in 
either direction, and of wave-lengths equal to an aliquot part of the principal 
wave-length, as might exist alone of infinitesimal height, when there is no 
primary wave at all. When these are included, the aggregate, even though 
it he all propagated in the same direction, loses its character of possessing 
a permanent wave-shape, and further it has no tendency to acquire such 


a character as time advances. 

If the principal wave is stationary we may take 

a = Acost', a' = 0 (21) 

If /3', 7, 7', vanish, , 

6 = 6'=0, c = 0, c' = 0, 

and y — ^ cos oa . cos t' — ^A"^ cos 2«? . cos“ t' (22) 

According to (22) the surface comes to its zero position everywhere when 
cosi' — 0, and the displacement is a maximum when cos t' — ± 1. Then 

y — ± A cos X — ^A^ cos '%a), (23) 


so that at this moment the wave-form is the same as for the progressive 
wave (18), Since y is measured downwards, the maximum elevation above 
the mean level exceeds numerically the maximum depression below it. 

In the more general case (still with /3, etc., evanescent) we inay write 
a — A cos t' sin i', 0/ = A' cos t' -I- B' sin t' , 

with h' — — aa', b — ^{a'^ — a^), c' — O, c — 0. 

When /3, /3\ 7, j, are finite, waves such as might exist alone, of lengths 
equal to aliquot parts of the principal wave-length and of corresponding 
frequencies, are superposed. In these waves the amplitude and phase are 
arbitrary. 
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When we retain the third order of small quantities, the equations naturally 
become more complicated. We now assume that in (3) /S, /Sq are small 
quantities of the second order, and 7, 7', small quantities of the third order. 
For as an extension of (5), we get 


V 


= e-2/ ^ _ 


da . dd , 


4- 


dj3 . _ d/3' 

~dt sm + -^ cos 


3,0^ 


+ +S’y + -^- («’+«'•) 

— 2e {(oCyS 4- a''/90 cos d? 4- (a/3' — a'/3) sin a?} (24) 

This is to be made to vanish at the surface. Also we find, on reduction, 


— (1 — 2 / + i 2/0 


:d^a 


4- ga ) sin x 


fd^a! 

cos«;| 


cos 


+ (1 23/) + 2^/3 j sin 2x - 4- 2gj3'^ cos 2i»| 


+ + 3^7 ) sin Sx 


dy 

dt^ 


I + y 


cos 3x — F' 


4- 2 (1 - 2y) ~ 4- 4- 4 sin ^ {a(3'-afl3) 

4- 4 cos X (a/9' 4- a'y9) 4 - (qs _|_ __ . ^ 2^5^ 

and at the surface Fp/Bt = 0 for all values of In (25 ) 3/ is of the form (7), 
where b, h , are of the second order, c, c', of the third order. 

Considering the coefficients of sin a;, cos in (25) when reduced to Fourier’s 
orm we see that d^dt^+ga, d^a'fdt^ + got', are both of the third order of 
small quantities, so that in the first line the factor + may be re- 

p ace by unity. Again, from the coefficients of sin 2x, cos 2a?, we see that to 
the third order inclusive 


d‘-‘J3 „ ^ 

-^+2gfi=0, 


~£+2g^' = 0,. 


.(26) 


and from the coefficients of sin 3a?, cos 3a? that to the third order inclusive 

d^^ 


dt 


I + 3,7 = 0, 


dt^ 


+ 3,7' = 0 (27) 


And now returning to the coefficients of sin a?, cos x, we get 

~^+ 9^- 2a' ™ {a? + a'^) + 4 ^ (a/9' _ a'/3) + a (a“ + a'^) = 0, . . .(28) 

~dF ^ ^ ^ ('^'+ «'") = 0. (29) 
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Passing next to the condition p = 0, we see from (24), by considering the 
coeflEicients of sin a:, cos x, that 

cl/CC 

— + ga' + terms of 3rd order = 0, 

doc 


dt 


+ ga terms of 3rd order = 0. 


The coefficients of sin cos 2a?, require, as in (14), (15), that 

7 . 1 


g dt 


g dt 


+ 


a'^ — 


Again, the coefficients of sin 3a?, cos 3a?, give 

1 d/y 


0 


g dt 


f {a'h + aft'') + (a'^ — 3a“) 


7 ^ ^ ~ (3a^^ — o-^) 


9 


1 f d’y' ^a' d^ 3a d/3') 3a /., o\ 

= g r dt '2“ dd + T ^ f ~ ^ ‘ 

When /3, /S', y, y , vanish, these results are much simplified. 

b' — — aa , h=\ (af^ — a^), 


*\rt' 

- “ («'“ - 3a>»), 


c = - (3a' 


a^). 


.( 30 ) 


1 {dy 3a d/3 3a d^ | 3a , ^ q,v 2 \ \ 

gWt--2 dt-^-W-di]- 8 


(32) 

We have 
(33) 

........(34) 


If the principal terms represent a purely progressive wave, we , may take, 
as in (17), 

a ==A cos nt, a' — A sin nt, -(35) 

where n is for the moment undetermined. Accordingly 

6' == - I sin 2nt, h = -^A^ cos 2nt, 

c' = lA-'sin 37 m 5, c = f A’’cos3?ii ; 

so that 

y = A. cos (a; — nt) — ^A^ cos 2 (a? — nt) + | A® cos 3 (a? — nt), (36) 

representing a progressive wave of permanent type, as found by Stokes. 

To dcitermine n we utilize (28), (29), in the small terms of which we may 


take 

g ^adt — — cos nt, a' = — g j adt = 

— sin nt, 

n * 

so that 

^2 a_'-z =, g^A^ln\ 


Thus 



and 

11 ^ — g A g'^A^jn^ == p (1 4- A“), . 



( 37 ) 
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or, if we restore homogeneity by introduction of 1c (= 27r/A), 

= .^//c . (1 + (38) 

Let us next suppose that the principal terms represent a stationary, 
instead of a progressive, wave and take 

a — A cos nty a' = 0 . (39) 

Then by (33), (34), 


6' = 0, h — — cos® nt, c' = 0, c — §.4-* cos** nt ; 

and 

7/ — .4'Cos nt cos 00 — -^A^ cos® nt cos 2oo + cos® 7i!l! cos 3cc. (40) 

When cos nt = 0, y = 0 throughout ; when cos = 1, 

y = A cos 00 — ^A~ cos 2oc •+ §4.® cos Bx, 

so that at this moment of maximum displacement the form is the same as for 
the progressive wave (36). 

We have still to determine n so as to satisfy (28), (29), with evanescent 
13, A' . The first is satisfied by a == 0, since a' = 0. The second becomes 

d®a' , . , da' . 

-^+9cc +4^ +a-=0. 

In the small terms we may take a! = ~ g fadt = — sin nt, so that 

^ 4 - (sin nt + 5 sin B^it) = 0. 

To satisfy this we assume 

a' = H sin nt 4- K sin Bri t. 


Then 

from the first of which 


= 0. K (9 - 9n’‘) + ~ 0, 


4n 

2 /V -L- ^ — 


71 


gA- 

9 + — 9 — 


.(41) 


or, if we restore homogeneity by introduction of Jc, 

= g[k . (1 - I /c®4®) (42) 

With this value of n the stationary vibration 
y — A cos nt cos kx — -^/cA® cos® nt cos 21cx + |/c®4® cos® nt cos Bkx ,. . .(43) 
satisfies all the conditions. It may be remarked that according to (42) the 
frequency of vibration is diminished by increase of amplitude. 


The special cases above considered of purely progressive or purely stationary 
waves possess an exceptional simplicity. In general, with omission of yd, 13', 
equations (28), (29), become 


d~a 2 da d {A + a'®) 

dt® g dt dt 


+ a (a® -f- a'-) = 0, 


(44) 
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and a like equation in which a and a' are interchanged. In the terms of the 
third order, we take 

a = P cos nt Q sin nt, a' = P' cos nt + Q' sin nt, (45) 

so that 

4 - a '2 = ^ (psi 4 . ^ p'u + Q' 2 ) ^ (p 2 p '2 _ (^2 _ q-z^ ^os 2nt 

+ (PQ + P'Q') sin 2nt. 

The third order terms in ( 44 ) are 
4 (P"^ + P^“ + +• Q'“) (P cos nt Q sin nt) 

+ 2 cos nt cos 2 n« P (P=* + P'" - Q" - Q'‘^) - (PQ + P'Q')} 

(P» , p. - Q, _ 

+ 2 sin nt cos 2 n^ ■] J Q (P^ + P'*-^ - - Q'O + (PQ + P'Q 

V. 

+ 2 cos nt sin 2 r?5 |.|.P (PQ + P'Q') 4 - (P^ + P'^ - Q^ - Q'^j , 

of which the part in sin nt has the coefficient 

Q a (P + P'^) + I (Q« + Q'=»)} + |P (PQ 4- P'Q') 

+ . {Q (P + P'=^ - Q« - Q'O - 2 P (PQ •+ P'Q')} 


or, since — g approximately, 

Q {f (P + P'“) - i (Q“ + Q'“)} - fP (PQ + P'Q') -(46) 

In like manner the coefficient of cos nt is 

P [f (O'** + Q'“) - i (P 4- P'^)} - iQ (PQ P'Q'), (47) 

differing merely by the interchange of P and Q. 


But when these values are employed in (44), it is not, in general, possible, 
with constant values of P, Q, P', Q', to annul the terms in sin fit, cos nt. We 
obtain from the first 

o p 

== ^ 4- 1 (P- 4- P'“) — ^ (Q“ 4 - Q'‘^) — 2 q (PQ 4 - P'Q'), (4b) 

and from the second 

= ,/ + 5 (Q» + O'-) - i (P» + P'’^) - II (PQ + P'<3') ; (49) 

and these are inconsistent, unless 

(PP' 4 - QQ') (PQ' - P'Q) == 0 (50) 

The latter condition is unaltered by interchange of dashed and imdashed 
letters, and thus it serves equally for the equation in a'. 
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The two alternatives indicated in (60) correspond to the particular cases 
already considered. In the first (jPP' 4- QQ' == 0 ) we have a purely progressive 
wave and in the second a purely stationary one. 

When the condition (50) does not hold good, it is impossible to satisfy our 
equations as before with constant values of JP, Q, P' , Q ' ; and it is perhaps 
hardly worth while to pursue the more complicated questions which then 
arise. It may suffice to remark that an approximately' stationary wave can 
never pass into an approximately progressive wave, nor vice versd. The 
progressive wave has momentum, while the stationary wave has none, and 
momentum is necessarily conserved. 

When /3, /S', 7 , 7 ', are not zero, additional terms enter. Equations (26), 
(30), show that the additions to b, V, vary as the sine and cosine of A/(2g). 
and represent waves which might exist in the complete absence of the 
principal wave. 

The additions to c, c', are more complicated. As regards the parts depend- 
ing in (31), (32), on dyjdt, dy'/dt, they are proportional to the sine and cosine 
of y'iSg) . t, and represent waves which might exist alone. But besides these 
there are other parts, analogous to the combination-tones of Acoustics, result- 
ing from the interaction of the /3-waves with the principal wave. These vary 
as the sine and cosine of . {\/2 + 1 } thus possessing frequencies differing 
from the former frequencies. Similar terms will enter into the expression for 
n® as determined from (28), (29). 

In the particular case of y3, /S', vanishing, even though 7 , 7 ' (assumed still 
to be of the third order) remain, we recover most of the former simplicity, 
the only difference being the occurrence in c, c', of terms in \/(Bg') . t, such as 
might exist alone. 
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iEOLIAN TONES. 

{Philoso^Modl Magazine, Vol. xxix. pp. 433 — 444, 195, 1916.] 

In what has long been known as the .^olian Harp, a stretched string, 
such as a pianoforte wire or a violin string, is caused to vibrate in one of its 
possible modes by the impact of wind; and it was usually supposed that the 
action was analogous to that of a violin bow, so that the vibrations were 
executed in the plane containing the direction of the wind. A closer examina- 
tion showed, however, that this opinion was erroneous and that in fact the 
vibrations are transverse to the wind*. It is not essential to the production 
of sound that the string should take part in the vibration, and the general 
phenomenon, exemplified in the whistling of wind among trees, has been 
investigated by Stroiihalf under the name of Eeihungstdne. 

In Strouhars experiments a vertical wire or rod attached to a suitable 
frame was caused to revolve with uniform velocity about a parallel axis. The 
pitch of the {eolian tone generated by the relative motion of the wire and of 
the air was found to be independent of the length and of the tension of the 
wire, but to vary with the diameter (D) and with the speed ( V) of the motion. 
Within certain limits the relation between the frequency of vibration (N) and 
these data was expressible by 

W = :185F/D, (1]+ 

the centimetre and the second being units. 

When the speed is such that the molian tone coincides with one of the 
proper tones of the wire, supported so as to be capable of free independent 
vibration, the sound is greatly reinforced, and with this advantage Strouhal 
found it possible to extend the range of his observations. Under the more 
extreme conditions then practicable the observed pitch deviated considerably 

* Fhil. Mag. Vol. vii. p. 149 (1879) ; Sci&ntific Papers, Vol. i. p. 413. 

t Wied. Ann. Vol, v. p. 21f> (1878). 

t In (1) V is the velocity of the wire relatively to the walls of the laboratory. 
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from the value given by (1). He further showed that with a given diameter 
and a given speed a rise of temperature was attended by a fall in pitch. 

If, as appears probable, the compressibility of the fluid may be left out of 
account, we may regard iV as a function of the relative velocity V, D, and v 
the kinematic coefficient of viscosity. In this case N is necessarily of the 
form 

N^VID.fivjVJD), (2) 

where f represents an arbitrary function ; and there is dynamical similarity, 
if r oc VD. In observations upon air at one temperature v is constant ; and 
if D vary inversely as V, NDIV should be constant, a result fairly in harmony 
with the observations of Strouhal. Again, if the temperatime rises, v increases, 
and in order to accord with observation, we must suppose that the function f 
diminishes with increasing argument. 

“An examination of the actual values in Strouhal’s experiments shows 
that vjYD was always small ; and we are thus led to represent f by a few 
terms of MacLiaurin’s series. If we take 

m 

f (os) = a ccc^, 

V V 

we get + + (3) 


“ If the third term in (3) may be neglected, the relation between iV and H 
is linear. This law was formulated by Strouhal, and his diagrams show that 
the coefficient h is negative, as is also required to express the obsei'ved effect 
of a rise of temperature. Further, 


dN __ cv^ 

^ - a - y ^ , 


(4> 


so that D .dNJdV is very nearly constant, a resxilt also given by Sti-ouhal on 
the basis of his measurements. 


“ On the whole it would appear that the phenomena are satisfactorily 
represented by (2) ox- (3), but a dynamical theory has yet to be given. It 
would be of intei’est to extend the experiments to liquids*.” 


Before the above paragraphs were written I had commenced a systematic 
deduction of the foi-m of f from Stroxihal’s observations by plotting NDjV 
against VD. Lately I have returned to the subject, and I find that nearly 
all his results are fairly well represented by two terms of (3). In c.cj.s. 
measure 


ND 

V 


T9-5 1 - 


3-02\ 

Vjj) 


•(5) 


Although the agreement is fairly good, there are signs that a change of 
wire introduces greater discrepancies than a change in V — a circumstance 


.jj. 


Theory of Sound, 2nd ed. Vol. ii. § 372 (1896). 
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which may possibly bb attributed to alterations in the character of the 
surface. The simple form (2) assumes that the wires are smooth, or else 
that the roughnesses are in proportion to D, so as to secure geometrical 
similarity. 

The completion of (5) from the theoretical point of view requires the 
introduction of v. The temperature for the experiments in which v would 
enter most was about 20° C., and for this temperature 


V 



1806 X 10-" 

Wl20 


= T505 c.Q.s. 


The generalized form of (5) is accordingly 

^ = •195(1--^]^!^), ,... (6) 

applicable now to any fluid when thci appropriate value of r is introduced. 
For water at 15° C., v — '0115, much less than for air. 

Strouhars observations have recently been discussed by Kruger and 
.Lauth*, who appear not to be acquainted with my theory. Although they 
do not introduce viscosity, they recognize that the^re is probably some cause 
for the observed deviations from the simplest formula (1), other than the 
complication arising from the circulation of the air set in motion by "the 
revolving parts of the apparatus. Undoubtedly this circulation marks a weak 
place in the method, and it is one not easy to deal with. On this account the 
numerical quantities in (6) may probably require some correction in order to 
express the true formula when V denotes the velocity of the wire through 
otherwise undisturbed fl uid. 


We may find confirmation t)f the view that viscosity enters into the 
question, much as in (6), from some observations of Strouhal on the effect 
of teni'perature. C!)hanges in v will tell most when VD is small, and therefore 
I take Strouhal’s table XX., where jD = '0179 cm. In this there appears 

K = 885, iV,/ri=6-70, //i, 

= 3 ] K = 381, N.j,l V., = (b48, i/.,. 

Introducing these into (6), we get 


6-70 - 6-48 = 




20T i/A 
V j) ) 


195 / __ 20-1 
7) V F.i)/’ 


or with sufficient approximation 


v,> 


Vi 


•52i)-^F 
•195 X 20T 


016 G.G..S. 


* “Theorie der HiebtOne,” Ann. d. P/«/»«7c, Vol. xiav. p. 801 (1914). 
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We may now compare this with the known values of v for the temperatures 
in question. We have 

fj,.,, ^ 1853 X 10-^ pnx = -001161, 

yan = 1765 X 10-^ p^^ = -001243 ; 

so that V 2 = '1596, z/i = '1420, 

and — Vi = "018. 

The difference in the values of v at the two temperatures thus accounts in (6) 
for the change of frequency both in sign and in order of magnitude. 

As regards dynamical explanation it was evident all along that the origin 
of vibration was connected with the instability of the vortex sheets which 
tend to form on the two sides of the obstacle, and that, at any rate when a 
wire is maintained in transverse vibration, the phenomenon must be unsym- 
metrical. The alternate formation in water of detached' vortices on the two 
sides is clearly described by H. B4nard*. “Pour une vitesse suffisante, 
au-dessous de laquelle il n’y a pas de tourbillons (cette vitesse limite croit 
avec la viscositd et decroit quand I’^paisseur transversals des obstacles aug- 
mente), les tourhillons produits p6riodiquem,ent se detachent altemativem&nt db 
droite et d gawhe du remous d’arrihre qui suit le solide ; Us gagnerit presque 
immediatement leur emplacement ddfinitif, de sorte qu’d I’a^'rihre de •I’ obstacle 
se forme une double rangde altem4e d’entonnoirs stationnaires, ceuoo de droite 
dextrogyres, ceux de gauche levogyres, sdpares par des intervalles dgaux." 

The symmetrical and unsymmetrical processions of vortices were also 
figured by Mallock-j- from direct observation. 

In a remarkable theoretical investigation;]; KArmiin has examined the 
question of the stability of such processions. The fluid is supposed to be 
incompressible, to be devoid of viscosity, and to move in two dimensions. 
The vortices are concentrated in points and are disposed at equal intervals {U) 
along two parallel lines distant h. Numerically the vortices are all equal, but 
those on different lines have opposite signs. 

Apart from stability, steady motion is possible in two arrangements (a) 
and (6), fig. 1, of which (a) is symmetrical. Ksiiandn shows that («.) is always 
unstable, whatever may be the ratio of /i to Z; and further that (6) is usuidly 
unstable also. The single exception occurs when cosh {Trh jl) = V2, or h/L = 0‘28S. 
With this ratio of h/l, {b) is stable for evei-y kind of displacement e.xee].)t 
one, for which there is neutrality. The only procession which can possess a 
practical permanence is thus defined. 

«• a. 11. t. 147, p. 839 (1908). 

Froc. Roy. Soc. Vol. IjXxxiv. A, p. 490 (1910). 

% Glittingen Niiohrichten, 1912, Heft 5, S. 547 ; Karinan and Ilubaeh, Pliysik. Zeitschrift, 
1912, p. 49. I have verified the more important results. 
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The corresponding motion is expressed by the complex potential (</> 
potential, sta-eam-function) 


0 + i^ = i|.log 


sin {tt — z)ll] 
sin {tt {z^ + z)ll] ’ 


( 7 ) 



' ^ 

A- ^ 



£ 

$ 

(b) 

v:; ^ ^ 


— — 


Fig. 1. 


in which ^ denotes the strength of a vortex, z = x+ iy, ^ Z -f ih. The 
ic-axis is drawn midway between the two lines of vortices and the y-axis 
halves the distance between neighbouring vortices with opposite rotation. 
K^rrxi^in gives a drawing of the stream-lines thus defined. 

The constant velocity of the processions is given by 

u. - tanh ^ (^) 

i 

This velocity is relative to the fluid at a distance. 

The observers who have experimented upon water seem all to have used 
obstacles not susceptible of vibration. For many years I have had it in iny 
mind to repeat the {eolian harp effect with water*, but only recently have 
brought the matter to a test. The water was contained in a basin, about 
36 cm. in diameter, which stood up6n a sort of turn-table. The upper part, 
however, was not properly a table, but was formed of two horizontal beams 
crossing one another at right angles, so that the whole apparatus resembled 
rather a turn-sfriZe, with four spokes. It had been intended to drive from a 
small water-engine, but ultimately it was found that all that was needed 
could more conveniently be done by hand after a little practice. A metro- 
nome beat approximate half seconds, and the spokes (which projected beyond 
the basin) were pushed gently by one or both hands^ until the rotation was 
uniform with passage of one or two spokes in correspondence with an assigned 
number of beats. It was necessary to allow several minutes in order to 

* From an old note-book. “Batb, Jan. 1884. I find in the baths here that if the spread 
fingers be drawn pretty quickly through the water (palm foremost was best), they are thrown into 
transverse vibration and strike one another. This seems like asolian string.... The blade of a 
flesh-brush about inch broad seemed to vibrate transversely in its own plane when moved 
through water broadways forward. It is pretty certain that with proper apparatus these vibrations 
might be developed and observed. ” 
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make sure that the water had attained its ultimate velocity- The axis of 
rotation was indicated by a pointer affixed to a small stand o'esting on thp 
bottom of the basin and rising slightly above the level of the water. 

The pendulum (fig. 2), of which the lowfer part was immersed, was 
supported on two points (A, B) so that the possible vibrations were limited 
to one vertical plane. In the usual arrangement the vibrations of the rod 
would be radial, i.e. transverse to the motion of the water, but it was easy to 
turn the pendulum round when it was desired to test whether a circumferential 
vibration could be maintained. The rod G itself was of brass tube mm. 
in diameter, and to it was clamped a hollow cylinder of lead Z). The time 



of complete vibration (t) was about half a second. When it was desired to 
change the diameter of the immersed part, the rod C was drawn up higher 
and prolonged below by an additional piece — a change which did not much 
afiect the period r. In all cases the length of the part immersed was? 
about 6 cm. 

Preliminary observations showed that in no case were vibrations gtuierateci 
when the pendulum was so mounted that the motion of the rod would be 
circumferential, viz. in the direction of the stream, agree.ably to what had 
been found for the seolian harp. In what follows the vibrations, if any, are 
radial, that is transverse to the stream. 

In conducting a set of observations it was found convenient to begin, with 
the highest speed, passing after a sufficient time to the next lower, and so on. 
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with the minimum of intermission. I will take an example relating to the 
main rod, whose diameter (D) is 8|: mm., r = 60/106 sec., beats of metronome 
62 in SO sec. The speed is recorded by the number of beats corresponding 
to the passage of two spokes, and the vibration of the pendulum (after the 
lapse of a sufficient time) is described as small, hiir, good, and so on. Thus on 
Dec. 21, 1914 : 

2 spokes to 4 beats gave fair vibration, 

5 good 

6 rather more ... 

. 7 good 

8 fair 

from which we may conclude that the maximum effect corresponds to 6 beats, 
or to a time (T) of revolution of the turn-table equal to 2 x 6 x 30/62 sec. 
The distance (r) of the rod from the axis of rotation was 1 16 mm., and the 
speed of the water, supposed to move with the basin, is 27rrjT. The result 
of the observations may intelligibly be expressed by the ratio of the distance 
travelled by the water during one complete vibration of the liendulum to the 
diameter of the latter, viz. 

T . 27 rr/ 2 ''_ 27r x 116 x 62 ^ ^ 

~T) “ ~ 8-5 X 6 X 106 ' • 

Concordant numbers were obtained on other occasions. 

In the above calculation the speed of the water is taken as if it were 
rigidly connected with the basin, and must be an over estimate. When the 
pendulum is away, the water may be observed to move as a solid body after 
the rotation has been continued lor two or three minutes. 1 or this puipose 
the otherwise clean sxirface may be lightly dusted over with sulphur. But 
when the pendulum is immersed, the rotation is evidently hindered, and that 
not merely in the neighbourhood of the pendulum itself. The difficulty 
thence arising has already been referred to in connexion with fetiouhal s 
experiments and it cannot easily be met in its entirety. It may be mitigated 
by increasing r, or by diminishing D. The latter remedy is easily applied up 
to a certain point, and I have experimented with rods 5 mm. tind mm. in 
diameter. With a 2 mm. rod no vibration coiild be observed. The final 
results were thus tabulated : 


The 


Diameter ... 8*5 mm. 5 0 mm. 3 5 mm. 

Ratio ... d'35 7*5 7*8 

from which it would appear that the disturbance is not very serious, 
difference between the ratios for the 5‘Omm. and 3"5mm. rods is hardly out- 
side the limits of error; and the prospect of reducing the ratio much below 7 

seemed remote. 

The instinct of an experimenter is to try to get rid of a disturbance, e^ven 
though only partially; but it is often equally instructive to increase it. The 


R. VI. 
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observations of Dec. 21 were made with this object in view ; besides those 
already given they included others in which the disturbance due to the 
vibrating pendulum was augmented by the addition of a similar rod (8| mm.) 
immersed to the same depth and situated symmetrically on the same diameter 
of the basin. The anomalous effect would thus be doubled. The record was 
as follows : 

2 spokes to 3 beats gave little or no vibration, 


4 fair 

5 large 

6 . ' less 

7 little or no 


As the result of this and another day’s similar observations it was concluded 
that the 5 beats with additional obstruction corresponded with 6 beats with- 
out it. An approximate correction for the disturbance due to improper 
action of the pendulum may thus be arrived at by decreasing the calculated 
ratio in the proportion of 6 : 5; thus 

f (8-35) = 7-0 

is the ratio to be expected in a uniform stream. It would' seem that this 
cannot be far from the mark, as representing the travel at a distance from 
the pendulum in an otherwise uniform stream during the time of one com- 
plete vibration of the latter. Since the correction for the otlier di;uneters 
will be decidedly less, the above number may be coiisidtu'od to aj:)ply to all 
three diameters experimented on. 

In order to compare with results obtained from air, we must know the 
value of vjVD. For water at 15° C. z/ = ya = ‘0115 c.G.w.; and for the <S‘5 mm. 
pendulum vIVB = -0011. Thus from (6) it appears that NDIV should have 
nearly the, full value, say -190. The reciprocal of this, or 5-3, should agree 
with the ratio found above as 7’0 ; and the discrepancy is laigxn- tlian it 
should be. 

An experiment to try whether a change of viscosity had . appreciable 
influence may be briefly mentioned. Observations were rnadt; upon water 
heated to about 60“ C. and at 12° C. No difference of behaviou r was detected. 
At 60° C. = *0049, and at 12“ C. = -0124 

I have described the simple pendulum apparatus in some detail, as apart 
from any question of measurements it demonstrates easily tlie general prin- 
ciple that the vibrations are transverse to the stream, and when in good 
action it exhibits very well the double row of vortices as witnessed by dimples 
upon the surface of the water. 

The discrepancy found between the number from water (7-0) and that 
derived from Strouhal s experiments on air (5'3) raises the (piestion whether 
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the latter can be in error. So far as I know, Strouhal’s work has not been 
repeated ; but the error most to be feared, that arising from the circulation 
of the air, acts in the wrong direction. In the hope of further light I have 
remounted my apparatus of 1879. The draught is obtained from a chimney. 

A structure of wood and paper is fitted to the fire-place, which may prevent 
all access of air to the chimney except through an elongated horizontal 
aperture in the front (vertical) wall. The length of the aperture is 26 inches 
(66 cm.), and the width 4 inches (10‘2 cm.); and along its middle a gut string 
is stretched over bridges. 

The draught is regulated mainly by the amount of fire. It is well to 
have a margin, as it is easy to shunt a part through an aperture at the top of 
the enclosure, which can be closed partially or almost wholly by a superposed 
card. An adjiistment can sometimes be got by opening a door or window. 

A piece of paper thrown on the fire inci'easea the draught considerably for 
aboiit half a minute.. 

The string employed had a diameter of ”95 mm., and it could readily be 
made to vibrate (in 3 segments) in unison with a fork of pitch 256. The 
octave, not difficult to mistake, was verified by a resonator brought up close 
to the string. That the vibration is transversti to the wind is confirmed by 
the behaviour of the resonator, which goes out of action when held symmetri- 
cally. The sound, as heard in the open without assistance, was usually feeble, 
but became loud when the ear was held close to the wooden frame. The 
difficulty of the experiment is to determine the velocity of the wind, where 
it acts upon the string. I have attempted to do this by a pendulum arrange- 
ment desigmid to determine the wind by its jrction upon an elongated piece 
of mirror (1()”1 cm. x I'B cm.) held perpendicularly and just in front of the 
string. The pendulum is siipi)orted on two points-— in this respect like the 
one used for the water experimeiit.s ; the mirror is above, and there is a 
counter- weiglit below. An arm projects horizontally forward on which a* 
rider can be placed. In commencing obsei-vations the wind is cut off by a large 
card inserted across the aj,)erture and just behind the string. The pendidum 
then assumes a sighte<l position, determined in the visual way by reflexion. 
When the wind operates the mirror is c;arried wdtli it, but is brought back to 
the sighted position by use of a rider of mass e(|ual to ”485 gm. 

Oliservations have been taken on several occasions, but it will suffice to 
record one set whose result is about, equal t(.> the average. The (horizontal) 
distance of the rider from the axis of rotation was 62 mm., and the vertical 
distance of the centre line of the mirror from the same axis is 77 mm. The 
force of the wind upon the mirror was thus 62 x ”485 77 gms. weight. 

The mean pressure P is ' 

62 X ”485 X 981 _ _ dynes 

77 X 1()”2 cm.*” 


21—2 



JSOLIAN TONES 


324 


[394 


The formula connecting the velocity of the wind V with the pressure 2^ may 
be written 


P=^CpV\ 


where p is the density ; but there is some uncertainty as to the constancy 
of G. It appears that for large plates G = *62, but for a plate 2 inches square 
Stanton found G = -52. Taking the latter value* we have 

■o2p -52 X ‘00123 ’ 

on introduction of the value of p appropriate to the circumstances of the 
experiment. Accordingly 

V = 192 cm. /sec. 


The frequency of vibration (t“^) was nearly enough 256 ; so that 


== 7-9 

JD 256 X -095 


In comparing this with Strouhal, we must introduce the appropriate value 
of VI), that is 19, into (5). Thus 

ATI) D 

Whether judged from the experiments with water or from those jiist detailed 
upon air, this (Strouhal’s) number would seem to be too low ; but the uncer- 
tainty in the value of G above referred to precludes any very confideiTb 
conclusion. It is highly desirable that Strouhal’s number should be further 
checked by some method justifying complete confidence. 


When a wire or string exposed to wind does not itself enter into vibration, 
the sound produced is uncertain and difficult to estimate. Nodotibt th(5 wind 
is often different at different parts of the string, and even at the same part it 
may fluctuate rapidly. A remedy for the first named cause of unsteadiness is 
to listen through a tube, whose open end is brought pretty close to the^ 
obstacle. This method is specially advantageous if we take advantage of our 
knowledge respecting the mode of action, by using a tube drawn out to a 
narrow bore (say 1 or 2 mm.) and placed so as to face the processions of 
vortices behind the wire. In connexion with the fire-place arrangement the 
drawn out glass tube is conveniently bent round through 180"' and continued 
to the ear by a rubber prolongation. In the wake of the obstacle the sound 
is well heard, even at some distance (50 mm.) behind ; hut little or nothing 
reaches the ear when the aperture is in front or at the side, even though quite 
close up, unless the wire is itself vibrating. But the special arrangement for 

* But I confess that I feel doubts as to the diminution of C with the linear dimension.^ 
[1917. See next paper.] 
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a draught, 'Where the observer is on the high pressure side, is not necessary ; 
in a few minutes any one may prepare a little apparatus competent to show 
the effect. Fig. 3 almost explains itself. A is the drawn out glass tube 



B the loop of iron or brass wire (say 1 mm. in diameter), attached to the tube 
with the aid of a cork G. The rubber prolongation is not shown. Held in 
the crack of a slightly opened door or window, the arrangement yields a sound 
which is often pure and fairly steady. 
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ON THE RESISTANCE EXPERIENCED BY SMALL PLATES 
EXPOSED TO A STREAM OF FLUID. 

[Fkilosophical Magazine, Vol, xxx. pp. 179 — 181, 1915.] 

In a recent paper on ^olian Tones* I had occasion to determine 
velocity of wind from its action upon a narrow strip of mirror (lO'l cm. x POcm.), 
the incidence being normal. But there was some doubt as to the coefficient 
to be employed in deducing the velocity from the density of the air and the 
force per unit area. Observations both by Eiffel and by Stanton had indicated 
that the resultant pressure (force reckoned per unit area) is less on snudl plane 
areas than on larger ones; and although I used provisionally a diminished 
value of G in the equation P — GpV^ in view of the narrowness of the strip, it 
was not without hesitation]-. I had in fact already commenced experiments 
which appeared to show that no variation in G was to Ixj detected. Subse- 
quently the matter was carried a little further; and I think it worth while 
to describe briefly the method employed. In any case I could hardly hope to 
attain finality, which would almost certainly require th (3 fiid of a proper wind 
channel, but this is now of less consequence as I learn that the mattiu’ is 
engaging attention at the National Physical Laboratory. 

According to the principle of similitude a departure from the simpk^ law 
would be most apparent when the kinematic viscosity is largt' and the strcJim 
velocity small. Thus, if the delicacy can be made adecpiate, tlu' use of air 
resistance and such low speeds as can be reached by walking through a still 
atmosifiiere should be favourable. The principle of the method consists in 
balancing the two areas to be compared by mounting them upon a v(‘rtical axis, 
situated in their common plane, and capable of turning with the miiiimuni 
of friction.^ If the areas are equal, their centres must be at the same distance 
(on opposite sides) from the axis. When the ap 2 )aratus is carried forward 
through the air, equality of mean pressures is witnessed by the plane of the 
obstacles assuming a jrosition of perpendicularity to the line of motion. If in 

* Phil. Mag. Vol. xxix. p. 442 (1915). [Art. 394.] 
t See footnote on p. [324]. 
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this position the mean pressure on one side is somewhat deficient, the plane 
on that side advances against the relative stream, until a stable balance is 
attained in an oblique position, in virtue of the displacement (forwards) of the 
centres of pressure from the centres of figure. 

The plates under test can be cut from thin card and of course must be 
accurately measured. In my experiments the axis of rotation was a sewing- 
needle held in a U-shaped strip of brass provided with conical indentations. 
The longitudinal pressure upon the needle, dependent upon the spring of the 
brass, should be no more than is necessary to obviate shift. The arms con- 
necting the plates with the needle are as slender as possible consistent with 
the necessary rigidity, not merely in order to save weight but to minimise 
their resistance. They may be made of wood, provided it be accurately shaped, 
or of wire, preferably of aluminium. Regard must be paid to the proper 
balancing of the resistances of these arms, and this may require otherwise 
superfluous additions. It would seem that a practical solution may be attained, 
though it must remain deficient in mathematical exactness. The junctions 
of the various pieces can be effected quite satisfoctorily with sealing-wax used 
sparingly. The brass U itself is mounted at the end of a rod held hoi'izontally 
in front of the observer and parallel to the direction of motion. I found it 
best to work indoors in a long room or gallery. 

Although in use the needle is approximately vertical, it is necessary to 
eliminate the possible effect of gravity more completely than can thus be 
attained. When the apparatus is otherwise complete, it is turned so as to 
make the needle horizontal, and small balance weights (finally of wax) adjusted 
behind the plates until equilibrium is neutral. In this process a good opinion 
can be formed respecting the freedom of movement. 

In an experiment, suggested by the case of the mirror above referred to, 
the comparison was between a rectangular plate 2 inches x inches and an 
elongated strip *51 inch broad, the length of the strip being parallel to the 
needle, i.e. vertical in use. At first this length was a little in excess, but was 
cut down until the resistance balance was attained. For this purpose it 
.seemed that equal areas were required to an accuracy of about one per cent., 
nearly on the limit set by the deliciicy of the apparatus. 

According to the principle of similitude the influence of linear scale {1) 
upon the mean pressure should enter only as a function of vjVl, where v is the 
kinematic viscosity of air and V the velocity of travel. In the present case 
2 / = *1505, V (4 miles per hour) =180, and I, identified with the width of the 
strip, = 1*27, all in C.G.S. mea.sure. Thus 

vj VI = -00066. 

In view of the smallness of this quantity, it is not surprising that the influence 
of linear scale should fail to manifest itself. 
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In virtue of the more complete symmetry realizable when the plates to be 
compared are not merely equal in area but also similar in shape, this method 
would be specially advantageous for the investigation of the possible influence 
of thickness and of the smoothness of the surfaces. 

When the areas to be compared are unequal, so that their centres need to 
be at different distances from the axis, the resistance balance of the auxiliary 
parts demands special attention. I have experimented upon circular disks 
whose areas are as 2:1. When there was but one smaller disk (6 cm. in 
diameter) the arms of the lever had to be also as 2:1 (fig. 1). In another 



experiment two small disks (each 4 cm. in diameter) were balanced against a 
larger one of equal total area (fig. 2). Probably this arrangement is the 
better. In neither case was any difference of mean pressures detected. 



In the figures AA represents the needle, B and G the large and small 
disks respectively, L the extra attachments needed for the resistance balance 
of the auxiliary parts. 
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HYDRODYNAMICAL PROBLEMS SUGGESTED BY 

PITOTS TUBES. 

\ProGeedings of the Royal Society, A, YoL xci. pp. 503 — 511, 1915.] 

The general use of Pitot’s tubes for measuring the velocity of streams 
suggests hydrodynamical problems. It can hardly be said that these are of 
practical importance, since the action to be observed depends simply upon 
Bernoulli’s law. In the interior of a long tube of any section, closed at the 
further end and facing the stream, the pressure must be that due to the velocity 
{v) of the stream, i.e. p being the density. At least, this must be the 
case if viscosity can be neglected. I am not aware that the influence of 
viscosity here has been detected, and it does not seem likely that it can be 
sensible under oi’dinary conditions. It would enter in the combination vjvl, 
where v is the kinematic viscosity and I represents the linear dimension of 
the tube. Experiments directed to show it would therefore be made with 
small tubes and low velocities. 

In practice a tube of circular section is employed. But, even when viscosity 
is ignored, the problem of determining the motion in the neighbourhood of a 
circular txibe is beyond our powers. In what follows, not only is the fluid 
supposed frictionless, but the circular tube is replaced by its two-dimensional 
analogue, i.e. the channel between parallel plane walls. Under this head two 
problems naturally present themselves. 

The first problem proposed for consideration may be defined to be the 
flow of electricity in two dimensions, when the uniformity is disturbed by the 
presence of a channel whose infinitely thin non-conducting walls are parallel 
to the flow. By themselves these walls, whether finite or infinite, would 
cause no disturbance ; but the channel, though open at the finite end, is sup- 
posed to be closed at an infinite distance away, so that, on the whole, there 
is no stream through it. If we suppose the flow to be of liquid instead of 
electricity, the arrangement may be regarded as an idealized Pitot’s tube. 
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although we know that, in consequence of the sharp edges; the electrical law 
would be widely departed from. In the recesses of the tube there is no 
motion, and the pressure developed is simply that due to the velocity of the 
stream. 

The problem itself may be treated as a modification of that of Helmholtz;*, 
where flow is imagined to take place within ‘the channel and to come to 
evanescence outside at a distance from the mouth. If in the usual notation f 
z = x + iy, and w = ^ + iylr be the complex potential, the solution of Helm- 
holtz’s problem is expressed by 

z — w + e'^, (1) 

or ' a} = (f> + e’>‘GOS'\jr,’ y = -f sin a/t (2) 

The walls correspond to = + tt, where y takes the same values, and they 
extend from a: = ~oo to « = — 1. Also the stream-line yjr = 0 makes y = 0, 
which is a line of symmetry. In the recesses of the channel is negative 
and large, and the motion becomes a uniform stream. 

To annul the internal stream we must superpose upon this motion, ex- 
pressed say by + iyjri, another of the form where 

(f >2 + = — a! — iy. 

In the resultant motion, 


01 = 0 + «, 


■0 = '01 + '02 = '01 
01 = 0 + 2 /, 




0 = 0 + sin (0 + y), 
y = — -0 + tan“^ (0/0) 


(3) 

.(4) 

.(5) 


so that 
and we get 

0 = 0 + e'/’"*'® cos (0 + y), 
whence «; = _ 0 + log ^(02 + 
or, as it may also be written, 

Z = — 'UJ-\- log w. 

It is easy to verify that these expressions, no matter how arrived at, satisfy 
the necessary conditions. Since x is an even function of 0 , and y an od<l 
function, the line y = 0 is an axis of symmetry. When 0 = 0 , we see from 
(3) that smy=0, so that y = 0 or ± tt, and that cosy and 0 have opposite 
signs. Thus when 0 is negative, y = 0 ; and when 0 is positive, y = + tt. 
Again, when 0 is negative, x ranges from + oo to - oo ; and when 0 is 
positive X ranges from — oo to — 1 , the extreme value at the limit of tin* 
wall, as appears from the equation 

dixj d0 = — 1 + 1^0 = 0, 

making 0 = 1, a- = — I. The central stream-line may thus be considorcMl t,o 
pass along y = 0 from x=<x) to x = -cc. At a = -oo it divides into two 

* Berlin Monatsber. 1868; Phil. Mag. Vol. xxsvi. p. 337 (1868). In this paper a new natli 
■was opened. ^ i * 

t See Lamb’s Hydrodynamics, § 66. 
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branches along 3/ = + tt. From x — — 00 to x = —X, the flow is along the 
inner side of the walls, and from « = — 1 to x = ~ 00 back again along the 
outer side. At the turn the velocity is of course infinite. 

We see from (4) that when -x/r is given the difference in the final values of 
y, corresponding to infinite positive and negative values of (j>, amounts to tt, 
and that the smaller is -yfr the more rapid is the change in y. 

The corresponding values of x and y for various values of <j£>, and for the 
stream-lines -x/r = — 1, — are given in Table I, and the more important 

parts are exhibited in the accompanying plots (fig. 1). 


TABLE I. 



'A- 

k 


-4 


-1 

X 

y 

X 

y 

X 

y 

-10 

12-303 

0-2750 

12-30 

0-550 

12-31 

1-100 

- 5 

6-610 

0-3000 

6-614 

0-600 

6-63 

1-198 

- 3 

4-102 

0-3333 

4-112 

0-665 

4-16 

1 -322 

- 2- 

2-701 

0-3745 

2-723 

0-746 

2-80 

1 -464 

- 1 

1-030 

0-495 

1-111 

0-964 

1-35 

1-785 

- 0-50 

0-081 

0-714 

0-153 

1-286 



- 0-25 

-0-790 

1-035 

— 

— 




0-00 

-1-386 

1-821 

-0-693 

2-071 

0-00 

2-571 

0-25 

-1-290 

2-606 


— 


— 

0-50 

-1-081 

2-928 

-0-847 

2-881 

- 0-388 

3-035 

I’O 

-0-970 

3-147 

-0-888 

3-178 

- 0-653 

3-366 

2-0 

-1-299 

3-267 

-1-277 

3-397 

- 1-196 

3-678 

3 0 

-1-898 

3-308 

- 1-888 

3-477 

_ 


4-0 

— 

— 

— 

— 

- 2-584 

3-897 

5-0 

-3-389 

3-342 

-3-386 

3-542 



10-0 

-7-697 

3-367 

— 

— 

- 7-692 

4-042 

20-0 





— 

-17-00 

4-092 


In the second form of the problem we suppose, after Helmholtz and 
Kirchhoff, that the infinite velocity at the edge, encountered when the fluid 
adheres to the wall, is obviated by the formation of a surface of discontinuity 
where the condition to be satisfied is that of constant pressure and velocity. 
It is, in fact, a particular case of one treated many years ago by Prof Love, 
entitled “Liquid flowing against a disc with an elevated rim,” when the 
height of the rim is made infinite**^. I am indebted to Prof Love for the 
form into which the solution then degrades. The origin 0 ' (fig. 2 ) of x+ iy 
or .0 is taken at one edge. The central stream-line (x/r = 0) follows the line of 
symmetry Ai? from y = <x> to y = — 00. At y=.— cci it divides, one half 
following the inner side of the wall GO' from y— — <x> to y = 0, then 
becomes a free surface O'D from 2/ = 0tO2/ = — 00. The connexion between 

* Camb. Phil. Proc. Vol. vii. p. 185 (1891). 
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and 'w{= <f> + iyfr) is expressed with the aid of an auxiliary variable 0. 


Thus 

z = tan 6 — 6 — tan- 6 — i log cos 6, (6) 

w — l sec® 6 (7) 

If we put tan 6 — ^ + irj, we get. 

w = I (1 + ^2 _ .^2 _|_ 2i^7jy, 

so that (j)= l (1 + p — 7)^), = ^^7} (8) 

We find further (Love), 

z = ^ +iri +^^rj - 1 tan-i _ I tan-' — 

+ {{I - 7]y + t] ( 9 ) 

so that .* = I -f- + I tan-' -|f i tan"' , (10). 

i/ = V~ I (I"*— ’70 + i log {(1 — vY + F] (11) 


The stream -lines, corresponding to a constant •x/r, may be plotted from 
(10), (11), if we substitute 2’x/r/^ for 7} and regard ^ as the variable parameter. 
Since by (8) 

c/> = i ( 1 d- 10 - d4>/dt = i f 

there is no occasion to consider negative values of and <p and ^ vary always 
in the same direction. 

As regards the fractions under the sign of tan-', we see that both vanish 
when ^ = 0, and also when ^=qo. The former, viz., ^^ — 1), 

at first -f- when ^ is very small, rises to oc when | {1 ± ^(1 - 16x/^“)}, 
which happens when < |, but not otherwise. In the latter case the fraction 
is always positive. When < I, the fmction passes through oo , there 
changing sign. The numerically least negative value is reached when 
|: 2 =: 1 . 1^(1 + 48 ->^ 2 ) _ fraction then retraces its entire course, until 

it becomes zero again when f = oo ; On the other hand the second fraction, 
at first positive, rises to infinity in all cases when p = 1}, 

after which it becomes negative and decreases numerically to zero, no part of 
its course being retraced. As regards the ambiguities in the resulting angles, 
it will suffice to suppose both angles to start from zero with This choice 
amounts to taking the origin of x at 0, instead of O'. 

When ^lr is very small the march of the functions is peculiar. The first 
fraction becomes infinite when p = 4l^|r^, that is when ^ is still small. The 
turn occurs when = corresponding least negative value is 

also small. The first tan"' thus passes from 0 to tt while ^ is still small. 
The second fraction also becomes infinite when p there changing 

sign, and again approaches zero while ^ is of the same order of magnitude. 



334 


HYDRODYNAMIC AI, PROBLEMS SUGGESTED BY PITOT’S TUBBS [396 


The second tan“^ thus passes from 0 to tt, thereby completing its course, 
while ^ is still small. 

When ■\lr= 0 absolutely, either ^ or tj, or both, must vanish, but we must 
still have regard to the relative values of yjr and Thus when ^ is small 
enough, x = 0, and this part of the stream-line coincides with the axis of 
symmetry. But while ^ is still small, x changes from 0 to vr, the new value 
representing the inner face of the wall. The transition occurs when ^ 

■77=1, making in (11) y = — oo. The point 0' at the edge of the wall 
(x = 'ir, y = 0) corresponds to ^ = 0, y = 0. 

For the free part of the stream-line we may put 77 = 0, so that 

^ = ^ + i-tan~^|^|-^-t-|'=^-tan-^e + 7r, (12) 

where tan~^ ^ is to be taken between 0 and Also 

3/ = ~ir + ilog(H-r) (13) 

When ^ is very great, 

(14) 

and the curve approximates to a parabola. 

When ^ is small, 

^■-7r = ^r, y = l^% (15) 

so that the ratio (x — 7r)/y starts from zero, as was to be expected. 

The upward movement of y is of but short duration. It may be observed 
that, while dxld^ is always positive. 


# _ -^(1 — 0 

2(i + r)’" ' 

which is positive only so long as f < 1. And when ^ — 1, 

X — 'TT =1 -- ^TT — 0‘2146, . y — —i + log 2 = 0'097. 


(16) 


Some values of x and y calculated from (12), (13) are given in Table II 
and the corresponding curve is shown in fig. 3. 


TABLE II .— = 0. 



X 

y 


X 

y 

0-0 

3-142 

0 

2*5 

4*451 

— 0-571 

0-5 

3-178 

+ 0-050 

3-0 

4-892 

- 1-098 

1-0 

3-356 

+ 0-097 

4-0 

5-816 

- 2-583 

1-5 

3-659 

+ 0-027 

5-0 

6-768 

- 4-62 

2*0 

4-034 

- 0-195 

20-0 

21-621 

- 97-00 
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It is easy to verify that the velocity is constant along the curve defined 
by (12), (13). We have 


dx _ 

d<^ " 1 + 1 " d4 ’ 

and when 1 /^= 0 , 

‘if> = -HI + rx 


dy ^ 1 - 

d^^~ 2 1 + d^ ’ 


d(f>/d^ = if- 


Thus 



dx _ 2^ dy _1 — 

d<f ~ iTf^ ’ d$ ” 1 +1" ’ 


arid (dxld<f>y + (dyfdcf>r==l (17) 

The square root of the expression on the left of (17) represents the 
reciprocal of the resultant velocity. 


TABLE = 



X 


f 


V 

0 

0 

00 

0*40 

2-9667 

+ 0-076 

0-05 

0*1667 

9*098 

0*50 

3-0467 

0-130 

0-10 

0-2995 

3-008 

0*60 

3-1089 

0-162 

0-13 

0-4668 

1 -535 

0*80 

3-2239 

0-198 

0*15 

0-6725 

0-766 

1 *00 

3-3454 

0-207 

0*17 

1 -0368 i 

i +0*109 

1*50 

3-6947 

+0-125 

0*18 

1-2977 j 

; -0*143 

2-00 

4-0936 

-0-112 

0*19 

1 -5907 

-0*304 

2*50 

4-5234 

-0-501 

0*20 

1 -8708 1 

-0*370 

3-00 

4-9725 

- 1 -032 

0*22 

2-2828 

-0*331 

4-00 

5-9039 

-2-536 

0-25 

2-5954 

-0*195 

6-00 

7-8305 

-7-161 

0*30 

2-8036 

-0*047 
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Eig. 3. 


When differs from zero, the calculations are naturally more complicated. 
The most interesting and instructive cases occur when is small. I have 
chosen '\/r=l/10. The corresponding values of £c, and y are given in 
Table III, calculated from equations (10), (11), and a plot is shown in fig. 3. 

As in the former problem, where the liquid is supposed to adhere to the 
walls notwithstanding the sharp edges, the pressure in the recesses of the 
tube is simply that due to the velocity at a distance. At other places, 
the pressure can be deduced from the stream-function in the usual way. 
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ON THE CHARACTER OF THE “S” SOUND. 

[Nature, Vol. xcv. pp, 645, 646, 1915.] 


Some two years ago I asked for suggestions as to the formation of an 
artificial hiss, and I remarked that the best I had then been able to do was by 
blowing through a rubber tube nipped at about half an inch from the open 
end with a screw clamp, but that the sound so obtained was perhaps more like 
an /than an s. “There is reason to think that the ear, at any rate of elderly 
people, tires rapidly to a maintained hiss. The pitch is of the order of 10,000 
per second^.” The last remark was founded upon experiments already briefiy 
describedi* under the head “ Pitch of Sibilants." 

“ Doubtless this may vary over a considerable range. In my experiments 
the method was that of jiodes and loops {Phil. Mag. Vol. vii. p. 149 (1879); 
ScientifiG Papers, Vol. i. p. 406), execxited with a sensitive flame and sliding 
reflector. A hiss given by Mr Enock, which to me seemed very high and not 
over audible, gave a wave-length (X) equal to 25 mm., with good agreement 
on repetition. A hiss which I gave was graver and less definite, corresponding 
to X == 32 mm. The frequency would be of the order of 10,000 per second, 
more than 5 octaves above middle C.” 

Among the replies, publicly or privately given, with which I was favoured, 
was one from I*ro£ E. B. Titchener, of Cornell University^, who wrote : 

“Lord Rrfiyleigh’s sound more like an / than an s is due, according to 
Kohler’s observations, to a slightly too high pitch. A Galton whistle, set for 
a tone of 8400 v.d., will give a pure s." 

It was partly in connexion with this that I remarked later § that I doubted 
whether any pure tone gives the full impression of an s, having often experi- 
mented with bird-calls of about the right pitch. In my published papers I 

* Nature, Vol. xci. j). 319, 1913. 

t Phil. Ma(). Vol. XVI. p. 235, 1908 ; Scientific Papers, Vol. v. p. 486. 

X Nature, Vol. xci. p. 451, 1913. 

§ Nature, Vol. xci. p. 658, 1913. 


R. VI. 


22 
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find references to wave-lengths 31 '2 mm., 1 •304 in. = 33’1 mm., 1 *28 in. = 32 '5 mm.* 
It is true that these are of a pitch too high for Kohler’s optimum, which at 
ordinary temperatures corresponds to a wave-length of 40'6 mm., or 1’60 inches; 
but they agree pretty well with the pitch found for actual hisses in my obser- 
vations with Enoch. 

Prof. Titchener has lately returned to the subject. In a communication 
to the American Philosophical Society-f- he writes : 

“It occurred to me that the question might be put to the test of experiment. 
The sound of a Galton’s whistle set for 8400 v.d. might be imitated by the 
mouth, and a series of observations might be taken upon material composed 
partly of the natural (mouth) sounds and partly of the artificial (whistle) tones. 
If a listening observer were unable to distinguish between the two stimuli, 
and if the mouth sound were shown, phonetically, to be a true hiss, then it 
would be proved that the whistle also gives an s, and Lord Rayleigh would 
be answered. 

“ The experiment was more troublesome than I had anticipated ; but I may 
say at once ths^: it has been carried out, and with affirmative result.” 

A whistle of Edelmann’s pattern (symmetrical, like a steam whistle) was 
used, actuated by a rubber bulb ; and it appears clear that a practised operator 
was able to imitate the whistle so successfully that the observer could not say 
with any certainty which was which. More doubt may be felt as to whether 
the sound was really a fully developed hiss. Reliance seems to have been 
placed almost exclusively upon the position of the lips and tongue of the 
operator. I confess I should prefer the opinion of unsophisticated observers 
judging of the result simply by ear. The only evidence of this kind mentioned 
is in a footnote (p. 328) : “ Mr Stephens’ use of the word ‘ hiss ’ was spontane- 
ous, not due to suggestion.” I have noticed that sometimes a hiss passes 
momentarily into what may almost be described as a whistle, but I do not 
think this can be regarded as a normal s. 

Since reading Prof. Titchener’s paper I have made further experiments 
with results that I propose to describe. The pitch of the sounds was deter- 
mined by the sensitive flame and sliding reflector method, which is abundantly 
sensitive for the purpose. The reflector is gradually drawn back from the 
burner, and the positions noted in which the flame is unaffected. This phase 
occurs when the burner occupies a node of the stationary weaves. It is a place 
where there is no to and fro motion. The places of recovery are thus at 
distances, from the reflector which are (odd or even) multiples of the half 
wave-length. The reflector was usually drawn back until there had been five 


* Scientijic Fapers, Vol. i. p, 407 ; “Vol. ii. p. 100. 
t Proceedings^ Vol. liii. August — December, 1914, p. B2S. 
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recoveries, indicating that the distance from the burner was now 6 x and 
this distance was then measured. 

The first observations were upon a whistle on Edelmann’s pattern of my 
own construction. The flame and reflector gave X = 1‘7 in., about a semi-tone 
flat on Kohler’s optimum. As^ regards the character of the sound, it seemed 
to me and others to bear some resemblance to an s, but still to be lacking in 
something essential. I should say that since my own hearing for s’ a is now 
distinctly bad, I have always confirmed my opinion by that of other listeners 
whose hearing is good. That there should be some resemblance to an s at a 
pitch which is certainly the predominant pitch of an s is not surprising ; and 
it is difficult to describe exactly in what the deficiency consisted. My own 
impression was that the sound was too nearly a pure tone, and that if it had 
been quite a pure tone the resemblance to an s would have been less. In 
subsequent observations the pitch was raised through X = 1-6 in., but without 
modifying the above impressions. 

Wishing to try other sources which I thought more likely to give pure 
tones, I fell back on bird-calls. A new one, with adjustable distance between 
the perforated plates, gave on different ti’ials X = 1'8 in., X = 1'6 in. In neither 
case was the sound judged to be at all a proper s, though perhaps some 
resemblance remained. The effect was simply that of a high note, like the 
squeak of a bird or insect. Further trials on another day gave confirmatory 
results. 

The next observations were made with the highest pipe from an, organ, 
gradually raised in pitch by cutting away at the open end. There was some 
difficulty in getting quite high enough, but measures were taken giving 
X = 2-2 in., X = 1-9 in., and eventually X = :i.-6 in. In no case was there more 
than the. slightest suggestion of an s. 

As I was not satisfied that at the highest pitch the organ-pipe was speaking 
properly, I made another from lead tube, which could be blown from an 
adjustable wind nozxle. Tuned to give X= 1*6 in., it sounded faint to my ear, 
and conveyed no s. Other observers, who heard it well, said it was no 

In all these experiments the sounds were uumitained, the. various instru- 
ments being blown from a loaded bag, charged beforehand with a foot blower. 
In this respect they are not fully comparable with those of Prof. Titchener, 
whose whistle was actuated by squeesiirig a rubber bulb. However, I have 
also tried a glass tube, 10’4 in. long, supported at the middle and rubbed with 
a resined leather. This should be of the right pitch, but the squeak heard 
did not suggest an s. I ought perhaps to add that the thing did not work 
particularly well. . 

It will be seen that my conclusions differ a go<3d deal from those of Prof. 
Titchener, but since these estimates depend upon individual judgment, perhaps 
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not uninfluenced by prepossessions, they are not fully satisfactory. Further 
independent aural observations are desirable. I fear a record, or ocular obser- 
vation, of vibrations at so high a pitch is hardly feasible. 

I may perhaps be asked if a characteristic s, having a dominant pitch, is 
not a pure tone, what is it ? I am disposejl to think that the vibration 
IS irregular. A fairly defined pitch does not necessitate regular sequences of 
more than a few (say 3—10) vibrations. What is the state of affairs in an organ- 
pipe which does not speak well, or in a violin string badly bowed? "^An 
example more amenable to observation is afforded by the procession of drops 
into which a liquid jet breaks up. If the jet is well protected from outside 
influences, the procession is irregular, and yet there is a dominant interval 
between consecutive drops, giving rise under suitable conditions to a sound 
aving a dominant pitch. Vibrations of this sort deserve more attention than 
ttey have received. In the case of the s the pitch is so high that there would 
be opportumty for interruptions so frequent that they would not be separately 
aa*ble. and yet not so many as to preclude a fairly defined dominant pitch. 

ave an impression, too, that the s includes subordinate components de- 
cidedly graver than the dominant pitch. 

Similar questions naturally arise over the character of the sh f and th 
sounds. ’ 
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ON THE* STABILITY OF THE SIMPLE SHEAEING MOTION 
OF A VISCOUS INCOMPKESSIBLE FLUID. 

[Philosophical Magazine, Vol. xxx. pp. 329 — 338, 1915.] 

A PRECISE formulation of the problem for free infinitesimal disturbances 
was made by Orr (1907)*. It is supposed that ^(the vorticity) and v (the 
velocity perpendicular to the walls) are proportional to where = p 4- iq. 


If we have 

af (1) 

and d^v I dy^ — = S, (2) 


with the boundary conditions that v — 0,dv/dy — 0 at the walls where y is 
constant. Here v is the kinematic viscosity, and /3 is proportional to the 
initial constant vorticity. Orr easily shows that the period-equation takes 
the form 

[s. ^ Ay . JSs dy- Is, e-‘^ Ay. Js,e'^ Ay = 0 (3) 

where aS\, are any two independent solutions of (1) and the integrations 
are extended over the interval between the walls. An equivalent equation 
was given a little later (1908) independently by Sommerfeld. ^ 

Stability' requires that for no value of k shall any of the q’s determined 
by (3) be negative. In his discussion Orr arrives at the conclusion that this 
condition is satisfied. Another of Orr’s results may be mentioned. He 
shows that p -f k/8y necessarily changes sign in the interval between the 
walls i*. 

In the paper quoted reference was made also to the work of v. Mises and 
Hopf, and it was suggested that the problem might be simplified if it could 
be shown that q — vk^ cannot vanish. If so, it will follow that q is always 


* Proc. Po?/. Irish Acad. Vol. xxvn. 

+ Phil. Mag. Vol. xxviii. p. 618 (1914). 
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positive and indeed greater than vM, inasmuch as this is certainly the case 
when /9 = 0 The assumption that q — vh^, by which the real part of the { j 
in (1) disappears, is indeed a considerable simplification, but my hope that it 
would lead to an easy solution of the stability problem has been disappointed. 
iN'evertheless, a certain amount of progress has 'been made which it may be 
desirable to record, especially as the preliminary results may have other 
applications. 


If we take a real 77 such that 

p+k^y = — {9vk^fi^)^ 7), ( 4 ) 

we obtain ^ 5 ^ 

This is the equation discussed by Stokes in several papers "j*, if we take in 
his equation (18) to be the pure imaginary iy. 

The boundary equation (3) retains the same form with dri for dn 
where 

X^ = 9vk^l/3 ( 6 ) 

(5)) (fi) V ^nd X are non-dimensional. 

Stokes exhibits the general solution of the equation 

d^S c, Cl a 

(O 

in two forms. In ascending series which are always convergent, 

+ . , ) 

1 2.3^2.3.5.6^2.3.5.6.8.9‘^”'J 

3 . 4 +I7I76T7 + 0- .6.7. 9.10 + -j W 

The alternative semi-oonvergent form, suitable for calculation when ,r is 

large, is 

\l 1-5 , 1.5.7.11 1.5. 7. 11 .13. 17 ) 

i \.UaJ 1.2.144»ar> 1.2.3.'l44>a:* 

+ jl a- _i_Lj I 1 ■ 5 . 7 ■ 11 1 . 5 . 7 . 11 . 13 . 1_7 ] 

i ■ 1.144a;» 1 . 2 . 144W TTiTiTliS^ 

m which, however, the constants O and D are liable to a discontinuity. 
When X IS i-eal— the case in which Stokes was mainly interested— or a pure 
imaginary, the calculations are of course simplified. 

P- 69 (1892) ; Scientific Papers, Vol. iii. p. 583. 
t EspeciaUy Camh. Phil. Trans. Vol. x. p. 106 (1857) ; Collected Papers, Vol. iv. p. 77. 
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If we take as Si and Sq the two series in (8), the real and imaginary parts 
of each are readily separated. Thus if 

Si ^ Sj ” 1 “ > ^2 ^*2 ...,...,-..-..•.-..-.( 10 ^ 

we have on introduction of irf 

_ 9V X 

2.3.5 76 2”73 . 570'. 9". 11 . 12 ' ' ' ’ ^ ’ 

2. 3 "^2 . 3. 5 767 8 . '9 *’■’ ^ ^ 

" 3.4 3.4.6.7.9.10'^ ^ ^ 


^ _ 9^17^® . 

3:4 g ^ 12713 ^ ^ 

in which it will be seen that Si, are even in rj, while ti> % are odd. 

When ^ < 2, these ascending series are suitable. When 17 > 2, it is better 
to use the descending series, but for this purpose it is necessary to know the 
connexion between the constants A, B and G, D. 'For x = ir) these are 
(Stokes) 

A^ttA r (I) {C-f /Je-*"--'''!, B = STT-i r (§) {- o-l- ...(15) 


Thus for the first series Si (.4 = 1 , i:? — 0 in (8)) 

log D = 1-5820516, 0 ; (16) 

and for (-4, = 0, J5 == 1 ) 

log V' = 1-4012366, - C'= , (17) 

so that if the two functions in (9) be called Si and S2, 

Si^Gl,i + £)l^, >S;=(7'Si + I >'22 (18) 


These values may be confirmed by a comparison of results calculated 
first from the ascending series and secondly from the descending series when 
■>7=2. Much of the necessary arithmetic has been given already by Stokes*. 
Thus from the ascending series 

.Vi(2) = -I3-33OI0I ^1 (2) = 11-62838; 

Sa (2) = - 2-25237, t, (2) = - 11-44664. 

In calculating from the descending series the more important part is Si, since 

- - 2'ia ( 1 - /) 

o C? c? * 

For •>7 = 2 Stokes finds 

]£i = - 14-98520 + 43-81046i 

of which the log. modulus is 1-6656036, and the phase + 108° 62'-58"-99^ 
When the multiplier G or C' is introduced, there will be an addition of ± 30 
to this phase. Towards the value of Si I find 

-13-32487 4- 11-63096 


* Loe, cit. Appendix. It was to take advantage of this that the “ 9 ” was introduced in (5). 
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and towards that of 

- 2-24892 - 11-44495 i 

For the other part involving D or D' we get in like manner 

- -00523 - -00258 i, 
and - -00345 — -00170 L 


TABLE I. 


V 



^2 


0-0 

+ 

1*0000 

- *0000 


•0000 

+ 

*0000 

0-1 

4 " 

1*0000 

- *0015 

+ 

*0001 

+ 

*1000 

0-3 

+ 

1*0000 

- *0120 

+ 

*0012 

+ 

*2000 

0-3 

+ 

*9997 

- -0405 

+ 

*0061 

+ 

*3000 

0*4 

+ 

* 9.982 

- -0960 

+ 

*0192 

+ 

*3997 

0-5 

+ 

*9930 

- *1874 

+ 

*0469 

+ 

*4987 

0-6 

+ 

*9790 

- -3234 

+ 

*0971 

+ 

*5955 

0-7 

+ 

*9393 

- *5485 

+ 

*1969 

+ 

*6845 

0-8 

+ 

*8825 

- -7605 

+ 

*3055 

+ 

■7663 

0-9 

+ 

*7619 

- 1*0717 

+ 

*4865 

+ 

■8234 

1-0 

+ 

*554 

— 1 *444 

+ 

•734 

+ 

•840 

1*1 

+ 

*215 

- 2*007 

+ 

1*057 

+ 

*790 

1-2 

— 

*310 

- 2*304 

+ 

1*456 

+ 

*634 

1-3 


1 *083 

- 2*707 

+ 

1*923 

+ 

*320 

1-4 


2*173 

- 2*979 

+ 

2*424 


*221 

1-5 

— 

3*635 

- 2*972 

+ 

2*893 

— 

1 *067 

1-6 


5*493 

- 2*466 

+ 

3*212 

— 

2*303 

1-7 


7*694 

- 1*161 

+ 

3*191 

* — 

3*998 

1-8 

— 

10*057 

+ 1-325 

+ 

2*550 


6*173 

1-9 


12*177 

+ 5*441 

+ 

•899 

— 

8*745 

2*0 


13*330 

+ 11*628 

— 

2*252 


11 *447 

2-1 


12*34 

+ 20*19 


7*46 


13*70 

2-2 

— 

7*49 

+ 31*01 


15*24 


14*50 

2*3 

+ 

3*54 

+ 43-20 


25*84 


12*22 

2*4 

+ 23*55 

+■ 5 4 **.-) 4 

— 

38*90 


4*53 

2-5 

+ 55*20 

+ 60*44 

— 

52*70 

+ 1 1 *59 


It appears that with the values of O, D, C', D' defined by (16), (17) the 
calculations from the ascending and descending series lead to the same results 
when 97 = 2. What is more, and it is for this reason principally that I have 
detailed the numbers, the second part involving S., loses its importance when 
97 exceeds 2. Beyond this point the numbers given in the table are calculated 
from Si only. Thus (97 > 2) 


+ iti = Dt) e 





1.5 

. (iv) 

‘2 4“ ff 

x/2 . 7}^ ~ 

e 

X il — - 

1.5 


4- 


1.5.7.11 




.(19) 


■ 4 " 


1.5.7.11 


1 1 .144(t77)^' 1.2. 144^^9? > 


( 20 ) 
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the only difference being the change from D to ~ D' and the reversal of sign 
in 7r/6, equivalent to the introduction of a constant (complex) factor. 

When 7) exceeds 2*5, the second term of the series within { } in Xi is less 
than 10~^, so that for rough purposes the. { } may be omitted altogether. 


We then have 

( 21 ) 

- 1)77 ■“ * sin {^/2 -nr 1 24), (22) 

8 - 2 = D' 7 ]~^e^^'^ sin (\/ 2 . 77 ^ — — "^/d), (^3) 

4 = i)'77~^e'^^-’^®cos(V2.77^-7r/24-7r/6). (24) 


Here D and D' are both positive — the logarithms have already been given — 
and we see that 4 are somewhat approximately in the same phase, and 
ti, S 2 in approximately opposite phases. When 77 exceeds a small integer, 
the functions fluctuate with great rapidity and with correspondingly in- 
creasing maxima and minima. When in one period V2 . 77^’ increases by 27r, 
the exponential factor is multiplied by viz. .535‘4. From the approximate 
expressions applicable when 77 exceeds a small integer it appears that ^1, ti 
are in quadrature, as also Sa. ^2. 

For some purposes it maybe more convenient to take Sj, or (expressed 
more coirectly) the functions which identify themselves with 2i, Sa when 77 
is great, rather than ;S^i, >Sa, as fundamental solutions. When 77 is small, 
these functions must be calculated from the ascending series. Thus by (15) 


(O=l,i) = 0) 

= TT - i r ( 1 ) aS'i - 37 r" i r (I) ( 25 ) 

and (0=0, D = 1 ) 

2, = TT - ^ r (i) -I- Stt - i r (I) dfa (26) 


Some general properties of the solutions of (5) are worthy of notice. If 
S = .S' -4- it, we have 

d\s j drf — ^r}t, dHj d^f =: —Qr)S. 


Let R = I (&'* 4- 1~) ; then 



of which the two last terms cancel, so that d^Rjdrf^ is always positive. In 
the case of when 77 = 0, (0) = 1, (0) = 0, Sx (0) = 0, so that R (0) = 

R' (0) =: 0. Again, when 77 = 0, Sa (0) = 0, ia (0) = 0, so that R (0) = 0, R' (0) = 0. 
In neither case can R vanish for a finite (real) value of 77, and the same 
is true of Sx and /SV 
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Since (5) is a differential equation of the second order, its solutions are 
connected in a well-knovm manner. Thus 



and on integration 

~ = constant = ^, (28) 

anj cLr) 

as appears from the value assumed when 77 = 0. Thus 



which defines in terms of S:^. 

A similar relation holds for any two particular solutions. For example, 

= (30) 

■^1 J 00 “^1 

The difficulty of the stability problem lies in the treatment of the boundary 
condition 

>S, dr ] . f e-^’’ dr, - 8, dv . f dv = 0, . . .(31)* 

J y)i J 771 J yjj J rj^ 

in which 772, 77^, and X. are arbitrary, except that we may suppose 772 and X to 
he positive, and 77^ negative. In (31) we may replace e~^'^ by cosh X77, 
sinh X77 respectively, and the substitution is especially useful when the limits 
of integration are such that 77 ^ = — 773 . For in this case 

f<j 3 rv 2 

/ 8 cosh X77 dr) = 2 / s cosh X77 dr,, 

J -rij Jo 

/ 'V 2 . _ f’n 2 

8 sinh X77 dy = 2 ^' I t sinh X77 dy ; 
iji J 0 

and the equation reduces to 

rvn j '>72 

Sj cosh X77 dr, . \ to sinh X77 dr, 

.'0 Jo 

r V2 rve 

— Sa cosh X77 <^77 . I sinh X77 c?77 = 0 , ( 32 ) 

.1 0 Jo 

thus assundng a real form, derived, however, from the imaginary term in (31). 
In general with separation of real and imaginary parts we have by (31) from 
the real part 

I Si dy .Jsq e~^'^ dy— j'ti dy . e~^'^ dy 

Si e“^’J dy . Jsa dy -\rjti dy . J t.^ dy =0, (33) 

* Rather to my surprise I find this condition, already laid down in private papers of Jan. 1893. 
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and from the imaginary part 

Jsi dy . j" dy + j'ss e~^'^ dy . jt^ dy 

— Jsi drj . dy — j" S q d^/ . j'tj dy = 0 (34) 

If we introduce the notation of double integrals, these equations become 

j Jsinh X (y — y) {.Si {y) . (y') — ti (y) . (->70} dy' = 0, (35) 

I sinh X {y — y) {.9i {y) . 4 {y') — {y) . t-^ {y')] dy dy' =0, ...... (36) 

the limits for y and y' being in both cases y^ and y^. In these we see that 
the parts for which y and y' are nearly equal contribute little to the result. 

A case admitting of comparatively simple treatment occurs when X is so 
large that the exponential tei*ms e^'^, dominate the integrals. As we 

may sec by integration by parts, (31) then reduces to 

S, (772) . /?.(%) - s, (> 7 x) . ^2 M = 0, ( 37 ) 

or with use of (29) 

S.W.S.OO./’^^ = 0 (38) 

We have already seen that Si(y) cannot vanish; and it only remains to 
prove that neither can the integral do so. Owing to the character of S^, 
only moderate values of y contribute sensibly to its value. For further 
examination it conduces to clearness to write 772 = a, yx — — h, where a and 
h are positive. Thus 

r^-^dy_r^ _d^ , ___dv___ 

./)7i .'•() (®1 + • 0 (^'1 

f (V - i.“) An , f '' W - V) dn , • f“ sA dv , ■ f " . d n^ . ^39., 

and it) suffices to show that f” cannot vanish. A short table 

.'0 (51=* + ir) 

makes this apparent [see p. 348]. • • 

The fifth column represents the sums up to various values of y. The ap- 
proximate value of f is thus '2 x 2'834or '567. Ihe true value 

of this integral is {D' ! D) sin 60° or *571, as we see from (30) and (19), (20). 
We conclude that (37) cannot be satisfied with any values of 772 and 771. 

When the value of X is not sufficiently great to justify the substitution 
of (37) for (31) in the general case, we may still apply the argument in a 
rough manner to the special case (772 H- 771 = 0) of (32)» when y^ 



[398 


348 ON THE STABILITY OF THE SIMPLE SHEARING 

is moderately great. For, although capable of evanescence, the functions 
^i> ti> ^ 2 j ts increase in amplitude so rapidly with rj that the extreme value of 
7 ] may be said to dominate the integrals. The hyperbolic functions then 
disappear and the equation reduces* to 

('>72) • 4 (%) - ^2 ( Vs ) • (’72) = 0 , ( 40 ) 

TABLE II. 


V 

si2 - ijS 

(Si2 + «,2)2 

(si2 + 

Sums of 
fourth eoluiini 

•1 

-H 

1-000 

1-000 

+ 1 

-000 

1 -000 

•3 

-h 

0-997 

1-002 

“I” 

-995 

1-995 

•5 

+ 

0-951 

1-042 

+ 

-913 

2-908 

•7 

-H 

0-581 

1-399 


-415 

3-323 

•9 


0-569 

2-989 

— 

-191 

3-132 

1-1 

— 

3-982 

16-60 

— 

-240 

2-892 

1-3 

— 

6-155 

72-25 


-085 

2-807 

1-5 

+ 

4-38 

485-8 

+ 

-009 

2-810 

1*7 

+ 

57-9 

3660-0 

+ 

-016 

2-832 

1-9 

+ 

119-0 

31700-0 

+ 

-004 

2-830 

2-1 


255-0 

314000-0 


-001 

2-835 

2-3 

— 

1854-0 

353x10-4 

— 

•001 

2-8,34 

2-5 

— 

616-0 

45x10-8 


•000 

2-834 

i 


which cannot be satisfied by a moderately large value of 77 .^. For it a.ppeai-s 
from the appropriate expressions (21)... (24) that the left-hand member t>f 
(40) is then 

DD'e^K/^-v\os{7rl6), 

a positive and rapidly increasing quantity. Again, it is evident from ''l''al)le I 
that the left-hand member of (32) remains positive for all vahies of 7 ;,^ from 
zero up to some value which must exceed IT, since up to that |)oint tlie 
functions Si, 4 a-re positive while ti is negative. Even without further 
examination it seems fairly safe to conclude that (32) cannot bo sati.sfit'd l)y 
any values of and A. , 


Another case admitting of simple treatment occurs when rj. and ;ire 
both small, although X may be great. We have approximately 


= 1, = — 1?;», $2 = 1 77 ^, = 77 , 

the next terms being in each case of 6 higher degrees in r;. 
omission of terms in rj’^ under the integral sign, (31) becomes 


dr} .jr]e di] — drj . It} dr) — 0 , 


'I’lnis with 

(41) 


Eegard being paid to the character of the functions. Needless to say, it m no general 
proposition that the value of an integral is determined by the greatest value, however exceKsive, 
of the integrand. 
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or on effecting the integrations 

X (r/j — iji) sinh A (i/j — %) + 2 — 2 cosh X (i/s ~ iji) = 0. (42) 

It is easy to show that (42) cannot be satisfied. For, writing X (% - %) = m, 




, 1.8 

tv 


2.3 2. 3. 4. 5 


"1" • • • j 


r 


2(cosh(i‘-r)=f f -Q-i 4- 


r 


3.4 3.4. 5. 6 


m*Lhp 

r • • • ) 


every term of the first series exceeding the corresponding term of the second 
series. The left-hand member of (42) is accordingly always positive. This 
disposes of the whole question when % and % are small enough (numerically), 
say distinctly less than unity. 
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ON THE THEORY OF THE CAPILLARY TUBE. 

[^Proceedings of the Royal Society, A, Vol. xcii. pp. 184 — 195, Ocfc. 1915.J 

A RECENT paper by Richards and Coombs* discusses in some detail tlu‘ 
determination of surface-tension by the rise of the liquid in capillary tubes, 
and reflects mildly upon the inadequate assistance aflbrded by iniitheiiiatics. 
It is true that no complete analytical solution of the problem can be obtained, 
even when the tube is accurately cylindrical. We may have recourse to 
graphical constructions, or to numerical calculations by the method of Range f, 
who took an example from this very problem. But for experimental pur- 
poses all that is really needed is a sufficiently approximate treatment of tlu' 
two extreme cases Cf a narrow and of a wide tube. The former question was 
successfully attacked by Poisson, whose final formula [(18) below] would 
meet all ordinary requirements. Unfortunately doubts have been thrown 
upon the correctness of Poisson’s results, especially by M^athieu];, who rejectK 
them altogether in the only case of much importance, i.e. when t,he li(quid 
wets the walls of the tube — a matter which will be further considered later 
on. Mathieu also reproaches Poisson’s investigation as implying two diflerent 
values of h, of which the second is really only an improvement upon tin.* 
first, arising from a further approximation. It must be admitted, howovm-, 
that the problem is a delicate one, and that Poisson’s explanation at a critical 
point leaves something to be desired. In the investigation which, follows i 
hope to have succeeded in cai'rying the approximation a stage beyond that, 
reached by Poisson. 

In the. theory of narrow tubes the lower level from which the height of 
the meniscus is reckoned is the free plane level. In experiment, the lower 
level is usually that of the liquid in a wide tube connected below with tlie 
narrow one, and the question arises how wide this tube needs to be in order 
that the inner part of the meniscus may be nearly enough plane. Carefid 

* Journ. Amer.. Chem. Soc. No. 7, July, 1915. 
t Math. Aitn.'Yol. xlvi. p. 175 (1895). 
t Theorie de la Gapillarite, Paris, 1883, pp. 46 49. 
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experiments by Richards and Coombs led to the conclusion that in the case 
of water the diameter of the wide tube should exceed 33 mm., and that 
probably 38 mm. suffices. Such smaller diameters as are often employed 
(20 mm.) involve very appreciable error. Here, again, we should naturally 
look to mathematics to supply the desired information. The case of a straight 
wall, making the problem two-dimensional, is easy*, but that of the circular 
wall is much more complicated. 

Some drawings (from theory) given by Kelvin, figs. .24, 26, 28 f, indicate 
clearly that diameters of 1-8 cm. and 2*6 cm. are quite inadequate. I have 
attempted below an analytical solution, based upon the assumption that the 
necessary diameter is large, as it will be, if the prescribed error at the axis 
is small enough. Although this assumption is scarcely justified in practice, 
the calculation indicates that a diameter of 4'7 cm. may not be too large. 

As Richards and Coombs remark, the observed curvature of the lower 
part of the meniscus may be used as a test. Theory shows that there should 
be no sensible departure from straightness over a length of about 1 cm. 


If! sin -yjlr 


zx dx, 


•( 1 ) 


2'h,e Narroio Tube. 

For the surface of Uquid standing in a vtirtical tube of circular section, 
we have 

a; dz j dx 1 

V (1 -+• (dz jdxY] ~ (j? 

in which a is thti vtu-tical co-ordinate measured upwfirds from the free plane 
level, X is the liorizontal co-ordinate measured from the axis, ^fr is the angle 
the tangent at; any point nudvcs with the horizontal, and <//•*= iZV/p + where 
2' is the surfane-tension, y the acceleration of gravity, jind p the density of 
the fluid. Tlie e(juation exprissses the ecjuilibrium of the cylinder of liquid 
of radius x. At the wall, where x, = r, assumes a given value (^ 7 r — i), 
and (1) b('com<\s 

a^r cos 'i ~ J zx dx (2) 

If the ra,dius (r) of the tube is xttuiLl, the total curvature is nearly con- 
stant, that is, the surface is nearly spherical. We take 

z==:l~ (c- — ar) + u, (3) 

where I is tht; hcdght of the (centre and c th(‘ radius of the sphere, while u 
represents tlie correction required for a closer approximation. If we omit a 
altogether, (2) gives 

arr cos i = r- + {(c- - r-)^ - o'*] (4) 

Couipiire Phil. Alan. Vol. xxxiv. p. 309, Appendix, 1892; Scientijic Papers, Vol. iv. p. 13. 
i" The reference is given below. 

.|. It may bo rcnmiiced that is sometimes taken to denote the double of the above c^uantity. 
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Also, if h be the height at the lowest point of the meniscus, the quantity 
directly measured in experiment, 

h=l-c. (5) 

In this approximation rj c = cos i, and thus in terms of c 

a^r^j c = (A + c) 4- (c® — — Jc'* (6) 

When the angle of contact (^) is zero, c — r, and 

= Ir), (7) 

the well-known formula. 

When we include u, it becomes a question whether we should retain the 
value of c, i.e. r sec i, appropriate when the surface is supposed to bo exactly 
spherical. It appears, however, to be desirable, if not necessary, to leave the 
precise value of c open. Substitiiting the value of z from (3) in (1), we get, 
with neglect of (duj dxY, 


du(c^ — Z /du\ 

J- __ _ f __ I 


dx xc^ 


2c^ \dx) a^x^ I 2 




Ix^ {c--x"^f—c^ 

_ l - 


ux da) 


j (» 


..( 8 ) 


For the purposes of the next approximation we may omit {du-ldxy and the 
integral, which is to be divided by a^. Thus 

1 

dx '^2a® 

and on integration 


0 


B + 


(^2 _ ^ 2 yb - ^ (^2 _ 


/ cl 


c- 


^ Ba^ - x^) Ba- + \/(c“ - «.■“)} + O. (10) 

We suppose with Poisson and Mathieu that 

cl ^ 

2a^ Bo? 

~ log {c + s/{c? - «")} 4- (7, (12) 

du _ c* \/(c^ — a?') — o 


so that 


1 = 0 , 


.( 11 ) 


to 


corresponding to _ . 

^ ^ dx Ba? X ^J{c- — x^) 

To determine c we have the boundary condition 
\dxJa;=^r V(c^ — ’*0 XdxJa;^.). 


.( 18 ) 


r 




t 

1 




Ba^ 


ry%i 


.(14) 


which gives c in terms of i and r. Explicitly 


sm-^ 


cos i BcC^ (1 4- sin 4 ) cos®f 
These latter equations are given by Mathieu. 


..( 15 ) 



1915] 


ON THE THEORY OF THE CAPILLARY TUBE 


353 


We have now to find the value of a® to the corresponding approximation. 


For the observed height of the meniscus 


c 

h— I — c + — ^ — c + C? + log (2c) I 


.(16) 


and 


ci^r cos ^ 


rr 

i = 

J 0 


zxdx = ~ (^ + C) + ~ {(c^ -- r^)'^' — C'*} ■+ f (u~~ C) xdx 

^ Jo 


2 


= (A + o) ^ + I l(c= - r'O* - cl 


+ 


3a^ 


log _ 0 ^(0= - O 


■ (17) 


In the important case where ^ = 0, the liquid luetting the walls of the 
tube, c = r simply, and 




5 *-5) 


= |r {h + Ir - 0-1288 r'^Jh) (18) 

This is the formula given long since by Poisson*, the only difference being 
that his a'-* is the double of the quantity here vso denoted. 

It is remarkable that Mathieu rejects the above equations as applicable to 
the case ^ = 0, c = r, on the ground that then du/dx in (13) becomes infinite 
when.'r = r. But d — x^^Jdx, v^rith. which du/dx comes into comparison, 
is infinite at the same time ; and, in fact, both 


and 


in equation (8) vcmish when x — r. It is this circumstance which really 
determines the choice of I in (II). 

We may now proceed to a yet closer approximation, introducing approxi- 
mate values of the terms previously neglected altogether- From (13) 

(c“ - {d (c“ - x^) 4- (c“ - - 2c(d^ - x^f], 

and from (12) 

j ^ uxdx — ^ [x‘^ log {c -1- V(c;“ — x-)} — c \/(c‘ — x^) + I (d — a®)]. 


a. VI. 


Nouvelle Theorie de V Action Cajrillairi’ , 1831, p. 112. 


23 
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Thus 


du _ \cil + C) __ ^ 


^as 0® c® 


dec 


+ 


2a2 


(c^ — Ba^oo (jf — Ba^x 


+ 


Qxa^ (c‘^ — x^y L 




+ (c^ - x^-y - 2c - x^y 


+ c’^^af log {c + V(c^ ~ x^)} + l-c^ — c® \/(c® — x^) 


.(19) 


u 


(c(l + C) c® 


2a2 


3a® 


- 1 


\/(c® — OJ®) 3a' 


+ -^2 log {o + 


c® 

+ 6o‘ 


2 log {c+V(c’-*=)) + — -T 1 + 


2 V(c- - a-®) 


+ 


;;^log{c+ V(c®-^0} 


+ constant. 


^(c® - x^) 

We have now to choose I, or rather (Z 4- C), and it may appear at first 
sight as though we might take it almost at pleasure. But this is not the 
case, at any rate if we wish our results to he applicable when c — r. For this 
purpose it is necessary that (du/dx\ x (r® — of) be a small quantity, and only 
a particular choice of (I + 0) will make it so. For when x = g == r, 


( 


du\ r® — x^ 


r 


Q + G) 


\dxJr r® sf{r^-af) \ 2a® 

+ terms vanishing when x = r, 

We must therefore take 


- 1 


r® /, 1\] 

+ 77 —. log »■ + K 
da- 6a’‘ \ 2, 


()«•» 


c{l + C) 


making 


2 a® 


- 1 


3a® Qa* 


logc + 5 (^11) 


u = 


3a® 


1 -^ 2 ) log 


.0 + \/(c® — of) 


+ 


6a^ 


V (c® — A-®) — c 


+ 


log 


c + \/(c® — a;®)' 


+ 6^ ...(21) 


y{c^ — o!®) c 

It should be noticed that u so determined does not become infinite when 
c = r and x — r. For we have 


— - 


(^*5 


- , 1 f, , \/(V® - x^) 

6a^ 6a^ — x^) r 


4- O' = O'. 


Also with the general value of c 

-^3 

3a® 

As before A = Z - c + lio, 


„ I 1 


c-* /, C®\ 


2a®; ^ 


ra® cos i = £! + I _ ( 7 ') ^ 




” li" +• C 


3a® V" 




2a' 


(c2 _ r®)^ - 


2 log2[ + 


+ f (u — O') xdx. . . .(23) 
J 0 


and 
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.1}h‘ integral in. (23) can be expressed. 
We find 




c + \/(c^ — r^) CA/(c^—r^) — 


o? 2 


So j - c {c + ^/(c^ - r'-')} \ loj 


c + VCc-^ - r^) _ ] 


+ 2c2(log2-l) . 


.(24) 


’’I lie t‘xprGssion for ra^cosi in terms of c is complicated, and so is the 
relat ion Ix'tween c and i demanded by the boundary condition 


, . r /du\ 


.(25) 


But in the particular case of greatest interest (i = 0) much simplification 
ensues. It, follows easily from (25) that c = r. When we introduce this 
condition into (24), we get 


.5 ^.7 


(“ - = T& + rd- i 2 ^ 


.(26) 


and atjcordinir 


= I [h- + I) - (log 2 - 1) + ^ (3 log 2-2) (27) 


IBuiee l>y successive apj)roximations 


r 27''^ 

''■+§“ 8A 




A r {//, + =1 r - 0-1288rY/i + 0*1312rV/iY 


.(28) 


If the ratio of to h is at all such as should be employed in experiment, this 
formida will yield a“, viz., d^jgp, with abundant accuracy. 


Our e(j nations give for the whole height of the meniscus in the case 
^=0, o-r. 




= r + = r 


iS(^-2"as)l"S2 (29) 


Anotln^r method of calculating the correction for a small tube, originating 
appar<*nt,ly with Hagen and Desains, is to assume an elliptical form of surface 
in ])lace of the circular, the minor axis of the ellipse being vertical. In any 
eas«‘. this should allow of a closer approximation, and drawings made for 
Kelvin*' by Prof. Perry suggest that the representation is really a good one. 


*'■ Proc. Hoy. Inst. 1886; “ I’opular Lectures and Addresses,” I. p. 40. 


23—2 
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If the semi-axis minor of the ellipse he 13, the curvature at the end of this 
axis is and in our previous notation /3 = ArV2a^. Also, i being equal 

to 0, 

a^r = |' zxdx — J — /3 ^ 

and = ^r (h+ J/3) = ^hr (1 -f r^/Qa?) (30) 

This yields a quadratic in ; hence 

„ hr hr //, 4r\ r {, r r" 27"'* ) 

-4 + "4 vi^ 3 a) ~ 2 3 ~ m**j 

= Jr [h -f- Jr - O-llllrVA-f- 0*0741 r^jh^] (31) 

approximately. It will be seen that this differs but little numerically from 
(28), which, however, professes to be the accurate result so far as the term in 
r^jh^ inclusive. 

The Wide Tube, 

The equation of the second order for the surface of the liquid, assumed to 
be of revolution about the axis of .sr, is well known and may be derived from 
(1) by differentiation. It is 

d ^2 1 dz /dz^\} /dz"\) 

+ 

If dzjdx be small, (32) becomes approximately 

dx"- X dx ~ 2a‘^ \dxj ~ x \dxJ 

In the interior part of the surface under consideration {dzldx)- may l)t^ 
neglected, and the approximate solution is 

^ = KJ, (ixla) = Ao /o (^/a) = Ao 1 1 + ^ + 2, "’■■■' I ’ • • 

Jo denoting, as usual, the Bessel’s, or rather Fourier’s, functit)n of zero ordm* 
and h(j being the elevation at the axis above the free absolutely phiiK* level. 
For the present purpose 7iois to be so small as to be negligible in experiment, 
and the question is how large must r be. 

"When Aq is small enough, xjcc may be large while dzjdx still remains small. 
Eventually dzjdx increases so that the formula fails. But when x is large, 
enough before this occurs, we may if necessary carry on with the two- 
dimensional solution properly adjusted to fit, as will be furtlier explaimal 
later. In the meantime it will be convenient to give some numerical examples 
of the increase in dzjdx. In the usual notation 

dz _ Aq j. /x\ 

dx a ^ \aJ (d5) 

and the values of /j, up to xja=^ 6, are tabulated**^. 

Bnt. Assoc. Bep.for 1889 ; or Gray and Mathews’ BesseVs Functions, Table VI. 
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In the case of water a = O' 27 cm. If we take h^ja = 0*01, and a)la = 4i, we 
have d^! jdo) — 0'098, so that (dzfdxY is still fairly small. Here for water 
/io = 0'0027 cm. and 2i^• = 2'2 cm. A diameter of 2*2 cm. is thus quite in- 
sufficient, unless an error exceeding 0'003 cm. be admissible. Again, suppose 
/io/a = O'OOl, and take £r/a = 6. Then dz/doo = 0'061, again small. For water 
Ao=0'00027 cm., and 2 a'= 3'2 cm. This last value of is about that (O'OOSmm.) 
given by Richards and Coombs as the maximum admissible error of reading, 
and we may conclude that a diameter of 3‘2 cm. is quite inadequate to take 
advantage of this degree of refinement. 


We may go further in this example without too great a loss of accuracy. 
Retaining 7«o/a = O'OOl, let us make xla—'7. I find 7i(7) = 156 about, so 
that the extreme value of dzjdac is 0'156, still moderately small. Here 
lx = 3'8 cm., which is thus shown to be inadequate in the case of water. 

But apart from the question of the necessary diameter of tube, information 
sufficient for e.xperimental purposes can be derived in another manner. The 
initial value of z (on the axis) is //„; and z= 2/<,n when Io{xla) = 2, i.e. when 
x = l'8a. For the best work //.,) should be on the limit of what can be 
detected and then and 2//,) could just be distinguished- The observer may 
be satisfied if no difference of level can be seen over the range a? = + 1*8 a; 
in the case of water this range is 2 x 1'8 x 0'27 = 0*97 cm., or say 1 cm. 


It has already been remarked that when is small enough x/a may 
become great within the limits of application of (35). To shorten our ex- 
pressions we will take a temporarily as the unit of length. Then when x is 


very great, 


I, (X) = Jo (X) 


a/ ( 27r.'r) " 


(36) 


Thus if yjr bo the angle the tangent to the curve makes with the horizontal. 


-v/r = tan 'yjr — 


dz 

dx 


VC^vra’) ’ 


(37) 


an (Hpiation which may be employed when is so small that a large x is 
consistent with a smsill 

In order to follow the curve further, up to 'yjr — ^Tr, we may employ 
the two-dimensional solution, the assumption being that the region of 
moderate -yfr occupies a range of x small in comparison with its actual value, 
i.e. a value not much less than r, the radius of the tube. On account of the 
magnitude of x we have only the one curvature to deal with. For this 
curvature 


1 


d\fr _ d'xfr 
~ds ~ dz 


sin -Kjr — z. 


( 88 ) 


= (7 — cos = 1 — cos 


so that 
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since when 'yp' — 0, is exceedingly small. Accordingly 

z = 2 sin (‘^'0 

Also do) = , — = f . - — 7 — 2 d (| 

tan Y Vsin ^ y ^ 

and ^ = log tan + 2 cos 4- 0' • • -(40) 

The constant is determined by the consideration that at the wall (a* = 

■yp = ; thus 

T~ os — log tan {irjS) 4- \/2 — log tan (:| ■yp) — 2 cos (|- yp) 

= log tan (tt/S) + \/2 — 2 + 2 log 2 — log yp, (41) 

since yp is small. 

The value of os is supposed to he the same here as in (37), so that 

as = log yp-h^ log (27r^!?) — log ho, ( 42) 

whence on elimination of yp and restoration of a. 


rla= — log (^2 4- 1) 4- — 2 + 2 log 2 4- i log(27ra;/a) — logQiojci). ,..(43) 

With sufiScient approximation, when ho is small enough, we may here 
substitute r for x, and thus 

rja — ^ log (r/a) = — log (\/2 4- 1) + a/2 — 2 4- 2 log 2 4- -I log (27r) — log {hola) 

— 0*8381 + log (a//io) (44) 

This formula should give the relation between rja and hoja when hoja is 
small enough, but it is only roughly applicable to the case of greatest 
interest, where a/Ziq = 1000, corresponding to the accuracy of reading found 
by Bichards and Coombs. In this case 

0*8381 + log(a//^o) = 7*746. 

For this value of rja we should have log (r/a) = 1*024. It is true that 
according to (44) rja will be somewhat greater, but on the other hand the 
proper value of x (replaced by r) is less than r. We may fairly take 

r/a = 7*746 + 1*024 = 8*770, 

making with a — 0*27 cm. 

2r = 4*74cm. 

This calculation indicates that a diameter greater even than those con- 
templated by Bichards and Coombs may be necessary to reduce ho to 
negligibility, but it must be admitted that it is too rough to inspire great 
confidence in the close accuracy of the final number. Probably it would be 
feasible to continue the approximation, employing an approximate value for 
the second curvature in place of neglecting it altogether. But although the 
integration can be effected, the work is rather long. 
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[Added November 17. — Since this paper was communicated, I have been 
surprised to find that the problem of the last paragraphs was treated long 
ago by Laplace in the Mecwnique Celeste"^ by a similar method, and with a 
result equivalent to that (44) arrived at above for the relation between the 
radius of a wide tube and the small elevation at the axis. Laplace uses the 
definite integral expression for Jo, and obtains the approximate form appro- 
priate to large arguments. In view of Laplace’s result, I have been tempted 
to carry the approximation further, as suggested already. 

In the previous notation, the differential equation of the surface may be 
written 


sin 'xjr d'yjr sin z 
dz X 


a- 


.(45) 


In the first approximation, where the second curvature on the left is 
omitted, we get 

— “ = 1 — cos ‘yjr ~ 2 Sin- 


2a^ 


9 . 


Zq being the elevation at the axis, where -v/r = 0. For the present purpose Zo^ 
is to be regarded as exceedingly small, so that we may take at this stage, as 
in (39), 

z = 2a sin (46) 

We now introduce an approximate value for the second curvature in (45), 
writing x = r, where r is the radius of the tube, and making, according 
to (46), 


sin ■\fr 


y (' - ^ 


.(47) 


On integration 


^ , z''^ 4a z^ z' 


4a 




„ cos" „ , 
2a- 3r 2 


.(48) 


on substitution in the small term of the approximate value of z. When 
■^=0, z‘^ is very small, so that G = 1 + 4!a{Sr, and 


.(49) 


£ = 9. Bi'r, ^ - COB« 

a 2 3r sin 4^^ 

is the second approximation to z. 

From (49) 

1 dz _ a 3 C0S^ |-'>/r. sin^^ 'x/r — cos (1 — COS-'’^'\/r) 

a ^ 2 3r • • 

We are now in a position to find x by the relation 

X = I cot '\fr(dz/dyl/) , (51) 


.(50) 


* Supplement au X« Livre, pp. 60 — 64, 1805. 
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the constant of integration being determined by the correspondence of w 
'^=^'Tr. Thus 


[399 
r. 


r — X 
a 


= log (v'2 - 1) + V2 + i 2 + ^ + I log (^2 - 1)1 - log tan 


- 2 cos I + 1. + 2 sin^ I _ I log 


1 — COS I y^r] 
sin yjr j 


y(r 

i' 

,.(52) 


giving when yfr is small 

r — x , ct\, , 

— = (P) 

where a = log (V2 - 1) + \/2 + log 4 - 2 = - 0-0809, (54) 

- i/3 = log 2 + i log (V2 - 1) + 1- V2 - 7/12 = - 0-0952. . . . (55) 

The other equation, derived from the flat part of the surface, is 


in which xjcL is regarded as large ; or 


\_hola.e^/^ 

3a'\ 

1 

< 

bO 

J' 

1 

" Sx)^ 


27rj3? 3 a 


5 = ‘og^ + log^ + ilog-^ + |r (57) 

In equations (53), (57) x and ^ are to be identified. On elimination of 


® «/3/3r , T-X 

Z ~Tr! -j— — 


CL ^ 1 ,-l- a/2'r 2r + a 

in which we may put 

^Trx , 27 rr 


, , 27rx 3a 


.(5,S) 


a 


log = log + 

3a 3a r — ai 


Thus 


r 

a 


8x Sr 


1 a 
log = 

/iQ 


a 

1 + 


log (l - = log 


27rr r — x 


a 


ot~a/3IBr . a(r-a!) 3a , , 27r7 

1 + a{2r Sr^ + 8r + ^ log 


a 




in whkh. since * is nearly equal to r, u(r -*)/8r» may usually be ne,Hect«l 
me aenorainator 1 +a/2r, so that we may write 


r 

a 


log - = - 0-0809 + 0-2798 - + 4 W 
fio r ^ ° a 


0 8381 + 0 2798a/r + ^ log (rja') (60) 

”rm:ftL°riSo7S introduction of 'tlm second 
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To take an example, let us suppose as before that a///o = 1000, so that 
log {ajha) ~ 6*908, By successive approximation we find from (60) 

r/a = 8*869, (61) 

so that if a s= 0*27 cm. (as for water), 

2r = 4*79 cm (62) 

The correction to Laplace’s formula is here unimportant. 


The above is the diameter of tube required to render negligible according 
to the standard adopted. 

It may sometimes be convenient to invert the calculation, and deduce the 
value of Hq from the diameter of the tube (not much less than 4 cm.) and an 
approximate value of a. For this purpose we may use (60), or preferably 
(59), taking = for instance. The calculated value of ho would then be 
used as a correction. The accompanying small Table may be useful for this 
purpose. 


rja 

- logio (/to/a) 

Difference 

kola 

6 



1-8275 


0-0149 

h' 

t 

2-2319 

0-4044 

0-0059 

8 

2-6399 

0-4080 

0-0023 

9 

3-0508 

0-4109 

0-00089 

10 

3-4639 

0-4131 

0-00034 


W e have supposed throughout that the liquid surface is symmetrical about 
the axis, as happens when the section, of the containing tube is circular. It 
may be worth remarking that without any restriction to symmetry the 
differential equation of the nearly flat parts of a large surface may be taken 
to be 


d -2 d^z __ z 
daf dy" 


(63) 


so that z may be expressed by the series 

z = rio/,) (r/a) + (rii cos (9 + sin 6) /, (r/a) 

“j" (-4.3 cos 2^ “t~ S ‘2 sin 2^) T3 (^‘/a) H~ . . . , . . . . 

r, 6 denoting the usual polar co-ordinates in the horizontal plane.] 


( 64 ) 
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THE CONE AS A COLLECTOE OF SOUND. 

[Advisory Committee for Aeronautics, T. 618, 1915.] 

The action of a cone in collecting sound coming in the direction of the 
axis may be investigated theoretically.* If the diameter of the mouth be 
small compared with the wave-length (X) of the sound, the cone may operate 
as a resonator, and the effect will vary greatly with the precise relation between 
X and the length of the cone. On the other hand, the effect will depend very 
little upon the direction of the sound. It is probably more useful to consider 
the opposite extreme, where the diameter of the mouth is a large, or at any 
rate a moderate, multiple of X, when the effect may be expected to fall off with 
rapidity as the obliquity of the sound increases. 

A simple way of regarding the matter is to suppose the sound, incident 
axially, to be a pulse, e.g. a condensation confined to a narrow stratum bounded 
by parallel planes. If the angle of the cone be small, the pulse may be sup- 
posed to enter without much modification and afterwards to be propagated 
along. As the area diminishes, the condensation within the pulse must be 
supposed to increase. Finally the pulse would be reflected, and after emer- 
gence from the mouth would retrace its course. But the argument is not 
satisfactory, seeing that the condition for a progressive wave, i.e. of a wave 
propagated without reflection, is different in a cylindrical and in a conical tube. 
The usual condition in a cylindrical tube, or in plane waves where there is no 
tube, viz. u — as, where u is the particle velocity, a that of sound, and s the 
condensation, is replaced in spherical waves by 

u = as — Jsrdr, 

showing that a pulse of condensation alone cannot be propagated without 
undergoing some reflection. If there is to be no reflection at all, the integral 
taken over the thickness of the pulse must vanish, and this it cannot do unless 
the pulse include also a rarefaction. 
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Apart from what may happen afterwards, there is a preliminary question 
at the mouth. In the passage from plane to spherical waves there is a phase- 
disturbance (between the centre and the edge) to be reckoned with, repre- 
sented by 

R{l-cose) = 2R0 x^9, 

where R is the length of the cone, and 6 the semi-vertical angle. That this 
may be a small fraction of X, itself a small fraction of the diameter of the 
mouth (2R0), it is evident that 6 must be very small. 

We may now consider the incidence along the axis (w) of plane waves of 
simple type. Within the cone, supposed to be complete up to the vertex, the 
vibrations are stationary, and since no energy passes into the cone, the same 
must be true of the plane waves just outside — at any rate over the greater 
part of the mouth. The velocity potential just outside may therefore be 
denoted by 

yjr = COS hit . cos {kx + e), 


making at the mouth (x = 0) 

'v//' = cos kat . COS e, d-^jdx — —k cos kat . sin e. 
On the other hand, in the cone 


■\lr = A 


sin kr 
kt' 


cos kat, 


making at the mouth (r = R) 


= A 


sin kR 

kW 


cos kat, 


d-yp' _ 1 A kR __ sin /I; JR] 
^==lcA j-. 


Equating the two values at the mouth of ^ and d’ypfdx or d'ypjdr, we get 

, mikR . A {co^kR sin Ml 

coa e ^ -aj ■ - ^ \ m ~ 

, f,. sin 2kR sin- kR\ 

and 1 = I . 

When JcR is considerable, the second and thiixl terms may be neglected, what- 
ever may be the particular value of kR, so that for si long enough cone 

A — IcR simply, 

in which k = 27 r/X. Here A is the maximum value of ■yp at the vertex of the 
cone, and the maximum value of yp in the stationary waves outside the mouth 
is unity, the particular place where this maximum occurs being variable with 
the precise value of kR. 

The increase of '\p, or of the condensation, at the vertex of the cone as 
compared with that obtained by simple reflection at a wall is represented by 
the factor kR, which, under our suppositions, is a large number. 
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Although the complete fulfilment of the conditions above laid down is 
hardly realisable in practice with sounds of moderate pitch, one would certainly 
expect the use of a cone to be of more advantage than appears from the 
observations at the Royal Aircraft Factory {Report, T. 577). In the year 1875, 
I experimented with a zinc cone 10 inches wide at the mouth and about 
9 feet long, but I cannot find any record of the observations. My recollection, 
however, is that I was disappointed with the results. Perhaps I may find 
opportunity for further trial, when I propose to use wave-lengths of about 
3 inches. 



401 . 


THE THEORY OF THE HELMHOLTZ RESONATOR. ^ 

\Prooeedim.gs of the Royal Society, A, Vol. xcii. pp. 265 — 275, 1915.] 


The ideal form of Helmholtz resonator is a cavernous space, almost enclosed 
by a thin, immovable wall, in which there is a small perforation establishing 
a communication between the interior and exterior gas. An approximate 
theory, based upon the supposition that the perforation is small, and con- 
sequently that the wave-length of the aerial vibration is great, is due to 
Helmholtz^, who arrived at definite. I’esults for perforations whose outline is 
circular or elliptic. A simplified, and in some respects generalised, treatment 
was given in my paper on “ Resonance f.” In the extreme case of a wave- 
length sufficiently great, the kinetic energy of the vibration is that of the gas 
near the mouth as it moves in and out, much as an incompressible fluid 
might do, and the potential energy is that of the almost uniform compressions 
and rarefactions of the gas in the interior. The latter is a question merely 
of the volun|e ^ of the cavity and of the quantity of gas which has passed, 
but the calculation of the kinetic energy presents difficulties which have been 
only partially overcome. In the case of simple apertures in the thin wall 
(regarded as plane), only circular and elliptic forms admit of complete treat- 
ment, The mathematical problem is the same as that of finding the electro- 
static capacity of a thin conducting plate having the form of the aperture, 
and supposed to be situated in the open. 

Tlie project of a stricter treatment of the problem, in the case of a 
spherical wall and an aperture of circular outline, has been in my mind more 
than 40 years, partly with the hope of reaching a closer approximation, and 
partly bt^cause some mathematicians have found the former method unsatis- 
factory, or, at any rate, difficult to follow. The present paper is on ordinary 
lines, using the appropriate spherical (Legendre’s) functions, much as in 
a former one, “On the Acoustic Shadow of a Sphere J.” 

^ Crelle Journ. Math. Vol. lvii. (1860). 

t Phil. Trans. Vol. clxi. p. 77 (1870); Scientific Vol. i, p. 33. Also Theory of Sound, 

Cll. XVI. 

:]; Phil. Tram. A, Vol. cciii. p. 87 (1904) ; Scientific Papers, Vol. v. p. 149. 
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The first step is to find the velocity -potential (yjr) due to a normal motion 
at the surface of the sphere localised at a single point, the normal motion 
being zero at every other point. This problem must be solved both for the 
exterior and for the interior of the sphere, but in the end the potential is 
required only for points lying infinitely near the spherical surface. Then if 
we assume a normal motion given at every point on the aperture, that is on 
the portion of the spherical surface not occupied by the walls, we are in a 
position to calculate yj/ upon the two sides of the aperture. If these values 
are equal at every point of the aperture, it will be a proof that the normal 
velocity has been rightly assumed, and a solution is arrived at. If the 
agreement is not sufficiently good — there is no question of more than an 
approximation — some other distribution of normal velocities must be tried. 
In what follows, the preliminary work is the same as in the paper last referred 
to, and the same notation is employed. 


The general differential equation satisfied by -yjr, and corresponding to 
a simple vibration, is 


d'^\fr d^\}r 


•( 1 ) 


where h — 2 'itIX, and X. denotes the length of plane waves of the same pitch. 
For brevity we may omit h\ it can always be restored on paying attention 
to “dimensions.” The solution in polar co-ordinates applicable to a wave 
of the nth order in Laplace’s series may be written (with omission of the 
time-factor) 


■^n = Snr'^Xn ('>")■ 
The differential equation satisfied by Xn is 

^ 2 « + 2 ^ 


dr^ 


dr 


0. 


( 2 ) 

(3) 


The solution of (3) applicable to a wave diverging outwards is 

d 




T 


.(4) 


Putting n = 0 and n =1, we have 

e-ir 


(1 ir) 


%o (^) = V ’ (5) 

It is easy to verify that (4) satisfies (3). For if Xn satisfies (3), 
satisfies the corresponding equation for And r-^ satisfies (3) when 

n = 0. 


From (3) and (4) the following sequence formulae may be verified : 


Xn ir) = - rx^x^x ir\ (6) 

(^) + (2n -p 1 ) (r) = (r), (7) 
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By means of the last, etc., may be built up in succession from 

%o and %i. 

From (2) 

d^^Jdr = Sn Xn + Xn), 

or with use of (7) 

d^ Jdr = {x«-i ~ 0^ + 1) Xn} • (9) 

Thus if Un be the ?ith component of the normal velocity at the surface of 
the sphere (?’ = c) 




'"bSf,, (xn-i (c) - (■» + 1) Xn (c)} 

(10) 

When n — 0, 

U, - 

(^0 ~ ~ 1^0 C %1 (c) 

(11) 

The introduction of ^ 

L from (10), (11) into (2) gives 

in terms of ZTn 

supposed known. 




When r is v 

ery gre 

at in comparison with the wave- 

-length, we get 

from (4) 


Xn V ) — ^,n+i ’ 

(12) 

so that 


'ina—ir 

"ylrn — Sn 

(13) 


We have now to apply these formuhn to the particular case where U is 
sensil>le over an infinitesimal area dcr, but vanishes over the remainder of 
the surface of the sphere. If /x be the cosine of the angle ($) between da 
and the point at which U is expressed, Pnin) Legendre’s function, we have 

M (14) 


and accordingly for the velocity-potential at the surface of the sfhere, 


-xlr = 


Uda ^ (2n-f- l)xn{c).P n(/M) _ 
477-C Xn~i(o) ~ 0^ + ) Xn(^) 


(15) 


When n ~ 0, Xn~i — (n + 1) %n is to be replaced by Equation (16) 

gives the value of at a point whose angular distance (0) from da is cos-^yu. 
If Xn has the form given by (4), the result applies to the exterior surface 
of the sphere. 

We have also to consider the corresponding problem for the interior. 
The only change required is to replace %n as given in (4) by the form 
appropriate to the interior. For this purpose we might take simply the 
imaginary part of (4), but since a constant multiplier has no significance, it 
suffices to make 
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With this alteration (15) holds good for the interior, TJ denoting the 
localised normal velocity at the surface still measured outwards, since 
TI = dyirjdr. 

We have now to introduce approximate values of Xn-i(c) -r- %«,(c) in (15), 
having regard to the assumed smallness of c, or rather kc. For this purpose 
we expand the sine and cosine of : — 


cos c 


1 

c 


1.2^4! 


6! 


+ 


1 d /cos c 
c dc\ c 

d cos c 


H 


+ 


1 3c 5c® 7c® 

1 . 2c 4!"'’ 6! ■ 8! "■ 


/I diy 

V c dcj 




+ 


3 


1 . 2c® C.4! 


5.3.C 7 

^ L 

6 ! 


_5 . c® 

~8V~^ ' 


and so on ; 


sin c _ ^ c® c^ c® 

1 d sin c _ 2 _ 4c® 6c^ 

~c do ~~c~ “^3 “'51 

f 1 d Y sin c__4.2 6.4.c® 8.6.c* 

c dcJ ~~c ”5r “ ~~7i ,"*■ ~ 9 T“" 




and so on. Thus for the outside 


1.3.5...(2n-l) f, 0^ 

2(2?i-l)'^ *•* 



1.3. 5... (291-1-1)1^ 2(2n + :3)"'" ■■■} 

(17) 

For general values of,?t, we may take 


For n=\ 

2«-i 

1 C . 

(IS) 

For w = 2 

2(5 (1 _ c® - ic) 

3 

(19) 


Yi c® 

— = -r + terms me* 

(20) 


* 1917. In the expansions for the derivative of cos c/c terms (now inserted) were accidentally 
omitted, as has been pointed out by Mr F. P. White {Proc. Roy. Soc. Vol. xcn. p. 549). Equation 
(17) as originally given was accordingly erroneous. Corresponding corrections have been intro- 
duced in (19), (23), (24), (36), (38) which however do not affect the approximation employed in (39). 
Mr White’s main object was to carry the approximation further than is attained in (57) and (GO). 
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Thus in general by (18) 


2n +1 2 4- ^ 

Xn-i jXn — n — 1 + i (n 4- 1)‘^ (2?^ — 1) ’ 


while for « = 1 


%o/x.-2 

in accordance with (21). When n = 0 


— 2 4- 1 — f-c^ + terms in 


1 4- c‘^ 4- ic 4- terms in c^. 


Using these values in (15), we see that, so far as inclusive, 

S (outside) = (— i + 4 - ic) P„ 

+ (-2 + l-^|)p.+ (-2 + |- ;|fy) A+... 

= 2 {P ,) (/x) 4" -Pi (/a) 4“ • • . 4- n (/^) 4- — } 

4- P ( 4 ) 4- 2 (z*) 4- ... 4- P « (/^) + • • • 

.... (2/v, 4-1 )c“ ,, , . 

4- V.C 4-0“ ^ 1 )3- (2.^,, „ ;i ) 1 n ih) 

In like manner for the form of appropriate to tlie inside 




r. 3.5...(2 m4-“I) 


2(2«,-i-8)J ’ 


so that in general 


Xs=! = 2» + 1 - g -?” , 

Xn 2 a 4 - 3 


, 2n4-l 

X'n-i/Xn — 1 'n2(2?z4-3) 

This suffices for 'ii = 1 and onwards. When n — 0 


i I’l _ 1 

-C“Xi' 0^1 15 525J'‘'' 

Accordingly, so far as c“ inclusive, 

X (inside) = 2 {Po (^) 4- 1\ (/a) -f . . . 4- Pn (/u,)} 

+ P 1 (y“) 4- 2 P 2 (f^) 4- . . . 4- ~ P/i (/a) 


c“ ^ 5 175 T n“(2n +“3) 


( 21 ) 

.( 22 ) 

,(23) 

.(24) 

.(25) 

.(26) 

.(27) 

.(28) 

.(29) 

24 
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The first two series of P’s on the right of (24) and (29) become divergent 
when /ju=l, OT 0 = 0. To evaluate them we have 

^/[l - 2a cos e + a"} = ^ + • - • , (30) 

1 1 

so that 1 4 -Pi+-P2 + == “ 77 ^ s ^ ~'n — — TZi 

V(2 — 2cos6>) 2sin^d ^ ^ 

Again, by integration of (30), 

a+ ia'Pi + ia^PaH- ... = [ -j- — - 

^ 0 V { 1 ~ 2a cos 6 + 0 L^\ 

= log [a — cos ^ + ^{1 — 2a cos 0 4- a^}] — log [1 — cos 0} 

so that 1 4 ^Pi+ I Pa + . - - — log (1 4 sin — log sin (32) 

In much the same way we may sum the third series We have 

Pi 4 aP 2 4 C^'P;} 4 . . . = , > ^ . — — 

a \/{l — 2ayu. 4 a^l a 

aP^ 4 |a2P2 4 i ft=*Ps+ ...= /* ^ 

— 2a/// + a^| Jo a 

We denote the right-hand member of this equation by / and differentiate 
it with respect to /a. 

Thus 

da /W' 

dfx J 0 {(a - ^)=4 1 - (mA (1 - iP) V{i - 2a/A 4 a-} ^ ’ 

or when a = 1 

^ _ 1 JU, 

dfjtj 4 sin ^0 . cos- \ 6 * 1 — /A- (33) 

On integration 

1 = log tan \{jr — S') — log sin 0 + <J (34) 

The constant is to be found by putting yu, = 0, d = I tt. In this case 

r ot. S OL cl fi 

a Vir+ S') “/„ ■‘oT = '“S 2 f l + '^(1 + ““)!■ . 

Thus G = log - log tan ~ = log 2, 

* If we integrate this equation again with respect to a between the limits 0 and 1, we find 
1 Pi P„ 

m ^ (• n H-l)(u T2) = 1 - 2 sin + 2 sin^ \Q [log (1 4 sin - log sin §<?]. 

When Q is .small, the more important part is 

1 - 0-4^2 log 0. 
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and accordingly 

+ ^ P 2 H- J-Pa + . . . = log tan ^ (tt — 0) — log sin 0) (35) 

For the values of in (15) we now have with restoration of k 


.(36) 


• • 1 1 

S (outside) == — ^ ^ — log sin |•<9 + log (1 + sin ^0) 

+ ^Arc + k“G~ — ^ p- — - ysF/o 1 \ Pn •• 

1 (n - 4 - 1 ) 2 1^2^, _ 1) v/"/’ 

^ (inside) = - log (^ sin 0) 4- log tan Ktt - 0) 

k^c'^ 5 ^ 175 ^ t 'll- (2n -h 3) ^ 

These equations give the value of ■f' at any point of the sphere, either 
inside or outside, due to a normal velocity at a single point, so far as k^c^ 
inclusive. The inside value is dominated by the term — 3/k-c‘\ except when 0 
is small. As to the sums in k'^c- not evaluated, we may remark that they 
cannot exceed the values assumed when 0 = 0 and I\ (a*) = 1. Approximate 
calculation of the limiting values is easy. Thus 


00 

V 


2n + I 

7 1 ^ 

4 2 n 4-1 



1 1 

= - 0-79040 + 1-64493 - 1-20206 4- 1-62348 = 1-2759 * 
In like manner 


r (n + ly (2n - 1) “ ^ I" = - « > + i®-} + S (»> “ - n • + in *) 


00 

-5? 


2? ?. 4“ 1 


E ^ = _ 0-9485 + 2 {w-2 - -4- f = 1 -1 1 78 f. 

1 n- {Z7h 4- 3) I j } I 

* Chrystal’s A Igebra, I’avt ii. p. ;}43. 

t 1917. Mr White has shown that the accurate value of the first sum is 


and that of the second sum 


4 8 

9 ■t-9log2 + 


i(7-0' 


8 8 1 ttS 

27+9(l-^og2) + ~-^~; 


so that for the two taken together as in (38), wo have 

8 


=2-39292. 


The coefficient of Ic^c^ in (38) is then 

1 


Further in this equation 
log 


175 


1 + 2-39292 = 1-39863. 


hSf, - log cos I - log (1+ Bin ^) = - 2 log (^1 + Bin I) . 


24—2 
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Our special purpose is concerned with the difference in the values of on 
the two sides of the surface r=c, and thus only with the difference of S’s. 
We have . 

2 (inside) - 2 (outside) = - log cos | + log 


sin^^ 


log (l + sin I) - ^ 


+ k^c^ 


QO 

1 + 2 

1 


(2u + 1) Pn (ya) v + 1) (z^)! 

(2n +3) t (?^'+ 1)^2^ - 1 ) .1 


.(38) 


In the application we have to deal only with small values of 6 and we shall 
omit k^c^, so that we take 

2 (in) - 2 (out) = (39) 

it will indeed appear later that we do not need even the term in 0, since it is 
of the order k^d^. 

In pursuance of our plan we have now to assume a form for U over the 

circular aperture and examine how far it 

leads to agreement in the values of -v/r 
on the inside and on the outside. For 
this purpose we avail ourselves of in- 
formation derived from the first approxi- 
A mation. If O, fig. 1, he the centre and 
GA the angular radius of the spherical 
segment constituting the apertm-e, P any 
■other point on it, we assume that U 
at P is proportional to [GA~ — GP-]~^, 
and we require to examine the con- 
^^8’ sequences at another arbitrary point O. 

Writing GA — a, GO — b, PO = 9, PDA = <f>, we have from the spherical 
triangle 

cos OP = cos h cos 9 + sin b sin 9 cos cjE), 
or when we neglect higher powers than the cube of the small angles, 

GP^ = + 9- + 2b9 cos <p (40) 


Thus 

GA^-- CP^ = tt“ ~ -9^- 2bd cos = ¥ sin" cp ~ {9 -d b cos </>)", . . .(41) 

and we wish to make 

f f sin 9 d9 dcp [2 (in) -2 (out)] __ 

JJ ^J{a^-b^-&^-2b9cosff] ~ ’ ^ ^ 

as far as possible for all values of b, the integration covering the whole ai'ea 
of aperture. We may write 9 for sin 9*, since we are content to neglect terms 

* [Except as regards the product of sin 6 and the first term on the right of (39), since the 
term in is in point of fact retained in the calculation. W. F. S.] 
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of order 6^ in comparison with the principal term. Reference to (39) shows 
that as regards the numerator of the integrand we have to deal with terms 
in d", 0\ and e\ 

For the principal term we have 

^ Jj’ dd dcf> 


2be cos <^| 


.(43) 


Now 


de 


_ rd (0 -hb cos cf)) 


sin" 


0 + b cos <f> 


VI ] \l V{ 1 - 6^ sin^ ' 

For a given (f> the lower limit of ^ is 0 and the upper limit 0x is such as 
to make = b- + 0-^ + cos (f>, 

or 0x + b cos = \f(a} — b‘^ sin® <jf>) (44) 


Thus 


j 0 7r ~ 1 


TT 


Sin 


— 1 


b cos cf> 


.(45) 


2 sin® <p) ’ 

When this is integrated with respect to </>, the second part disappears, and 
we are left with tt® simply, so that the principal term (43) is 47r®. That this 
should turn out independent of b, that is the same at all points of the 
aperture, is only what was to be expected from the known theory respecting 
the motion of an incompressible lluid. 

The term in <9, corresponding to the constant part of S (in)— S (out), is 
represented by 

jj Vl«“ - 

Here 0 d0 d(f> is merely the polar element of area, and the integral is, of 
course, independent of b. To find its value we may take the centre G as 
the pole of 0. We get at once 

r« 0d0 „ ..K. 



so that this part of (42) is 


2 IT a y ™ + — + t/co ) • 
\A^rcr 5 ' 


.(48) 


For the third part (in 0"), we write 

d- = — (ar — 6® — 2b0 cos <p — 0“) — 2b cos (0 + b cos <^) + a? — 5® 4- 25® cos® <p, 
giving rise to three integrals in 0, of which the first is 
- / d0 V{«‘- - Z>“ ~ cos <f> - ^®} 

= — 4 {0 + b cos <p) — 5® sin® 4> — {0 + h cos <j5))®j 

(49) 


a® — 6® sin® d> . , 0 -i- b cos cb 

T sm-i — — 


^(a® - 6® sin® cf>) 

— 25 cos (p f -- "j” 2b cos <jb — 6® — 2b0 cos <p — ^®}, . . . (50) 

J Y ] rX" — (Jjl " r 


Tdie second integral is 
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and the third is, as for the principal term, 

■ oos^ 4 >) sin-^ V( t (51) 

Thus altogether, when the three integrals are taken betw^een the limits 
0 and 01 , we get 

— cos tf> V — b^') + "t b^ (2 cos^ <p + ^ sin® <p — 1 )] 


X 


'TT . ^ b COS (f> 

— ™-L — — 

2 V(a" - sin® cl>) 


47r® 




..(52) 

.(53)* 


and finally after integration with respect to <p 

^7r®(a®H- ^b^) 

Thus altogether the integral on the left of (42) becomes 



In consequence of the occurrence of this expression cannot be made 
to vanish at all points of the aperture, a sign that the assumed form of U 
is imperfect. If, however, we neglect the last term, arising from — 6 in 
% (in) — % (out), our expression vanishes provided 

27r / - A\ 

(o4) 


3 ^ 9 ^- 7 , 


a 


showing that a is of the order k^c^, so that this equation gives the relation 
between a and he to a sufficient approximation. Plelmholtz’s solution corre- 
sponds to the neglect of the second and third terms on the left of (54), making 

a ~ R ’ 

where jK denotes the linear radius of the circular aperture. If we introduce 
\ (= 

X = 7r^/{2SIR), (56) 

S denoting the capacity of the sphere, the known approximate value. 

The third term on the left of (54) represents the decay of the vibration 
due to the propagation of energy away from the resonator. Omitting this 
for the moment, we have as the corrected value of X, 

X=,rV(26V/J). |l - (57) 

Let us now consider the term representing decay of the vibrations. The 
time factor, hitherto omitted, is or if we take k = ki+ik^, 

If t=r, the period, JciVr ='^7r, and q’'his is the factor by 

which the amplitude of vibration is reduced in one period. Now from (55) 

4 (^o) ■ 

* [For -- read - , and three lines below read 

“ arising from - in sin 6 [S (in) - 2 (out)] ” : — 
see footnote on p. 372. W. F. S.] 


kc 
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SO that (54) becomes 

8 . / / SIi\ 27rc 

Fc" ^ V \2^) ~ ~li 


whence 


i+»-T 

/By) 

V27rc) J’ 

and 

> 

h 

11 

. . 


V27rcy 


375 

(58) 

(59) 

( 60 ) 


This gives the reduction of amplitude after one vibration. The decay is 
least when H is small relatively to c, although it is then estimated for a 
longer time. 

The value found in (60) differs a little from that given in Theory of 
Sound, § 311, where the aperture is supposed to be surrounded by an infinite 
flange, the effect of which is to favour the propagation of energy away from 
the resonator. 


So firr we have supposed the boundary of the aperture to be circular. 
A comparison with the corresponding process in Theory of Sound, § 306 (after 
Helmholtz), shows that to the degree of approximation here attained the 
results may be extended to an elliptic aperture provided we replace R by 


ttRi 
2F(e) ’ 


( 01 ) 


where Ri denotes the semi-axis major of the ellipse, e the eccentricity, and 
F the symbol of the complete elliptic function of the first order. It is there 
further shown that for any form of aperture not too elongated, the truth is 
approximately represented if we take f^a-jrr) instead of the radius R of the 
circle, where <r denotes the area of aperture. 


It would be of interest to ascertain the electric capacity of a disc of 
nearly circular outline to the next approximation involving the square of 
BR, the deviation of the radius in direction co from the mean value. If 
BR== an COB mo, would not appear, and the effect of a.^ is known from the 
solution for the ellipse. For other values of n further investigation, is 
required. 


In the case of the ellipse elongated apertures are not excluded, provided 
of course that the longer diameter is small enough in comparison with the 
diameter of the sphere. When e is nearly equal to unity. 


F (e) = log 


4 

V(1 - ^) 



(62) 


R. being the semi-axis minor. The pitch of the resonator is now compara- 
tively independent of the small diameter of the ellipse, the large diameter 
being given. 
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ON THE PROPAGATION OF SOUND IN NARROW TUBES OF 

VARIABLE SECTION. 


[Philosophical Magazine, Vol. xxxi. pp. 89 — 96, 1916.] 


Under this head there are two opposite extreme cases fairly amenable 
to analytical treatment, (i) when the changes of section are so slow that but 
little alteration occurs within a wave-length of the sound propagated and 
(ii) when any change that may occur is complete within a distance small in 
comparison with a wave-length. 

In the first case we suppose the tube to be of revolution. A very similar 
analysis would apply to the corresponding problem in two dimensions, but 
this is of less interest. If the velocity-potential (j) of the simple sound be 
proportional to e'*^**, the equation governing (j> is 


d^cj) 

dr- 


r ar doc- ^ 


( 1 ) 


where oo is measured along the axis of symmetry and r perpendicular to it. 
Since there are no sources of sound along the axis, the appropriate solution 
is* 

(jb = Jo ^(dJ^/div^ -f- k^-)} F (.^•), (2 ) 

in which F, a function of oc only, is the value of </> when r = 0. 

At the wall of the tube r = y, known function of x ; and the boundary 
condition, that the motion shall there be tangential, is ex'pressed by 


in which (r = g) 


dcf) dy ^dd> _ Q 
doc dx dr 



# = + ,,A 

dx dx 2“ \dx? ) 


dx 2*'^ . 4“ \dai^ J dx 


dcji 

dr 





2^ , 4 Kdx'^ 


F 



^ Compare Proc. Land. Math. Soc. Vol. vir. p. 70 (1876) ; Scientific Papers, Vol. i. p. 275. 
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Using these in (3), we obtain an equation which may be put into the 
form 

<« 

As a first approximation we may neglect all the terms on the right of (6), 
so that the solution is 


F(a;) 


y 


‘0) 


where A and B are constants. To the same approximation, 

dx" ^ ^ y dx dx 


.( 8 ) 


For a second approximation we retain on the right of (6) all terms of the 
order d^ylda?, or {dy! 
purpose 

d'l 

dxr 


dx- 


dxy\ 

By 

means of (8) we 

+ d 

, dF 

2 d y cPF 

' (ix 

y dx) dxP ’ 

+ /d 

‘ F : 

= 4*^11 M'/V. 

dxP \if \dx) 

-t- d 


.. f 

dx 

= \j[S‘ + n ^ 


..( 0 ) 


Our equation thus becomes 

daf )\J- ) - da:^ dx" '' ^ ^ ^ ^ 

in which on the riglit the first approximation (7) sufHces. Thus 

j'r ( B + dx - j T(A. + doX , (10) 


yF(x) 

where 


1 

2ik 


r = 


In (10) the lower limit of the integrals is undetermined; if we introduce 
arbitmry constants, we may take the integration from — co to x. 

In order to attack a more definite problem, let us suppose that (Byldx‘\ 
and therefore F, vanishes everywhere except over the finite range from x = 0 
to X — b, b being positive. When x is negative the integrals disappear, only 
the arbitrary constants remaining ; and when x is positive the integi'als may 
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be taken from 0 to x. As regards the values of the constants of integration 
(10) may be supposed to identify itself with (7) on the negative side. Thus 

2 /F (x) = ^ ^ 

1 

2ikJo 

he integrals disappear when x is negative, and when x exceeds b they 
e constant values. 


_j_ ^ 


r(B + Ae-^^^^)dxl. ...( 12 ) 


j^et us now further suppose that when x exceeds b there is no negative 
wave, i.e. no wave travelling in the negative direction. The negative wave 
on the negative side may then be regarded as the reflexion of the there 
travelling positive wave. The condition is 

^ + 4 /! + m 11 

giving the reflected wave (B) in terms of the incident wave (A). There is 
no reflexion if 

f = 0 ; (1^) 

J 0 


and then the transmitted wave (x > b) is given by 


F(x)=^ 


Ae^ 

y 




(15) 


Even when there is reflexion, it is at most of the second order of small- 
ness, since Y is of that order. For the transmitted wave our equations 
give (x > b) 


F{x) 


Ae 


—ikx ( 


y 


-{ 1 - s . T 


b 


Ydx — . , 

0 


f" 

1 J» 


Ye~~^da 


\ 


Ye^fkxdx 


1 + 


1 

2%k 


' 0 


Ydx 


but if we stop at the second order of smallness the last pai't is to be omitted, 
and (16) reduces to (15). It appears that to this order of approximation the 
intensity of the transmitted sound is equal to that of the incident sound, at 
least if the tube recovers its original diameter. If the final value of ;?y differs 
from the initial value, the intensity is changed so as to secure an equal pro- 
pagation of energy. 

The effect of Y in (15) is upon the phase of the transmitted wave. It 
appears, rather unexpectedly, that there is a linear acceleration amounting to 
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or, since the ends of the disturbed region at 0 and b are cylindrical, 

_L 

2/r^ J 0 

from which the term in may be dropped. 





That the reflected wave should be very small when the changes are 
sufficiently gradual is what might have been expected. We may take (13) 
in the form 


B _ 
A~ 9,k 


i /'^ 1 


y dcc' 


t ( 19 ) 


^ I 

0 J 0 

As an example let us suppose that from .« = 0 to = 6 

y = yo -h v (1 — cos mx), (20) 

where y^ is the constant value of y outside the region of disturbance, and 
m — 't'rrjh. If we suppose further that r) is small, we may remove l/y from 
under the sign of integration, so that 

^ f cos mx e~-^dx = {1 — cos 2kb + z sin 2hh]. . ..(21) 

A 2kyJ^ 4k-y,^ ^ 

Independently of the last factor (which may vanish in certain cases) B is 
very small in virtue of the factors m^jk^ and ylyo. 


In the second problem proposed we consider the passage of waves pro- 
ceeding in the positive direction through a tube (not necessarily of revolution) 
of uniform section o-j and impinging on a region of irregularity, whose length 
is small compared with the wave-length (\). Beyond this region the tube 
again becomes regular of section a.j, (fig. 1). It is convenient to imagine the 



axes of the initial and final portions to be coincident, but our principal 
results will remain valid even when the irregularity includes a bend. We 
seek to determine the transmitted and reflected waves as proportional to the 
given incident wave. 


The velocity-potentials of the incident and I’eflected waves on the left of 
the irregularity and of the transmitted wave on the right are represented 
respectively by 

<561 = A 7ie*’** <j>-i = ; (22) 
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SO that at and we have 

= A , <^2 = (7e-**‘‘*S (23) 

d<f3i/dx = ih ( — + Se’***’'), dtp^ldx — — ^7c•(7e ”**•'’-. ...(24) 

When X is sufficiently great we may ignore altogether the space between 
Xi and X 2 , that is we may suppose that the pressures are the same at these 
two places and that the total flow is also the same, as if the fluid were 
incompressible. As there is now no need to distinguish between and x^, 
we may as well suppose both to be zero. The condition gives 


, A+B=G, (25) 

and the condition «Tid<^i/dfr = gives 

cr,{-A+B) = -a-20 (26) 


Thus 


jB <Tx — <T2 ^ 

A (Ti 4- CTj ’ A CTi 4- CTa 


(27) 


These are Poisson’s formulas*. If a-j and cr^ are eipial, we have of course 
B — 0, G = A, Our task is now to proceed to a closer approximation, still 
supposing that the region of irregularity is small. 


For this purpose both of the conditions just now employed need cor- 
rection. Since the volume V of the irregular region is to be regaixied as 
sensible and the fluid is really susceptible of condensation (s), we have 

17" 

dt dxi dx,2 ’ 


and since in general s = — a~~dcf) I dt, we may take 


ds • „ d^<t>i 

dt ~'df 


or 



the distinction being negligible in this approximation in virtue of the 
smallness of F. Thus 


0-1 


d4>i 

dxx 


O'.:, 


d<p2_ y _ j ,2 Ar. 
dx„~~ a:^ dF ~ 


In like manner, assimilating the flow to that of an incompressi 
we have for the second condition 


cf,, - cj,, = Rcr./^ , (29) 

where B, may be defined in electrical language as the resistance between 
and X 2 , when the material supposed to be bounded by non-conducting walls 
coincident with the walls of the tube is of unit specific resistance. 


•K' 


Compare Theory of Sound, § 264. 
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In substituting the values of (f> and dcj>ldx from (23), (24) it will shorten 
our expressions if for the time we merge the exponentials in the constants, 
writing 

A' — A e~ , B' — Be , G' = Oe~ (30) 

Thus or, (- A' + B') + a-.C' = - ikVC', (31) 

A' + B' — G* — iha-^RG' (32) 

We may check these equations by applying them to the case where there 
is really no break in the regularity of the tube, so that 

0-, = or„, V= {x. - .r,) (T, (.r, - ,r,)/cr. 

Then (31), (32) give B' = 0, or B — 0, and 

G' 1 

-77 = 1 , 7 " X,) 

^T. 1 + t/C *^'1/ 

with sufficient approximation. Thus 

(J'0>kx.i _ ^1 'Qtkxi j (),• Q — jI ^ 

The undisturbed propagation of the waves is thus verified. 

In general, 


B' __ CTi — cr.j q- ik(cri<T.j, R — V) 
A' (Ti + or.j - f ik (<T,<ro R V)^ 

G' ^ _ 2o-, 

A/ cTj + o*.jj 4- ik icricr._>R, + V)' 


.(33) 


.(34) 


When cr, — o"ais finite, the effect of the new terms is only upon the phases 
of the reflected and transmitted waves. In order to investigate changes 
of intensity we should need to consider terms of still higher order. 


!+ D/Str 


m (Ti = o-.j, we have 

G' = A' |l - {a^R + F)| = 

G == ,/l r/2<r)^ 

making, as before, (7 = .^1, if there be no interruption. Also, when o', = cr.^ 


absolutely, 


A' 2cr ’ 


indicating a change of phase of 90", and an intensity referred to that of the 
incident waves equal to 


ik^icBR- vy 

4jti 


,( 37 ) 
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As an example let ns take the case of a tube of revolution for which y, 
being equal to y, ovev the regular part, becomes + Sy between Xy and x^. 
We have 


= + ^ [[—1 dx, 

2<r 2^“ J y, 2!Vyj 


Also* 


1 n 1 ,[dx 


1 


and 


2 

F aR 




(«! - ®l) - 


J 2/0 2j Vy,; 


'■^4 


1 {(dhi\^ 


dx, 








^ 1 /dSyV 


V dm 


.yj i\dxl 


.(38) 


the tenns of the first order in 8y disappearing. Thus in the exponent of (35) 


Xi-Xy-laR-VI2(r=- \\2{tylyty + l{dhyjdxndti;, ...(39) 


of which the right-hand member, taken with the positive sign, expresses the 
retardation of the transmitted wave due to the departure from regularity. 


* Theory of Sound, 
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ON THE ELECTRICAL CAPACITY OF APPROXIMATE 
SPHERES AND CYLINDERS. 

[Philosophical Magazine, Vol. xxxi. pp. 177—186, March 1916.] 

Many years ago I had occasion to calculate these capacities"^ so far as to 
include the squares of small quantities, but only the results were recorde4. 
Recently, in endeavouring to extend them, I had a little difficulty in retracing 
the steps, especially in the case of the cylinder. The present communi- 
cation gives the argument from the beginning. It may be well to remark 
at the outset that there is an important difference between the two cases. 
The capacity of a sphere situated in the open is finite, being equal to the 
radius. But when we come to the cylinder, supposed to be entirely isolated, 
we have to recognize that the capacity reckoned per unit length is infinitely 
small. If a be the radius of the cylinder and h that of a coaxal enveloping 
case at potential zero, the capacity of a length I is*!* 

log {hja) ’ 

which diminishes without limit as h is increased. For clearness it may be 
well to retain the enveloping case in the first instance. 

In the intervening space we may take for the potential in terms of the 
usual polar coordinates 

<h = i/’o log {rjh) -H cos {6 — e^) + KxV cos {9 — e/) + . . . 

-h cos {nO - e,i) -1- Knr'^ cos {nO - 

Since <j£> = 0 when r 

and 

(f) = //<, log (r/6) + H, cos (9 - e^) + (J- - cos (2^ ~ e^) + . .. . 

( 1 ) 

* “On the Equilibrium of Liquid Conducting Masses charged with Electricity,” Fhil. Mag. 
Vol. XIV. p. 184 (1882) ; Scientific Pajgera, Vol. ii. p. 130. 
t Maxwell’s Electricity, § 126. 
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At this stage we may suppose h infinite in connexion with JETj, 

&DC., SO that the positive powers of r disappear. For brevity we write 
cos {n9 - Gn) = Fn, and we replace r-^ by u. Thus 

^ = — Hq log (uh) + H^uFx -f HnU^F^ 4- (2) 

We have now to make (p = (j>i &t the surface of the approximate cylinder, 
where is constant and 

U — 'UiQ 8u — Kq (1 CiGti + On(x2 + 

Herein Gfn = cos (nd — en), 


and the <7’s are small constants. So far as has been proved, <?» might differ 
from 6«, but the approximate identity may be anticipated, and at any rate 
we may assume for trial that it exists and consider Gn to be the same as Fn , 
making 

u ~ Ufj Bu = Mo (f "h GiFi + GqF □ + • • •) (3) 

On the cylinder we have 


= _ Ho log (mo&) + ffiUtiF^ 4- H^UffF^ 4- . . . 



+ (—)’ IJff. + + SH.u^^’Fs + . - . + ip (p - 1 ) irpii^F,,] 


and in this 


BicJuq ~ OiFi 4" G^F^ 4~ G;(F 11 


..( 4 ) 

..( 5 ) 


The electric charge Q, reckoned per unit length of the cylinder, is readily 
found from (2). We have, integrating round an enveloping cylinder of 
radius r, 



Jo dr 


rdd — 



(6) 


and Q/<pi is the capacity. 


We now introduce the value of Biiju^ from (5) into (4) and make successive 
approximations. The value of Hn is found by multiplication of (4) by Fm 
where m= 1, 2, 3, &c., and integration with respect to 6 between () and 27r, 
when products such as F^F.^, F^F^, &c., disappear. For the first step, where 


is neglected, we have 

O^HpicjFp^de - II,.G„jF,^<m, ( 7 ) 

or Hnuy-^= H^G-n (8) 

Direct integration of (4) gives also 


0] = - Hq log (Mo6) + 


d0 Bu 

277 Mn 


{H-yti^Fi + 2I:Lmo~F2 


+ ZH,u,-F,-^...] + \Fh 


[d6 /BuY 


* ‘^ TT \ U 


'"V (9) 

0 / 
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cubes of G being neglected at this stage. On introduction of the value of 
Hn from (8) and of 8u from (5), 


Thus 


log {uj)) H- {3(7i^ + 5G./ + 7 G-/ H- . ..] .(10) 

^ij Q — 2 log ('ito6) ^ [3(7i'^ + 5Gq“ + 7 G<J^ = . , (H) 


In the application to an electrified liquid considered in my former paper, 
it must be remembered that Uq is not constant during the deformation. If 
the liquid is incompressible, it is the volume, or in the present case the 
sectional area (<t), vsrhich remains constant. Now 


2cr = 



(w,) + Buy^ 



27r 


{ 14 - 1 ( 0 , =^ + ( 7 ,^ + ( 73 ^+ ...)}, 


so that if a denote the radius of the circle whose area is cr, 

= «,-2 {1 + I (0,“ + cv + G,^ 4- . . 


Accordingly, 


.( 12 ) 


log Uo^ = — 2 log a + I (Oi^* 4- G^^ + G./+ ... ), 


and (11) becomes 

<j>JQ = 2 log (b/a) - GJ - 20.,- - ... - (p - 1) O/, (13) 

the term in Gj disappearing, as was to be expected. 

The potential energy of the charge is If the change of potential 

energy due to the deformation be called P', we have 


§Q~ {OV “t“ 20.('“ 4- • ■ . 4- (p — 1) 

in agreement with my former results. 


.(14) 


There are so few forms of surface for which the electric capacity can be 


calculated that it seems woi-th while to pursue the approximation beyond 
that attained in (11), supposing, however, that all the e’s vanish, everything 
being symmetrical about the line 6* = 0. Thus from (4), as an extension 
of (7) with inclusion of 0-, 


0 = ( f 

+ (0,1', + 0,r,+ ...) (ir,u,F, + + ...) 


+ ^ j II (0,F, + C,F, + C,F.,+ ...)’ 


.(15) 


or witli use of (8) 

= G„ 


C ^ + 0,F,+ 0,F,+ ...) 

CAa,F, + 50,F, + 1C,F^ + ...), 


.( 16 ) 


R. VI. 


25 
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by which Hn is determined by means of definite integrals of the form 


(17) 

J 0 

n, p, q being positive integers. It will be convenient to denote the integral 
on the right of (16) by In, In being of the second order in the G’s. 

Again, by direct integration of (4) with retention of 0'\ 

(f>i==~ Mo log + J (OiFi + O2F2 + GsF^ +• . . .) 

(H,UoF^ + 2M^Uo^F., + SM.'u^^Fo + . . .) 

+ iHj^(.C,F,+ 0,F,+ C,F,+ ...y ' 


+ i'^(G,F^ + GsF., + G,F.i+ ...y{S^uyF^ + nH.^th‘F, 

+ . . . + (jo 1) II,p'^(F I p\‘ 

In the last integral we may substitute the first approximate value of Hj 
from (8). Thus in extension of (11) 

<^il Q — 2 log {uoh) — -I (3(7i" +■ BCo" + 7 C-/ + . . .} -h Oi A + 202/2 + 36(,/;j 4- . . . 


d9 


- {G^F, + G,F, 4- G,F,, + ...y {G,F, 4 - SG^F, 4- . . . 


+ -hi (p - 1) GpFp] (18) 

The additional integrals required in (18) are of the same form (17) as 
those needed for In- 

As regards the integral (17), it may be written 

rSiT 

1 dd cos 7id cosp6 cos qO. 

J 0 

Now four times the latter integral is equal to the sum oF integrals of 
cosines of (n -p- q) 6, (n -p + q) d, (n +p-q) 6, and {n +p ■^q)e, of which 
the last vanishes in all cases. We infer that (17) vanislies unless one of 
the three quantities n, p, q is equal to the sum oi tlie otlier two, In the 
excepted cases 

(17) = -|7r (19) 

If p and q are equal, (17) vanishes unless n= 2p ; also whenever n, p, q 
are all odd. 

We may consider especially the case in which only 6\, occurs, so that 

u = Mo (1 4- Gp cosqjO) (20) 


In (16) 


In = {2p 4- 1) 0/ 


0 


FnF/, 
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so that In vanishes unless n = 2jj. But disappears in (18), presenting 
itself only in association with C'i.p, which we are supposing not to occur. 
Also the last integral in (18) makes no contribution, reducing to 


hP {P - 1 ) Gp 


0 TT 


cos'* p <9, 


which vanishes. Thin 


cf^JQ = 2 log (?/o^>) — (p + i) (21) 

the same as in the former approximation, as indeed might have been antici- 
pated, since a change in the sign of Op amounts only to a shift in the 
direction from which 0 is measured. 


The corresponding problem for the approximate sphere, to which we now 
proceed, is simpler in some respects, though not in others. In the general 
case or r~^, is a function of the two angular polar coordinates w, and 
the expansion of 8u is in Laplace’s functions. When there is symmetry 
about the axis, co disappears and the expansion involves merely the Legendre 
functions (/.t), in which //, = cos 0. Then 

U = Uq -h Bll — M'o (1 -1- O^Pi (,u) -t- (/^) "h . (“2) 

where C'l, 6\,... are to be regarded as small. "We will assume Bu to be 
of this form, though the restriction to symmetry makes no practical difference 
in the solution so far as the second order of small quantities. 

For the form of the potential (<p) outside the surface, we have 

^ - JI,u + P[,vrP, ifl) 4- H^P^ (ya) + . . . ; (23) 

and on the surface 

-h ipn,,n\ + . 

-+ Bti, [H, 4- 2'w,„iLi\ 4- 4- . . .} 

+ {Buy [H\l\ 4- 3w,,/r,P., 4- ... 4- (p 4- 1) . ..(24) 

in which we arc to substitute the values of B-u, (S'li.)** from (22). In this 
equation c/)i is constant, and iJj, IP, ... are small in comparison with 

The procedure corresponds closely with that already adopted for the 
cylinder. We multiply (24) by P„, where n is a positive integer, and inte- 
grate with respect to p over angular sptace, i.e. between — 1 and -4 1. Thus, 
omitting the terms of the second order, we get 

upHn=--HoGn, (25) 

as a first approximation to the value of Iln- 


25—2 
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Direct integration of (24) gives 

— HqUq j djji + J + C^2-jP2 + • • •} {^'UaJSiPi + + . • •} df^ 

or on substitution for Hn from (25) 


.(26) 


inasmuch as 


= H.U, |l - iCV - fC,’ - ... - Cyj , 

f_i “ 2«Vi 


As appears from (23), is identical with the electric charge upon the 
sphere, which we may denote by Q, and Q/^i is the electrostatic capacity, so 
that to this order of approximation 


Capacity = iio~^ ] 1 + §Gi- + . . . + 


jO+l 


GJ 


.(28) 


2jD+l 

Here, again, we must remember that Vo~^ differs from the radius of the 
true sphere whose volume is equal to that of the approximate sphere under 
consideration. If that radius be called a 


1.6, = a •{ 1 


20 ^^ _ 2Gi 

~3~ 


2G./ 


5 


.(29) 

.(30) 


2p+lj’ 

and Capacity = a |l + ^ + . . . H- ^ C. 

in which G^ does not appear. 

The potential energy of the charge is Capacity. Reckoned from 

the initial configuration (G— 0), it is 


P' 


, . p 


A+ ... + 


-- -V 
2 'p + 1 ^ ^ ■ 


2a [ 5 

It has already been remarked that to this order of appro.\imatioii the 
restriction to symmetry makes little difference. If we take 

hu j /<o — Fy -l- o + . . . -p Fp , (32) 

where the Fs are Laplace’s functions. 


1^ 
47r J 


G " 

Fpdfjbdw corresponds to _ 


This substitution suffices to generalize (30), (31), and the result is in harmony 
with that formerly given. 

The expression for the capacity (30) may be tested on the case of the 
planetary ellipsoid of revolution for which the solution is known*. Here 

* Maxwell’s Electricity, § 151, 
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C 2 — e being the eccentricity. It must be remembered that a in (30) is 
not the semi-axis major, but the spherical radius of equal volume. In terms 
of the semi-axis major (a), the accurate value of the capacity is ote/sin"^ e. 

We may now proceed to include the terms of the next order in G. The 
extension of (25) is 

= - C„ + i (2» + 1) j d^^ P., (6\P. + CpPp) 

12C.P.+ ... +(j +1) C,P,) (38) 

where in the small term the approximate value of Hn from (25) has been 
substituted. We set 

P dfi P„ {O.P. + . . . + 0, P„) |2a.P. + . . . + (g + 1) G^P,} = Jn, . . .(34) 
where Jn is of order and depends upon definite integrals of the fonn 

P„I\P„ cf/x, (35) 

J —1 

n, p, q being positive integers. 

In like manner the extension of (26) is 


<pi/ = 1 — — ^iC./ — ... — + i 1 + dG.^X. + 4fGiiJ ^, + . . .] 


— ^ J dfx (Gil^x + G.iP,ji -H . . .)'■* + ^G.j.P.ji -f . . . -H |-2.) (p Hh 1) GpPp]. (36) 

Here, again, the definite integrals required are of the form (35). 

These definite integrals have been evaluated by Ferrers* and Adams-j-. 
In Adams’ notation n 4- -P (/ = 2.s', and 


where 


2 A (.9 — n ) . A (s — p) . A (s — q) 

2s + :i A(js) 

, , , 1.3.5 ... (2n-:r) 

A {n) = • 


( 37 ) 


1.2.3... n 


In order that the integral may be finite, no one of the quantities n, p, q 
must be greater than the sum of the other two, and n -t- p ■+ q must be an 
even integer. The condition in order that the integral may be finite is less 
severe than we found before in the two dimensional problem, and this, in 
general, entails a greater complication. 

But the case of a single term in 8u, say GpPp (ya), remains simple. In 
(36) Jn occurs only when multiplied by Cn, so that only Jp appears, and 

J„ = (p + 1) G/ j Pp-' dfj. .(39) 

* Spherical Harmonics, London, 1877, p. 15(>. 

i" Proc. Iloy. Soc. Vol. xxvii. i>. 63 (1878). 

X [Following Adams, A ( 0 ) must be taken as eqiial to unity. W. F. S.] 
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Thus (36) becomes 

4>JQu,= l- G/ + iP ±lHP + (40) 

When p is odd, the integral vanishes, and we fall back upon the former 
result; when p is even, by (37), (38), 

J_. A(§p) 

For example, if p = 2, 

r+i 

I ^ 2^ difX } 

—1 

(42) 

Again, if two terms with coefficients Op, G q occur in Sti, we have to deal 
only with Jp, Jq. The integrals to be evaluated are limited to 

jp/P^^dfc, Jp„P,/d^, 

If p be odd, the first and third of these vanish, and if q be odd the second 
and fourth. If p and q are both odd, the terms of the third order in O 
disappear altogether. 

As appears at once from (34), (36), the last statement may be generalized. 
However numerous the components may be, if only odd suffixes occur, the 
terms of the third order disappear and (36) reduces to (26). 


[1917. Co7if. Gisotti, R. 1st. Lo^mhardo Rend. Vol. XLix. May, 1916. 

In his Kelvin lecture {Jom'n. .Rist El. FJng. Vol. xxxv. Dee. 1916), 
Dr A. Russell quotes K. Aichi as pointing out that the capacity of an 
ellipsoidal conductor is given very approximately by {SjAtTr)-, where S is the 
swrjpace of the ellipsoid, and he further shows that this expression gives 
approximate values for the capacity in a variety of other calculable cases. 
As applied to an ellipsoid of revolution, liis equation (O) gives 


Capacity 


47r 


i 1 + 


2e" 

945 


.(43) 


where e is the eccentricity of the generating ellipse, the jdas sign relating 
to the prolat'um and the 'minus to the oblatum. It may thus be of interest 
to obtain the formula by which in (28) is expressed in terms of R rather 
than, as in (29), (30), by the volume of the conductor. For a reason whicli 
will presently appear it is desirable to include the cube of the partieidar 
coefficient (7.,. 
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In terms of ti, equal to 1/r, the general formula for S is 



By (22) i = sirf 8 {O.P; + + ...)=(! - 

and hence with regard to well-known pi'operties of Legendre’s functions we 
find 

47r 


s 


•«(>“ 


l+IOi + ...+ 2(2p + l) » 


*4"1 
•1 

Po=’(^//, = 4/35, 


- a I dfM ((1 - 

By (41) 

and by use of the particular form of Pg we readily find 

. f"" o^^(l -fP) P,Pp- 12/35. 

,—1 


Accordingly 
S 


A 




4 (2p +. 1) 

If we omit CV* and combine (45) with (28), we get 


.(45) 


Capacity = ■ |l 


GJ- 

14 


(p-l)(^)-2) ■) 

4 (2^ + 1.) J ’ 


,.(46) 


the terms in Gi and (7a disappearing. When the cubes of the 0 s are neg- 
lected, the capacity is less than i\/(Sj4)'Tr), the radius of the sphere of equal 
surface. If the surface be symmetrical with respect to the equatorial plane, 
as in the case of ellipsoids, the C'e of odd order do not occur, so that the 
earliest in (46) is G,^. 

For a prolatuni of minor axis 25 and eccentricity e, 

= -^V), 

whence u — w,, (1 - •$ e-Pa + terms in e*), 

so that Co = - i ei\ G^ is of order &c. 

In like manner for an ohlatuni 

G; = + 16% C., is of order e\ &c. 

In both cases the corrections according to (46) would be of order e®, but 


we 


obtain a term in e'’ when we retain G^^. 
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By (40), (41) we obtain as an extension of (28), 

Capacity = uf^ |i + 1 C,* + 1 . . . + (7/ - ^ C/| , . 


and by comparison with (43) 


Capacity = 


iir. 


•II - — 

14 


(p-l)(p-2) ] 


In the case of the ellipsoid Cj = + - , and as far tis e® inclusive we 


Capacity 

as given by Russell in (43).] 
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ON LEGENDRE’S FUNCTION Pnid), WHEN n IS GREAT 

AND e HAS ANY VALUE* 

[^P-roceedmgs of the Royal Society, A, Vol. xcii. pp. 433 — 437, 1916.] 

As is well known, an approximate formula for Legendre’s function Pn{6), 
when n is very large, was given by Laplace. The subject has been treated 
with great generality by Hobson who has developed the complete series 
proceeding by descending powers of n, not only for P.^ but also for the 
“associated functions.” The generality aimed at by Hobson requires the 
use of advanced mathematical methods. I have thought that a simpler 
derivation, sufficient for practical purposes and moi'e within the reach of 
physicists with a snialler mathematical equipment, may be useful. It had, 
indeed, been worked out independently. 

The series, of which L^ipbice’s e.xpression constitutes the fii-st term, is 
arithmetically useful only when n6 is at least moderately large. On the 
other hand, when 6 is small, tends to identify itself with the Bessel’s 
function as was first remarked by Mehler. A further development 

of this approximation is hei-e proposed. Finally, a comparison of the I'esults 
of the two methods of aj)proximation with the numbers calculated by 
A. Lodge for n= 20j' is exhibited. 


The differential equation satisfied by Legendre’s function P^ is 

dhf, ^ ,,da , , , 


( 1 ) 


If we assume u = v (sin <9)” and write ni for n + |, we have 


Pv 


-i- nr v 


V 

4 sin^ 6 ' 


•( 2 ) 


* [1917. It would bo more correct to say 0), where cos d lies between drl-J 

i “Oil a Type of Spherical Harmonics of Unrestricted Degree, Order, and Argument,” Phil. 
Trarm. A, Vol. cnxxxvn. (1896). 

•t “ On the Acoustic Shadow of a Sphere,” Phil. Trans. A, Vol. com. (1904); iScimti/ic Papers, 
Vol. V. p. 160. 
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If we take out a further factor, writing 

u — V sin 0 = sin 0, ) 

of which ultimately only the real part is to be retained, we find 

w 


<Pw . dw , 

^ ^ + 


d0^ 


d0 4 sin^ 0 


= 0. 


.( 4 ) 


We next change the independent variable to z, equal to cot 0, thus 
obtaining 


dw _ — 'i‘ 
dz 2m 


,, d^w dw , w] 


.( 5 ) 


From this equation we can approximate to the desired solution, treating m 
as a large quantity and supposing that iu=l when z = 0, or 6 — 

The second approximation gives 

^ whence tv = \ — . 

8 m 


dz 8m ’ 

After two more steps we find 

1 . / 1 

w==l — tz I — 


9 > 


9^" 


[.Stn 128mV r28m“ 1024'm« ’ **' 

Thus in realized form a solution of (1) is 

w = Osin“'=^^ (l-Y||“)cos(m^ + 7) 

( cot 0 9 cot 0 75 cot'* • , A , N 

+ I "giu - 128m> - 1024r,?| 

and this may be identified with provided that the constants C, 7, can be 
so chosen that u and duld0 have the correct values when 0 = For this 

value of 0 we must have 

(l^r) = 0 cos (I 'UiTT + 7), 


75('P 


.( 6 ) 


; (7) 


.(») 


(dPnld0)^^ = G (- m - + YaLrO 

We may express (dPnjd0)^^ by means of P„,+, (l-Tr). In general 


Sin^ 0 ^ = (11 + 1) (cos 0 . Pn — P'n.+ i), 


.+ 1 


.( 10 ) 


dP, 

d cos 0 

so that when 0 = | tt, 

dP,,ld0 = - dPnId cos 0 = (n + 1 ) P,,.-y 
When w is even.,{dP.„,ld0)j^ vanishes, and, G being still undetermined, we 
may take to satisfy (9), 7 — — | 7r ; and then from (8) 

6 <cos{ 4 «,r) = = (- 1)4" ^ 4 '; « ^ • 
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G 


1 . 3 . 5 . . . (n — 1 ) 


2.4.6... 71 

Here n is even, say 2r, and it is supposed to be great. Thus 

1 . 2 . 3 ... (2r- 1 ) 2r _ (2r) ! 


and when 7* is great. 


2 ^ 4^ 6‘" '. (2r)2 (r !) 


.2 ’ 


?■ ! = V(27rr) . r’’ e-»*+vi2r- 




Thus 


(7= Exp. ( ^ 


V (vrr) 


1 

VC^rr) 


V24r* 360 . Sr* 6r 

/l _ 1 5 \ 

rr) V Sr 128r* ^ l(324r*y 

\/ (7r?i) ■ 4n 32n* 128a*} ' 


1 2 \ 
^r 360rV 


When n is even and with this value of G, 


.( 11 ) 


C sin ^ d 

/CO 

\ S/n 128»r 


.. 9 cot* .. ... ^ . 

1 ” 128m ^ ) + I) - Itt} 


+ 


cot 9 9 cot 9 


75 cot* 9\ . , . ^ 

1024to* / ^ 


tt} 


.( 12 ) 


When 71 is odd, the same value of y, viz. — secures the required 
evanescence in (8), and we may conjecture that the same value of G will also 
serve. Laplace* indeed was content to determine 7 from the case of a odd 
and G from the case of 71 even. I suppose it was this procedure that 
Todhunterf regarded as unsatisfactory. At any rate there is no dijfficulty 
in verifying that (9) is satisfied by the same value of O. From that equation 
and (10), 

r = f — 1 ^ ^ ^ ^ 

. mTJ/S7n-9/128mP’ 

nnd 


(- 1 ) 


i(» -I- 1) 


(I-tt) 


1.3. 5 


o ... 


u 


2.4.6... ( a. -f- 1 ) 


9, 


.1 


1 - 


' (n 4^1) ■ V 4 (% + 1) 32 (n + iy "^128 (71 + 1)*J ‘ 

Here, as throughout, 7n. — n 4^, and when we expand these expressions in 
descending powers of n we recover (11), Equations (11) and (12) are thus 
applicable to odd as well as to even values of 


4 


o 


* Meo. Cel. Suppl6ment an V« volume, 
t F'lmctioiis of Laplace, etc. p. 71. 
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But whether n be even or odd, ( 12 ) fails when 0 is so small that nl9 is 
not moderately large. For this case our original equation (1) takes approxi- 
mately the form 

+ 5 + 

where or' is written for nin-\- 1) ; and of this the solution is 

u = J,{ae) (14) 

It is evident that the Bessel’s function of the second kind, infinite when 
^ = 0, does not enter, and that no constant multiplier is required, since u is 
to be unity when B — 0. For a second approximation we replace (13) by 

d‘^u Idu , „ du /I cos d\_ddu_ a£ . 

de^'^ 6 dd^^ dd \d sin 0) 3 d0 ^ 3 ^ ^ ’ 

or, if a0 = z, 

d?u 1 du ^ 7 >/ n\ 

+ 

In order to solve (1 o) we assume as usual 

u — v.Jq{z) ( 16 ) 

This substitution gives 

, (17) 

dz^^ dz\ Jo z) 3a- 

a linear equation of the first order in dvjdz. In this 

+ = log (./„«); 

, dv 1 r f f / 1 

so that “f- = — -H 5 — r;. I z‘JoJ 0 

dz zJo^ Sa^zJo-^ J 

Here 

jz^JoJo'dz = - jj,izdz = - A (.Ar -f -Ar) = - 

f-pi d/v -4 ^ p/o “ / 1 Q \ 

= iJ}- 6^ J7 ' 

which has now to be integrated again. 

=_ + J ‘''"+ '’I dz 

zJo f ^Jo 

— I ^uz — jr ) 

fj(, J 0(1 ^ 

regard being paid to the differential equation satisfied by J^- 
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Thus v = B + A \ + + (19) 

and u = BJ„ + AJ,J^^+ ~ (fj, + 2^./'„') (20) 

For the present purpose ^ = 0, i? = 1 ; so that for identified with u, 
we get 

Pn iB) = (^) + (-S') + W), (21) 

in which z= ad, ar = n {n + 1 ). 

The functions /»'= - are thoroughly tabulated^. 


The Table annexed shows in the second column P 20 calculated from (21) 
for values of 0 ranging from O'" to 35°. The third column gives the results 
from (11), (12), beginning with (9 = 10°. In the fourth column are the 
values of Pg,, calculated directly by A. Lodge. It will be seen that for 
^ = 15° and 20° the discrepancies are small in the fifth place of decimals. 
For smaller values of 6, the formula involving the Bessel’s functions gives 
the best results, and for larger values of 6 the extended form of La|;)lace’s 
expression. When 0 exceeds about 35° the latter formula gives P„o correct 
to six places. For n greater than 20 the combined use of the two methods 
would of course allow a still closer approximation. 


Table for 1\,. 


0 

Eormiila (21) 

Froiu (11) and (12) 

Calculated by Lodge 

0 

0 

1 -000000 

A.o 1 


1 -oooooo 

/I A no 1 

f ) 

10 

- 0-390581 

- ()-390420 

-0-390588 

15 

- 0-052776 

- 0-052753 

-0-052772 

20 

+ 0-300174 

+ 0-300191 

+ 0-300203 

25 

~ 0-078051 

- 0-078085 

-0-078085 

30 

-0-2 169 14 

-0-216997 

- 0-216999 

35 

+ 0-155472 

+ 0-155635 

+ 0 •155636 

40 


+0-127328 

+ 0-127328 

45 


-0-193065 

-0-193065 


* See Gray and Mathe\v’.H Bcnnelh Functions. 
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MEMOEANDUM ON FOG SIGNALS. 


[Report to Trinity House, May 1916.] 


Prolonged experience seems to show that, no matter how much power 
may be employed in the production of sound-in-air signals, their audibility 
cannot be relied upon much beyond a mile. At a less distance than two 
miles the most powerful signals may be lost in certain directions when the 
atmospheric conditions are unfavourable. There is every reason to sunnise 
that in these circumstances the sound goes over the head of the observer, but, 
so far as I know, there is little direct confirmation of this. It would clear up 
the question very much could it be proved that wlien a signal is prematurely 
lost at the surface of the sea it could still be heard by an observer at a con- 
siderable elevation. In these days of airships it might be possible to get a 
decision. 


But for practical purposes the not infrequent failure of sou nd-iii-air signals 
must be admitted to be without remedy, and the question arises what alter- 
natives are open. I am not well informed as to tlie succclss or otherwise of 
submarine signals, viz. of sounds propagated through wati'.r, over long distances. 
What I wish at present to draw attention to is the pi-obablc advantage of so- 
called “wireless” signals. The waves constituting these signals are indeed 
for the most part propagated through air, hut tliey an? ia,r more n(?a.rly 
independent of atmospheric conditions — temperature and wind — than are 
ordinary sound waves. With very moderate a])pliances they can b(? sent and 
observed with certainty at distances such as 10 or 20 mi less. 

As to how they should be employed, it may be nunarked iiha,t the mere 
reception of a signal is in itself of no use. The signal must givi' information 
as to the distance, or hearing, or both, of the sending station. T'he estimation 
of distance would depend upon the intensity of the signals riu'i'i vtid and would 
probably present difficulties if any sort of precision was aimeil at. On the 
other hand the hearing of the sending station can be d(.‘t<?rmined at the 
receiving station with fair accuracy, that is to within two or three degrees. 
The special apparatus required is not complicated, but it is ratlier cumbrous 
since coils of large area have to be capable of rotation. 1 jibs u me 
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part of the work would be done at the Shore Station. A ship arrmng near 
the land and desirous of ascertaining her psition would make wireless signals 
at regular short intervals. The operator on land would determine the bearing 
of the Ship from which the signals came and communicate this bearing to 
the Ship. In many cases this might suffice ; otherwise the Ship could proceed 
upon her course for a mile or two and then receive another intimation of her 
bearing from the Shore Station. The two bearings, with the speed and course 
of the Ship, would fix her position completely. 


I do not suppose that much can be done at the present time towards 
testing this proposal, but I would suggest that it be borne in mind when 
considering any chimge in the Shore Stations concerned. I feel some con- 
fidence that the requirements of liners making the land will ultimately be 
met in some such way and that they cannot be met with certainty and under 
unfavourable conditions in any other. 


[1918. Reference may be made to Phil. Mag. Vol. xxxvi, p. 1 (1918), 
where Prof. Joly discusses lucidly and fully the method of “ Synchronous 
signals.” In this method it is distance which is found in the first instance. 
It depends iijwn the use of signals propagated at different speeds and it in- 


volves the audibility of sounds reaching the observer through air, or through 
water, or through both media.] 
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LAMB’S HYDRODYNAMICS. 

[Nature, Vol. xcvii. p. 318, 1916.] 

That this work should have already reached a fourth edition speaks well 
lor the study of mathematical physics. By far the greater part of it is 
entirely beyond the range of the books available a generation ago. And the 
improvement in the style is as conspicuous as the extension of the matter. 
My thoughts naturally go back to the books in current use at Cambridge in 
the early sixties. With rare exceptions, such as the notable one of Salmon’s 
Conic Sections and one or two of Boole’s books, they were arid in the extreme, 
with scarcely a reference to the history of the sul)ject treated, or an indication 
to the reader of how he might pursue his study of it. At the present time 
we have excellent books in English on most branches of mathematical physics 
and certainly on many relating to pure mathematics. 

The progressive development of his subject is often an embarrassment to 
the writer of a text-book. Prof. Lamb remarks that his “ work lias leas pre- 
tensions than ever to be regarded as a complete account of the science with 
which it deals. The subject has of late attracted increased attention in 
various countries, and it has become correspondingly diflicult to do justice to 
the growing literature. Some memoirs deal chieiiy with <iue.stion,s of mathe- 
matical method and so fall outside the scope of this book ; others though 
physically important hardly admit of a condensed analysis ; others, again, 
owing to the multiplicity of publications, may unfortunately havt^ been over- 
looked. And there is, I am afraid, the inevitable personal eiiiiation of the 
author, which leads him to take a greater interest in some. liranchc'S of th*‘ 
subject than in others.” 

Most readers will be of opinion that the author Im.s lield the balance' 
fairly. Formal proofs of “existence theorems” are (excluded. Some of tlu‘.s(‘, 
though demanded by the upholders of mathematical rigour, tell us only what 
we knew before, as Kelvin used to say. Take, for exa,inpl(‘, tlu‘ (‘xistence of 
a possible stationary temperature within a solid when the temperature at the 
surface is arbitrarily given. A physicist feels that nothing can make this any 
clearer or more certain. What is strange is that there sliould be so wide a 
gap between his intuition and the lines of argument necessary to satisfy the 
pure mathematician. Apart from this question it may be sa,id tliat every- 
where the mathematical foundation is well and truly laid, and that in not a 
few cases the author’s formulations will be found the most convenient starting 
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point for investigations in other subjects as well as in hydrodynamics. To 
almost all parts of his subject he has made entirely original contributions ; 
and, even when this could not be claimed, his exposition of the work of others 
is often so much simplified and improved as to be of not inferior value. As 
examples may be mentioned the account of Cauchy and Poisson’s theory of 
the waves produced in deep water by a local disturbance of the surface (§238) 
— the first satisfactory treatment of what is called in Optics a dispersive 
medium — and of Sornmerfeld’s investigation of the diffraction of plane waves 
of sound at the edge of a semi-infinite screen (§ 308). 

Naturally a good deal of space is devoted to the motion of a licpiid devoid 
of rotation and to the reaction upon immersed solids. When the solids are 
“fair” shaped, this theory gives a reasonable approximation to what actually 
occurs; but when a real liquid flows past projecting angles the motion is 
entirely difterent, and unfortunately this is the case of greatest practical 
importance. The author, following Helmholtz, lays stress upon the negative 
pressure demanded at sliarp coiuiers in order’ to maintain what may be called 
the electric character of flow. This explanation may be adequate in some 
cases ; but it is now well known that liquids are capable of sustaining negative 
pressures of several atmospheres. How too does the explanation apply to 
gases, which form jets under quite low pressure differences?^ It seems 
probable that viscosity must be appealed to. This is a matter which much 
needs further elucidation. It is one on which Kelvin and Stokes held strongly 
divergent views. 

The later chaptei-s deal with Vorlex Motion, Tidal Waves, Surface Waves, 
Waves of Expansion (Sound), Viscosit}’’, and Equilibrium of Rotating Masses. 
On all these subjects the reader will find expositions which could hardly be 
improved, together with references to original writings of the author and 
others where further developments may be followed. 

It would not have accorded with the author’s scheme to go into detail 
upon experimental matters, but one feels that thei-e is room fora supplementary 
volume which should have regard more especially to the practical side of the 
subject. Perhaps the time for this has not yet come. During the last few 
years much work has been done in connexion with artificial flight. We may 
hope that before long this may be coordinated and brought into closer relation 
with theoretical hydrodynamics. In the meantime one can hardly deny that 
much of the latter science is out of touch with reality. 

The fact that liquicis dc not break under moderate negative proBsure was known to 
T. Young. “ The magnitude of tlie cohesion between liquids and solids, as well as of the 
particlcB of fluid with each other, is more directly shewn by an experiment on the continuance 
of a colunin of nieiRuiry, in the tube of a barometer, at a height considerably greater than that 
at which it usually Btauds, on account of the pressure of the atmosiiherc- If the mercury has 
been well bailed in the tube, it may bo made to remain in contact with the closed end, at the 
height of 70 inches or more {Yoituf/s Lectures, 026, 1807), .If the mercury be wet, boiling may 
be dispensed with and negative i^ressures of two atmospheres are easily demonstrated. 


R. VI. 


26 
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ON THE FLOW OF COMPRESSIBLE FLUID PAST AN OBSTACLE, 

\Philoso'])kical Magazine,YQ\. xxxii. pp. 1 — 6, 1916.] 


It is well known that according to classical Hydrodynaniics a steady 
stream of frictionless incompressible fluid exercises no resultant force upon 
an obstacle, such as a rigid sphere, immersed in it. The development of a 
“resistance” is usually attributed to viscosity, or when there. is a sharp edge 
to the negative pressure which may accompany it (Helmholtz). In either 
case it would seem that resistance involves soniething of the nature of a 
wake, extending behind the obstacle to an infinite distance. When the 
system of disturbed velocities, although it may mathematically extend to 
infinity, remains as it were attached to the obstacle, tliere caif bo no 
resistance. 


The absence of resistance is asserted for an inc(rmpres,nble fluid ; but it 
can hardly be supposed that a small degree of compressibility, as in water, 
would affect the conclusion. On the other hand, high relative velocities, 
exceeding that of sound in the fluid, must entirely alter the conditions. It 
seems worth while to examine this question more closely, especially as the 
first effects of compressibility are amenable to mathernatical treatment. 

The equation of continuity for a compressible fliiid in steady motion is in 
the usual notation 

dp , dp , dp . /d>u dv div\ 

“ 5 * + ® ^ 

or, if there be a velocity-potential cp, 

# ^ '“g p + it '?i®g p 4. it '"S p a. - o r.A 

da: dx dy dy dz dz ^ 

In most cases we may regard the pressure p a.s a givmi function of the 
density p, dependent upon the nature of the fluid. 'Idic simplest is that 
of Boyle’s law where p-arp, a being the velocity of .sound. The general 
equation 




( 3 ) 
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where q is the resultant velocity, so that 

= (dcf^/dasy + {dcpjdyy + (d(f>/d2:y 


reduces in this case to 


or 

if po correspond to q — 0. 

v-^<^ = 


tt^logp = O ~\q^, 

a” log (p/po) = - \q^, 

From (2) and (5) we get 

1 j dif d^ d^ d<p dq-) 

2cd dec d,y ~dy dz dz^' 


(4) 

(5) 

( 6 ) 


When f is small in comparison with a:\ this equation may be employed to 
estimate the etiects of compressibility. Taking a known solution for an 
incompressible fluid, we calculate the value of the right-hand member and 
by integration obtain a second approximation to the solution in the actual 
case. The operation may be repeated, and if the integrations can be effected, 
we obtain a solution in series proceeding by descending powers of ctK It may 
be presumed that this series will be convergent so long as (f is less than a?. 

There is no difficulty in the first steps for obstacles in the form of spheres 
or cylinders, and I will detail especially the treatment in the latter case. If 
TJ, parallel to d = 0, denote the uniform velocity of the stream at a distance, 
the velocity-potential for the motion of incompressible fluid is known to be 


4> = If (r -f c-ji') cos 0, (7) 

the origin of polar coordinates (r, d) being at the centre of the cylinder. At 
the surface of the cylinder 7- = c, d(f>ldr = 0, for all values of d. 


On the right hand of ((5) 


and from (7) 


dx dx dy dy dr dr r'-^ cW d0 ^ 




1 <ifd4\\, 1 i<d4y 




77“ l\drJ ' \d0j 


1 + 


2c2 


r- 


cos 2d. 


(S) 

( 9 ) 


1 d(p 

Ij- -gy 




C“ 


cos d. 


3. dcl> 

UrW 


(l +• sin d ; 


1 djf 


4o‘‘ 4c“ 


+ 7J ««« 


1 4c‘-^ . 

- - -c*...-... 01 


rdd 


: sin 2d. 


Accordingly 


-^4 


2J7»C“ 


c“\ 


cos d 4- cos 3d 


,( 10 ) 


The terms on the right of (10) are all of the form r^^cosnd, so that for the 
present purpose we have to solve 

1 d(b 1 d4 n 


26—2 
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If we assume that 0 varies as r’”" cos n0, we see that m — p + 2, and that 
the complete solution is 

f rJ^+2 'j 

= cos nd ^ (12) 

A and B being arbitrary constants. In (10) we have to deal with n ~l 
associated with p = — 5 and — 7, and with n — 3 associated with p = — 3. 
The complete solution as regards terms in cos 0 and cos S0 is accordingly 

<p = (Ar + jBr~^) cos 0 + (Go'^ 4- Dr~‘^) cos 30 




cos 0 


4r“ 24?*" 


cos 30 


.(13) 


The conditions to be satisfied at infinity require that, as in (7), A = V, 
and that G—0. We have also to make d<p{dr vanish when r — c. This 
leads to 


B=^c^U + 


IS 

l2cP ’ 


12a- 


.(14) 


Thus 


<#■ = r 


XfliQi 

cos 0 + ..“sr-T-T. cos 30 



2r'' I2?V 4r ) ' 


satisfies all the conditions and is the value of <j!) complete to tiie .second 
approximation . 


That the motion determined by (15) gives rise to no resultajit force in 
the direction of the stream is easilj^ verified, 'flie pressmt* at any point is 
a function of (f, and on the surface of the cylindei- (f ^ (d(l>/d0y\ Now 

(dcf>/d0y involves 0 in the forms sin‘‘“<9, sin” 3^, sin 0 sin 30, and none of these 
are changed by the substitution of tt — 0 for 0 the prossure.s on the cylinder 
accordingly constitute a balancing system. 

There is no particular difficulty in pursuing tlie a.]>|)roximation so as to 
include terms involving the square and higlier powers of U'dd'\ Tlio right- 
hand member of (6) will continue to include only terms in iJie cosines of odd 
multiples of 0 with coefficients which are sim])le ])o\vors of /•, so that the 
integration can be efiected as in (11), (12). And tlu' gonci-al conclu.sion tliat 
there is no resultant force upon the cylinder remains umlisturljod. 

The corresponding problem for the sphere is a little more complicated, 
but it may be treated upon the same lines with use of Ijegendre’s functions 
Pn(cosf^) in place of cosines of multiples of 0. In teimis of tin* usual polar 
coordinates (r, 0, co), the last of which does nob a,])pear, tlie finst a|)proxinui- 
tion, as for an incompressible fluid, is 
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c denoting the radius of the sphere. As in (8), 

dco dx dr dr r~ dd d& ~~ |v ^ ^ 

, /6c" 24c« , 3c"\ 

( ,.4 5'^7 + 2riV -^"l’ ^ ^ 

on substitution from (16) of the values of <f) and rf. This gives us the right- 
hand member of (6). 

In the present problem 


_ d" 2d 1 d 
d?-" 'r dr ^ r- sin 6 dO 


W ^ ie) ’ 


.( 18 ) 


while Pn satisfies 


so that 


1 d 
sin 6 dd 


sin e + n (n + 1) P,, = 0 ; 


reduces t< 


= '>'^^Pn 

P<p 2 dip 71 (n + 1 ) 
dr" ^ r d?- 


<P = r-pP, 


.(19) 

.( 20 ) 

.( 21 ) 


The solution, corresponding to the various terms of (17), is 

^ rP+-Pn 


.( 22 ) 


.(24) 


0^ + 2) ( 2 ) + 3) - r. (n + 1) 

With use of (22), (6) gives 

9 -^2 I 5r"“^24r« lO?'" lOP i76r«J 

-f ArP, Pr-^2\ + (7r"P„ + Dr'-^P,, (23) 

A, B, C, D being arbitrary constants. The conditions at infinity require 
A = U, G = 0. The conditions at the surface of the sphere give 

cVrr 2P"\ .. 27c'^rP' 

25(P+-:g-„j^ D- ; (-,4) 

and thus p is completely determined to the second approximation. 

The P’s which occur in (23) are of odd order, and are polynomials in 
fx (= cos O') of odd degree. Thus dpjdr is odd (in fx) and, dpfdO = sin 6 x even 
function of jx. F urt/her, 

(f = even function + sin" 6 x even function = even function, 
dq^Jdr = even function, dq-jdO — sin 0 x odd function. 

Accordingly 

dp dq~ 1 dp dq^ i i f. o 

r. A. _j — ^ V function of ix, 

di' di' r^ dd dd 


and can be resolved into a series of P’s of odd order. Thus not only is there 
no resultant force discovered in the second approximation, but this character 



406 ON THE FLOW OF COMPRESSIBLE FLUID PAST AN OBSTACLE [407 


is preserved however far we may continue the approximations. And since 
the coefficients of the various P’s are simple polynomials in 1/r, the integra- 
tions present no difficulty in principle. 

Thus far we have limited ourselves to Boyle’s law, but it may be of 
interest to make extension to the general adiabatic law, of which Boyle’s is a 
particular case. We have now to suppose 

Plpo = (plpoy, (25) 


dp po \poJ Vpo/ 

if a denote the velocity of sound corresponding to pQ. 



(26) 

Then by (3) 


, 41 ©"=^-^?= ( 2 ^) 

If we suppose that po corresponds to g = 0, 0= a^/(y — 1), and 



“ 

The use of this in (2) now gives 

^2 , _ 1 (d<p dq~ d<l) dq- dcj) dcf]^ 

^ 2a^ — (y — 1) q^ \dx dx"^ dy dy dz dz\ ’ 

from which w’^e can fall back upon (6) by supposing 7 = 1. So far as the 
first and second approximations, the substitution of (30) for (6) makes no 
difference at all. 


As regards the general question it would appear that so long as the series 
are convergent there can be no resistance and no wake as the result of com- 
pressibility. But when the velocity U of the stream exceeds that of sound, 
the system of velocities in front of the obstacle expressed by our equations 
cannot be maintained, as they would be at once swept away down stream. 
It may be presumed that the passage from the one state of affairs to the 
other synchronizes with a failure of convergency. For a discussion of what 
happens when the velocity of sound is exceeded, reference may be made to a 
former paper*. 


* Pfoc, Roy. Soc. A, Vol. lxxxiv. p. 247 (1910) ; Scientific Papers, Vol. v. p. 608. 
[1917. See P.S. to Art. 411 for a reference to the work of Prof. Cisotti.] 
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The problem of the passage of gas through a small aperture or nozzle 
from one vessel to another in which there is a much lower pressure has had 
a curious history. It was treated theoretically and experimentally a long 
wliile ago by Saint-Venant and Wantzel* in a remarkable memoir, where 
they point out the absurd result which followvS from the usual formula, when 
we introduce the supposition that the pressure in the escaping jet is the 
same as that which prevails generally in the recipient vessel. In Lamb’s 
notation j*, if the gas be subject to the adiabatic law (p a pv), 


t 


dp 


1 - 


"E 


y-l 

•Vi 


2 


rf(Co“-”C‘0, (1) 

y i. 


27 Po fi 

p P ly —■ 1 pQ ^ 

where q is the velocity corresponding to pressure p; /)„, po pressure and 
density in the discharging vessel where y = 0; c the velocity of sound in the 
gas when at pressure p and density p; c,, that corresponding to po, p,i- 
According to (1) the velocity increases as p diminishes, but only up to a 
maximum, equal to c;o\/| 2 /( 7 -- 1)], when p = 0. If y = l’408, this limiting 
velocity is 2‘214c„. It is to be observed, however, that in considering the 
rate of discharge we are concerned with what the authors cited call the 
“reduced velocity,” that is the result of multiplying q by the corresponding 
density p. Now p diminishes indefinitely with p, so that the reduced 
velocity corresponding to an evanescent p is zero. Hence if we identify p 
with the pressure |)i in the recipient vessel, we arrive at the impossible con- 
clusion that the rate of disclnmge into a vacuum is zero. From this our 
authors infer that the identification camiot be made ; and their experiments 
showed that from pi — 0 upwards to pi — ’4^0 the rate of discharge is sensibly 
constant. As still further increases, the discharge falls off, slowly at first, 

* “M(^moire et exp(5riences sur l’6conlement de I’air, d6termin(5 par des differences de 
pressions considerables,” Journ. de I’Ecole Polyt. t. xvi. p. 85 (1839). 
t Hydrodynamics, §§ 23, 25 (1910). 
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afterwards with greater rapidity, until it vanishes when the pressures be- 
come equal. 

The work of Saint-Venant and Wantzel was fully discussed by Stokes in 
his Report on Hydrodynamics*’. He remarks “These experiments show that 
when the difference of pressure in the first and second spaces is considerable, 
we can by no means suppose that the mean pressure at the orifice is equal 
to the pressure at a distance in the second space, nor even that there exists 
a contracted vein, at which we may suppose the pressure to be the same as 
at a distance.” But notwithstanding this the work of the French writers 
seems to have remained very little known. It must have been unknown to 
O. Reynolds when in 1885 he traversed much the same ground •[*, adding, 
however, the important observation that the maximum reducijd velocity 
occurs when the actual velocity coincides with that of sound under the 
conditions then prevailing. When the actual velocity at the orifice reaches 
this value, a further reduction of pressure in. the recipient vessel docs not 
influence the rate of discharge, as its effect cannot be propagated backwards 
against the stream. If 7 = 1'408, this argument suggests that the discharge 
reaches a maximum when the pressure in the recipient vessel fails to '527 p„, 
and then remains constant. In the somewhat later work of HugoniotJ on 
the same subject there is indeed a complimentary reference to iSaint- Venant 
and Wantzel, but the i-eader would hardly gather that tluy had insis(,ed 
upon the difference between the pressure in the jet at the orific^e and in 
the recipient vessel a»s the explanation of the impossible conclusion de{lucil>le 
from the contrary supposition. 

In the writings thus far alluded to there seems to be an omission to 
consider what becomes of the jet after full penetration into th«‘ receiver. 
The idea appears to have been that the jet gradually widens in section as it 
leaves the orifice and that in the absence of friction it would ultimately 
attain the velocity corresponding to the entire fall (.if yiressure. ’'fhe first to 
deal with this question seem to have been Mach and Salchei-^, liut the most, 
elaborate examination is tliat of R. Erndenl], who reproduea's int(‘resting 
pictures of the effluent jet obbiined by the simple sliadow in<‘tli(Kl of 1 ivorjlk 
'Light from the sun or from an electric spark, diverging from a small aperture 
as source, falls perpendicularly u])on the jet and in virtue of differences of 
refraction depicts various features upon a screen held at. some distance 
behind. A pennanent record can lie obtained by pliot.ograjih}'. Emden 
thus describes some of liis results. When a jet of air, or liot t.er of carlxinic 

B.A. lifipoi't /or 184(5; Bloth. and Phi/a. Papio-a, Vol. i. p. 17(5. 

t Phil. Blap.Ynl. xxi. p. 185 (188(;). 

;J: Ann. de Chiin. t. ix. i). 383 (188(5). 

8 Wied. Ann. Bd. xei. p. 144 (1890). 

II 'Wi(id. Ann. Bd. r.xix. pp. 264, 426 (1899). 

II 'Wied. Ann. Ed. ix. p. 502 (1879). 
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acid or coal-gas, issues from the nozzle into the open under a pressure of a 
few millimetres, it is seen to rise as a slender column of the same diameter 
to a height of perhaps 30 or 40 cm. Sometimes the column disappears 
without visible disturbance of the air ; more often it ends in a small vortex 
column. When the pressure is raised, the column shortens until finally the 
funnel-shaped vortex attaches itself to the nozzle. At a pressure of about 
one-fifth of an atmosphere there appears again a jet 2 or 3 cm. long. As 
the pressure rises still further, the jet becomes longer and more distinct and 
suddenly exhibits thin, bright, and fairly equidistant disks to the number of 
perhaps 10 or 12, crossing the jet perpendicularly. The first disks have 
exactly the diameter of the nozzle, but they diminish as the jet attenuates. 
Under still higher pressures the interval between the disks increases, and at 
the same time the jet is seen to swell out between them. These swellings 
further increase and oblique markings develop which hardly admit of merely 
verbal description. 

Attributing these periodic features to stationary sound waves in the jet, 
Emden set himself to determine the wave-length (X), that is the distance 
between consecutive disks, and especially the pressure at which the waves 
begin to develop. He employed a variety of nozzles, and thus sums up his 
principal results : 

1. When air, carbonic Jicid, and hydrogen escape from equal sufficiently 
pressures, the length of the sound waves in the jet is the same for the 
same nozzle and the same pr(jssure. 


2. The pressure {it which the stationary sound waves begin to develop is 
the same in air, carbonic {icid, and hydrogen, sind is ecpial to ‘9 atmosphere. 

This is the pressure-eircas‘6( behind the nozzle, so that the whole pressure 
there is 1'9 atmosphere. The environment of the jet is Jit one atmosphere 
pressure. 


Emden, comparing his observations with the theory of Saint-Venant iind 
Wan tzel, then enunciates tihe following conclusion : The critical pressure, 
in escaping from which into the atmosphere the gas at the nozzle’s mouth 
moves with the velocity of sound, is eqmal to the pressure at which stiitionary 
sound wjives begin to form in the jet. So fVir, I think, Emden makes out 
his case ; but he appc'.jirs to over-slioot the mark when he goes on to maintain 
that after the critical pressure-ratio is e.xceedod, the esciiping jet moves 
everywhere with the same velocity, viz. the sound-velocity ; Jind that every- 
where within it the free atmospheric pressure prevails. He argues from 
what happens when the motion is strictly in one dimension. It is true that 
then a wave can be stationary in space only when the stream moves with 
the velocity of sound ; but here the motion is not limited to one dimension, 
as is shown by the swellings between the disks. Indeed the propagation of 
jxny wave at all is inconsistent with uniformity of pressure within the jet. 
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At the surface of the jet, but not within it, the condition is imposed that 
the pressure must be that of the surrounding atmosphere. 

The problem of a jet in which the motion is completely steady in the 
hydrodynamical sense and approximately uniform was taken up by Prandtl*, 
both for the case of symmetry round the axis (of z) and in two dimensions. 
In the former, which is the more practical, the velocity component w is 
supposed to be nearly constant, say W, while u and v are small. We may 
employ the usual Eulerian equations. Of these the third, 

dw dw dw dw 1 dp 

-f- + u -jf — h v , — h w -j— — j— , 

dt dx dy dz p dz 

reduces to (^2) 

dz p dz ^ 

when we introduce the supposition of steady motion and neglect the terms 
of the second order. In like manner the other equations becom e 


y^du _ ^ dp yydv _ ^ dp 

dz p dx ’ dz p d y ' 

Further, the usual equation of continuity, viz. 

dx dy dz » 

here reduces to 

^ \(im dy dz ) dz 




( 4 ) 

(5) 


If we introduce a velocity- potential we have with use of ( 2 ) 

.0 df dz o7 di- ’ 


where a, = V (dpjdp), is the velocity of sound in the jet. In the case we ai'e 
now considering, where there is symmetry round the axis, this becomes 
(r^ = x^ + y‘^) 


dr<p ^ 1 dcl> ^ 
dr‘“ /’ dr 


( 


W^\ d:^<i> 
) dz~ 


= 0 , 


( 7 ) 


and a similar equation holds for tv, since to = d(pjdz. 

If the periodic part of /c is proportional to cos ^z, we liave for tliis part 


d-w 1 d/tv (W- 

7b- + ? dT- + 


1 fd-^u = 0, 


(8) 


and we may take as the solution 

w — W H cos ^z . Jc[f{W'^ — ar) . fBrj a], ( 1) ) 

since the Bessel’s function of the second kind, infinite when r = 0 , cannot 
here appear. The condition to be satisfied at the boumhiry (r = /i!) is that 

Phifd. ZelUchrift, 5 Jahrgang, p. (1904). 
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the pressure be constant, equal to that of the surrounding quiescent air, and 
this requires that the variable part of lu vanish, since the pressure varies 
■with the total velocity. Accordingly 

^Rla] = (}, (10) 

■which can be satisfied only when W > a, that is when the mean velocity of 
the jet exceeds that of sound. The wave-length (A) of the periodic features 
along the jet is given by A= 2'7rjl3. 

The most important solution corresponds to the first root of (10), viz. 
2‘405. In this case 

2-405 ^ ’ 

The problem for the two-dimen.sional jet is even simpler. If b be the width 
of the jet, the principal wave-length is given by 

( 12 ) 

The above is substantially the investigation of Praudtl, who finds a sufficient 
agreement between (11) and Etnden’s measurements^. 

It may be observed that the problem can equally well be treated as one 
of the small vibrations of a stationary column of gas as developed in Theory 
of So%Lnd,% 268, 840 (1878). If the velocity-potential, symmetrical about 
the axis of jz, be also proportional to where h is such that the wave- 

length of plane waves of the same period is 27r//i:, the equation is § 340 (3) 

^■^^ 

and if k > /3 

<!> = e'' J, {^(^d - ^“) . r] (14) 

The condition of constant pressure when r — R gives as before for the 
principal vibration 

V(A)“-/3^).i2 = 2-405 (15) 

The velocity of propagtition of the waves is kaj^. If we equate this to 
W and suppose that a velocity IT is superposed upon the vibrations, the 
motion becomes steady. When we substitute in (15) the value of k, viz. 
W^la,we recover (11). It should perhaps be noticed that it is only after 
the vibrations have been made stationary that the efiect of the surrounding 
air can be properly represented by the condition of uniformity of pressure. 
To assume it generally would be tantamount to neglecting the inertia of the 
outside air. 

The above calculation of A takes account only of the principal vibration. 
Other vibrations are possible corresponding to higher roots of (10), and if 

* When W<a, /3 must be iuiaginai'y- longer oscillates, but settles rapidly down 

into complete nniformity. This is of course the usual case of gas escaping from small pressures. 
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these occur appreciably, strict periodicity is lost. Further, if we abandon 
the restriction to symmetry, a new term, r~^(Pcf>fd6^, enters in (13) and the 
solution involves a new factor cos(w^ + €) in conjunction with the Bessel’s 
function Jn in place of Ji). 


The particular form of the differential equation exhibited in (13) is 
appropriate only when the section of the stream is circular. In general 
we have 


daf dtf 


+ {]c^ 


/30 ‘it = 0, 



the same equation as governs the vibrations of a stretched membrane (Theoi'y 
of Sound, § 194). For example, in the case of a square section of side h, 
we have 

^ = cos ^ . cos ^ (17) 


vanishing when x = ± and when y = ± ^h. This represents the principal 
vibration, corresponding to the gravest tone of a membrane. The differential 
equation is satisfied provided 

- 13'^== 2'7r‘^ I (18) 

the equation which replaces (15). It is shown in Theory of Sound that 
provided the deviation from the circular form is not great the question is 
mainly one of the area of the section. Thus the difference between (15) 
and (18) is but moderate when we suppose ttR" equal to 5-. 

It may be worth remarking that when V the wave-velocity exceeds a, 
the group-velocity U falls short of a. Thus in (15), (18) 

ir _ jT—^' 

^ ~d^ ~ Is ~ h ’ 

so that UV = id (19) 


Returning to the jet of circular section, we may establisli tlie connexion 
between the variable pressure along the axis and the a.mount of the swelling.s 
observed to take place between the disks. From (9) 

^ = ^wdz = Wz + sin ■ -A { fi W'^jar — 1 ) . , 


and (1^) = H W'fid - 1) . sin . J,/ (2*405) (20) 

The latter equation gives the radial velocity at the boundary. If hli 
denote the variable part of the radius of the jet. 


Si2 = 



H cos 



cd 


1 


(2*405). ...(21) 
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and 


WH cos (22) 

(23) 


Again, if gj) be the variable part of the pressure at the axis (r = 0), 

^ = O - = O' - = - Wh.v. 

P 

where p is the average density in the jet and hw the variable part of the 
component velocity parallel to z. Accordingly 

_ 

P 

m ^ J' (2-405) V( - 1) 

h'pfp 

In (23) we may substitute for /3 its value, viz. 

2 -40 5 a. 

and for ,/,/ (2-405) we have from the tables of Bessel’s functions —0-5191, 
so that 

= - 0-2158 ii(«-2- W-‘^) (24) 

As was to be expected, the greatest swelling is to be found where the 
pressure at the. axis is least. 

A completie theory of the effects observed by Mach and Emden would 
involve a calculition of the optical retardation along every ray which traverses 
the jet. For the j(Jt of circular section this seems scarcely practicable ; but 
for the jet in two dimensions the conditions are simpler and it may be 
worth while briefly to consider this case. As before, we may denote the 
general thickno.ss of tlie two-dimensional jet by h, and take 6 -H ■»? to represent 
the actual thickness at the place {z) where the retardation is to be deter- 
mined. The retardation is then sufficiently represented by A, where 


/•i (6 -1-17) 1 /r V 

A= (p-p,)<%= pdi/- ipi(b + v) 

Jo Jo 


H'H-v) 


.(25) 


p being the density in the jet and p^ that of the surrounding gas. The 
total .stream 


I 


Hf' t v) 
0 


riCb+v) fib 

p ( W + Bw) dy — IF pdy + p \ Bwdy; 

' J 0 J 0 

and this is constant along the jet. Thus 

o r ^ 

= G - ^piV — -^Y j ^wdy, 

G being a constant, and squares of small quantities being omitted. 

In analogy with (9), we may here take 

Btu — H cos ^z . cos {/3y V ( TF'-*/ a^ — V)], (2*/") 


.(26) 



414 


ON THE DISCHARGE OF GASES UNDER HIGH PRESSURES 


and for the principal vibration the argument of the cosine is to become 
when y = \l>. Hence 

HcosfBz 


JO 


Also 


4> 


' ^\/{ W^lar- 1 } 

wdz = Wz -t- H sin /Bz . cos [/Sv/ V ( ir7«“ 


i)K 


C 


d<p\ 

dy) 


ib 


Thus 

Accordi ugly 


hv 


1 






W J UyJy> 

H cos (Bz 


d 


H ^/[W^^|(tr (Bz. 
i/ cosy8i?.v'! i; 


(B W 

P. ij + 


/> 

fB W - J ' 7[irvo« -- i] 

so that the retardati<,>n is gi-i-atest at tlie ]>l;ices wlu're // is loasl,, tliat is 
where the jet is narrowest. This is in agivunneiit. with obsr'rvntion, since 
the places of maximum retardation act aft(u* t.ln* maniu'r oi a, convt'X lens. 
Although a complete, theory of the optical elfects in tlu‘ casi' (►fa. symmetricai 
jet is lacking, there seems no reaison to <)uest,ion Hnuhmk opinion that tlu‘y 
are natural cons<‘,(|uencos of the constitution ol the jet.. 

But although many features are more or less |)(‘rleet.ly i'xplained, wt‘ jm* 
far from anything like a complete mathematical tJuMuy of t he jet est^aping 
from high pressure, ev(sn in the sim])h\st ea.s<^ A ]>reliminary ipUistion in 
are we justified a,t all in assuming th<‘. adial*atie law as ajtpro.ximaiely 
governing the (‘.xpansions tlirougliout ^ Is tdu'ro anyt hing likt* i.lu* “ Imre 
which forniH in front of a bullet advancing wit.h a \mha-ity execeding that of 
sound It seems that tlie latter (pu'si.ion may he answei*e<l in tins negative, 
since here the |)UHHa,ge, of air is always from a. gre.-tter to a less prisssure, 
so that the application of tlie adia,ha,tic la.w is justifnsl. 'riie <‘onditioiiH 
appear to Im simplest if we sup[)os<* t.he no/.zh* l.o end in a parallel part 
within which the motion may be uniform a,nd l.lie veloeit.y that of .Houiifi. 
Bub even then there seems to be no reason to siipiiose that, fids state of 
tilings berminat(\s (ixaetly at t.lie |>huu? of the uumidi. As t he issuing gas 
becomes free from tdie constraining in(liiems> of l.he iio/.zle walls, it mnst 
begin to expand, tliu pressure at tlm boundaiy suddenly I'alliiig (o that of 
the environment. Subs<*.<juently vil)ra,tions must, si-l, in ; hut |1 h‘ cireuia- 
stancoH are not precisely those of ih-andtl's cahmlatif »n, iiiasmueh as tlu* 
variable part of tlie velocity is not. small in compari.sou willi tlie dilTereiuu* 
betwiam the mean velocity and t,ha.t of .sound. It is seareelv utaa-ssary to 
call attention to the violence of the assumption that, viscositv may I><‘ neg» 
lectcd when a jet moves with higli velocity tlirough (juieseent, air. 


Proc. May. Sm;. Vol. i.x.xxiv. p. 247 


; Seitnilijh* Paif^rd, Vul. v, |h iKiB, 



ON THE DISCHARGE OB’ GASES UNDER HIGH PRESSURES 


415 


1916] 

On the experimental side it would be of importance to examine, with 
more accuracy than has hitherto been attained, whether the asserted inde- 
pendence of the discharge of the pressure in the receiving vessel (supposed 
to be less than a certain fraction of that in the discharging vessel) is absolute, 
and if not to ascertain the precise law of departure. To this end it would 
seem necessary to abandon the method followed by more recent workers in 
which compressed gas discharges into the open, and to fall back upon the 
method of Saint- Venant and Wantzel where the discharge is from atmospheric 
pressure to a lower pressure. The question is whether any alteration of 
discharge is caused by a reduction of this lower pressure beyond a certain 
point. To carry out the investigation on a sufficient scale would need a 
powerful air-pump capable of absorbing the discharge, but otherwise the 
necessary apparatus is simple. In order to measure the discharge, or at 
any rate to determine whether it varies or not, the passage of atmospheric 
air to the nozzle might be somewhat choked. The accompanying diagram 
will explain the idea. A is the nozzle, which would be varied in different 
series of experiments ; i>* the recipient, partially exhausted, vessel ; G the 
passage to the air-pump. Above the nozzle is provided a closed chamber E 


D 



int() which the externa.l air has access tlirough a metal gauze i), and where 
consc(|iiently the pressure is a little below atmospheric. E I’cpresents (dia- 
grammatically) a pressure-gauge, or micromanorneter, whose reading would 
be constant as long as tlu} discharge remains so. Possibly an. aneroid 
barometer would suffic(i ; in any case there is no difficvdty in securing the 
necessary delicacy*. Another manometer of longer range, but only ordinary 
sensitiveness, would register the low pressure in JL In this way there 
should be no difficvdty in a,ttaining satisfactory results. If F remains 
unaffected, noivvithstanding large alterations of pressure in B, there are no 
complications to confuse the interpretation. 

* Bee for exaiiuvlo Phil. Trans, cxcvi. A, p. 205 (1901) ; HcAentifia Papers, Vol. iv. p. 510. 

[1918. The exporiiBents here pi-oposed have been skilfully carried into effect by Hartshorn, 
working in my son’s laboratory, Proc. Roy. Soe. A, Vol. xciv. p. 166, 1917.] 
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ON THE ENERGY ACQUIRED BY SMALL RESONATORS FROM 
INCIDENT WAVES OF LIKE PERIOD. 


'{^Philosophical Magazine, Vol. xxxii. pp. 188-190, 1916.] 


In discussions on photo-electricity it is often assumed that a resonator can 
operate only upon so much of the radiation incident upon it as corresponds 
to its own cross-section*. As a general proposition this is cei-tainly nob true 
and may indeed differ from the truth very widely. Since 1878*]- it has been 
known that an ideal infinitely small acoustical resonator may disperse energy 
corresponding to an area of wave-front of the primary waves equal to 
an efficiency exceeding to any extent the limit fixed by the ;ibove mentioned 
rule. The questions of how much energy can be absorbed into the resonator 
itself and how long the absorption may take are a little different, but they 
can be treated without difficulty by the method explained in a recent paper j'. 
The equation (49) there found for the free vibration of a small .symmetrical 
resonator was 

§1 +• /“P + 47ro-/ « (1 - iki') ^^1 = 0, (1) 

in which p denotes the radial displacement of the spherical surface from its 
equilibrium value r, M the mass, p, the coefficient of restitution, a the density 
of the surrounding gas, and k= 27r -r- wave-length (X) of vibrations in the gas. 
The first of the two terms containing a operates merely as a.n addition to M. 
If we write 


(1) becomes 


il/'' = ill q- 47rcr?"‘, (2) 

ii- p — ^TTcrkP —0 (*J) 


* See for example Millilcan’s important paper on a direct determiiiation of Planck’s consstant 
Fhysical Revieio, VoL vii. March 1916, p. H85. 

■j- Theory of Sotmd^ g SIO ; X wave-length. 

$ Phil. Mag. Vol. xxix. Feb. 1915, p. 210. [This volume, p. 289.] 
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Thus, if in free vibration p is proportional to where n is complex, the 
equation for n is 

(— M' + i . 47rcrA:r'*) + /a = 0 (4) 

The free vibrations are assumed to have considerable persistence, and the co- 
efficient of decay is e“^*, where 

q = 2rrak7^ ~ 2iTapkr‘^l M' , (5) 

a pul M'. 

We now suppose that the resonator is exposed to primary waves whose 
velocity-potential is there 

4 > = ( 6 ) 

The effect is to introduce on the right hand of (3) the term' 47rrVa . fp ; 
and since the resonance is supposed to be accurately adjusted, = pjM'. 
Under the same conditions id^pjdt^ in the third term on the left of (3) may- 
be replaced by — 2 'idpldt, wdiether we are dealing with the permanent forced 
vibration or with free vibrations of nearly the same period which gradually 
die away. Thus our equation becomes on rejection of the imaginary part 

M' + 4i7rcrpkr‘^ ^ - 1 - = _ 4fTrr~a ap sin pt, (7) 

which is of the usual form for vibrations of systems of one degree of freedom. 
For the permanent forced vibration M'tPpjdP 4- /xp =0 absolutely, and 

dp __ __aBm.‘pi . 

lit ~ ~ k'f^ 

The energy located in the resonator is then 



and it may become very great when M is large and r small. 

But when M is large, it may take a considerable time to establish the 
permanent regime after the resonator starts from rest. The approximate 
solution of (7), applicable in that case, is 

a cos pi 

(l-« 'O (10) 

q being regarded as small in comparison with p ; and the energy located in 
the resonator at time t 

= I if (1 - (11) 

We may now inquire what time is required for the accumulation of energy 
equal (say) to one quarter of the limiting value. This occurs when 
or by (5) when 

j ^ __ 

q p> . kr . 27r<Tr^ 


R. VI. 


,( 12 ) 

27 
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The energy propagated in time t across the area S of primary wave-front is 
{Theory of Sound, § 245) 

^Saak^ofit, ( 13 ) 

where a is the velocity of propagation, so that p — ak. If we equate (13) to 
one quarter of (9) and identify t with the value given by (12), neglecting the 
distinction between M and M', we get 


S = 


*77 _ 

2 log 2 . k^ Stt log 2 ’ 


(14)* 


The resonator is thus able to capture an amount of energy equal to that 
passing in the same time through an area of primary wave-front comparable 
with X^TT, an area which may exceed any number of times the cross-section 
of the resonator itself. 


* log 2=0-693. 
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ON THE ATTENUATION OF SOUND IN THE ATMOSPHERE. 


[Advisor ij Goinmittee for Aeromutics. August, 1916.] 


In T. 749, Major Taylor presents some calculations which “ shew that the 
chief cause of the dissipation of sound during its transmission through the 
lower atmosphere must be sought for in the eddying motion which is known 
to exist there. The amount of dissipation which these calculations would lead 
us to expect from our knowledge of the structure of the lower atmosphere 
agrees, as well as the rough nature of the observations permit, with the 
amount of dissipation given by Mr Lindemann.” 


The problem discussed is one of importance and it is attended with con- 
siderable difficulties. There can be no doubt that on many occasions, perhaps 


one might say normally, the attenuation is much more rapid than according 
to the law of inverse squares. Some 20 years ago {Mentific Papers, VoL iv. 
p. 298) I calculated that according to this law the sound of a Trinity House 
syren, absorbing 60 horse-power, should be audible to 2700 kilometres! 


A failure to propagate, so fir as it is uniform on all occasions, would 
naturally be attributed to dissipative action. I am here using the word in the 
usual and narrower technical sense, implying a degradation of energy from the 
mechanical form into heat, or a passage of heat from a higher to a lower 
temperature. Although there must certainly be dissipation consequent upon 
radiation and conduction of heat, it does not appear that these causes are 
adequate to explain the attenuation of sound sometimes observed, even at 
moderate distances. This question is discussed in Phil. Mag. XLVII. p. 308, 
1899 {Scientific Papers, Vol. iv. p. 376) in connexion with some observations 
of Wilmer Duff. 


If we put dissipation out of account, the energy of a sound wave, advancing 
on a broad front, remains mechanical, and we have to consider what becomes 
of it. Part of the sound may be reflected, and there is no doubt at all that, 
whatever may be the mechanism, reflection does really occur, even when no 
obstacles are visible. At St Catherine’s Point in 1901, 1 heard strong echoes 

27—2 
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from over the sea for at least 12 seconds after the syren had ceased sounding. 
The sky was clear and there were no waves to speak of. Reflection in the 
narrower sense (which does not include so called total reflection !) requires 
irregularities in the medium whose outlines are somewhat sharply defined, 
the linear standard being the wave-length of the vibration ; but this require- 
ment is probably satisfied by ascending streams of heated air. 

In considering the effect of eddies on- maintained sounds of given pitch, 
Major Taylor does not include either dissipation (in the narrower sense) or 
reflection. I do not understand how, under such conditions, there can be any 
general attenuation of plane waves. What is lost in one position in front of 
the phase-disturbing obstacles, must be gained at another. The circumstances 
are perhaps more familiar in Optics. Consider the passage of light of given 
wave-length through a grating devoid of absorbing and reflecting power. The 
whole of the incident light is then to be found distributed between the central 
image and the lateral spectra. At a sufficient distance behind the grating, 
supposed to be of limited width, the spectra are separated, and as I under- 
stand it the calculation refers to what would be found in the beam going to 
form the central image. But close behind the grating, or at any distance 
behind if the width be unlimited, there is no separation, and the average 
intensity is the same as before incidence. The latter appears to be the case 
with which we are now concerned. The problem of the grating is treated in 
Theory of Sound, 2nd edition, § 272 a. 

Of course, the more important anomalies, such as the usual failure of 
sound up wind, are to be explained after Stokes and Reynolds by a refraction 
which is approximately regular. 

In connexion with eddies it may be worth while to mention the simple 
case afforded by a vortex in two dimensions whose axis is parallel to the plane 
of the sound waves. The circumferential velocity at any point is proportional 
to 1/r, where r is the distance from the axis. By integration, or more imme- 
diately by considering what Kelvin called the “circulation,” it is easy to 
prove that the whole of the wave which passes on one side of the axis is 
uniformly advanced by a certain amount and the whole on the other aide 
retarded by an equal amount. A fault is thus introduced into the otherwise 
plane character of the wave. 


[1918. Major Taylor sends me the following observations : 

Note on the Dispersion of Sound. 

Observations have shown that sound is apparently dissipated at a much 
greater rate than the inverse square law both up and down wind. The effect 
of turbulence on a plane wave front is to cause it to deviate locally from ite 
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plane form. The wave train cannot then be propagated forward without 
further change, but it may be regarded as being composed of a plane wave 
train of smaller amplitude, together with waves which are dispersed in all 
directions, and are due to the effect of the turbulence of the original train. 
If d is the diameter of an eddy, A is the wave length of the sound, U is the 
velocity of the air due to the eddy, and 7 is the velocity of sound, the amount 
of sound energy dispersed from unit volumes of the main wave is 


I 



UH 


where E is the energy of the sound per unit volume. If the turbulence is 
uniformly distributed round the source of sound then, as Lord Rayleigh points 
out, the sound energy will be uniformly distributed because the energy 
dispersed from one part of the wave front will be replaced by energy dispersed 
from other parts; but if the turbulence is a maximum in any particular direc- 
tion then more sound energy will be dispemed from the wave fronts as they 
proceed in that direction than will be received from the less turbulent 
regions. Regions of maximum turbulence should, therefore, be regions of 
minimum sound. The turbulence is usually a maximum near the ground. 
The intensity of sound should, therefore, fall off near the ground at a greater 
rate than the inverse square law, even although there is no solid obstacle 
between the source of sound and the listener.] 
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ON VIBRATIONS AND DEFLEXIONS OF MEMBRANES, 

BARS, AND PLATES. 


[Fliilosoiihical Magazine, VoL xxxn. pp. 353—364, ] 

In Theory of Sound, § 211, it was shown that “any contraction of the 
fixed boundary of a vibrating membrane must cause an elevation of pitch, 
because the new state of things may be conceived to differ from tlu^ old merely 
by the introduction of an additional constraint. Spiings, without inertia, arc‘ 
supposed to urge the line of the proposed boundary towards its etpiilibrium 
position, and gradually to become stitfer. At each step the vibrations beconu) 
more rapid, until they approach a limit corresponding to infmit(^ Ktifftn*ss of 
the springs and absolute fixity of their points of application. 1 1 is not necessaiy 
that the part cut off should have the same density as the rest, or (wmi any 
density at all.” 

From this principle we may infer that the gravest mode of vil>i’ation for 
a membrane of any shape and of any variable density is dcwoid of internal 
nodal lines. For suppose that ACDB (fig. 1) vibrating in its longe.Ht |)eriod 



D 


(r) has an internal nodal line CB. This requires that a inenibrami with the 
fixed boundary AGB shall also be capable of vibration in period r. The im- 
possibility is (iasily seen. As ACDB gradually contracts through A CD'S to 
AGB, the longest period diminishes, so that the longest period ot' AO B is less 
than r. No period possible to AGB can be equal to t. 
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If we replace the reactions against acceleration by external forces, we may 
obtain the solution of a statical problem. When a membrane of any shape 
is submitted to transverse forces, all in one direction, the displacement is 
evej'ywhere in the direction of the forces. 

Similar conclusions may be formulated for the conduction of heat in two 
dimensions, which depends upon the same fundamental differential equation. 
Here the boundary is maintained at a constant temperature taken as zero, 
and “ persistences ” replace the periods of vibration. Any closing in of the 
boundary reduces the principal persistence. In this mode there can be no 
internal place of zero temperature. In the steady state under positive sources 
of heat, however distributed, the temperature is above zero everywhere. In 
the application to the theory of heat, extension may evidently be made to 
three dimensions. 


Arguments of a like nature may be used when we consider a bar vibrating 
transversely in virtue of rigidity, instead of a stretched membrane. In Theory 
of Sound, § 184, it is shown that whatever may be the constitution of the bar 
in respect of stiffness and mass, a curtailment at either end is associated with 
a rise of pitch, and this whether the end in question be free, clamped, or merely 
“ supported.” 

In the statical problem of the deflexion of a bar by a transverse force 
locally applied, the question may be raised whether the linear deflexion must 
everywhere be in the same direction as the force. It can be shown that the 
answer is in the affirmative. The equation governing the deflexion {w) is 



where Z dir is the transverse force applied at dx, and is a coefficient of 
stiftiiess. In the case of a uniform bar B is constant and w may be found by 
simple integration. It suffices to suppose that Z is localized at one point, say 
jxt .» = b\ and the solution shows that whether the ends be clamped or supported, 
or if one end be clamped and the other free or supported, w is everywhere of 
the same sign as Z. The conclusion may evidently be extended to a force 
variable in any manner along the length of the bar, provided that it be of the 
same sign throughout. 

But there is no need to lay stress upon the case of a uniform bar, since 
the proposition is of more general aj)plication. The first integration of (1) 


gives 


dx\ dx^j Jo 



and JZdx = 0 from = 0 at one end to x = 6, and takes another constant value 
{Zy) from x = h to the other end at x = l. A second integration now shows 
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that Bd?wj daf is a linear function of x between 0 and h, and again a linear 
function between 6 and I, the two linear functions assuming the same value 
at x — h. Since jB is everywhere positive, it follows that the curvature cannot 
vanish more than twice in the whole range from 0 to I, ends included, unless 
indeed it vanish everywhere over one of the parts. If one end be supported, 
the curvature vanishes there. If the other end also be supported, the curva- 
ture is of one sign throughout, and the curve of deflexion can nowhere cross 
the axis. If the second end he clamped, there is hut one internal point of 
inflexion, and again the axis cannot be crossed. If both ends are clamped, 
the two points of inflexion are internal, but the axis cannot be crossed, since 
a crossing would involve three points of inflexion. If one end he free, the 
curvature vanishes there, and not only the curvature hut also the rate of 
change of curvature. The part of the rod from this end up to the point of 
application of the force remains unhent and one of the linear functions spoken 
of is zero throughout. Thus the curvature never changes sign, and the axis 
cannot he crossed. In this case equilibrium requires that the other end be 
clamped. We conclude that in no case can there he a deflexion anywhere of 
opposite sign to that of the force applied at = 6, and the conclusion may be 
extended to a force, however distributed, provided that it be one-signed 
throughout. 

Leaving the problems presented by the membrane and the bar, we may 
jjass on to consider whether similar propositions are applicable in the case of 
a flat plate, whose stiffness and density may he variable from point to point. 
An argument similar to that employed for the membrane shows that when 
the boundary is clamped any contraction of it is attended by a rise of pitch. 
But (Theory of Sound, § 230) the statement does not hold good when the 
boundary is free. 

When a localized transverse force acts upon the plate, we may inquire 
whether the displacement is at all points in the same direction as the 
force. This question was considered in a former paper* in con- 
nexion with a hydrodynamical analogue, and it may be convenient 
to repeat the argument. Suppose that the plate (fig. 2), clamped at 
a distant boundary, is almost divided into two independent parts hy 
a straight partition CD extending across, but perforated by a nari-ow 
aperture AB; and that the force is applied at a distance from CD on 
the left. If the partition were complete, w and dwjdn would be zero 
over the whole (in virtue of the clamping), and the displacement in 
the neighbourhood on the left would be simple one-dimensional bend- 
ing, with w positive throughout. On the right w would vanish. In 
order to maintain this condition of things a certain couple acts upon pj 
the plate in virtue of the supposed constraints along CD. 

* Phil. Mag. Vol. xxxvi. p. 354 (1893); Scientific Pajgers, Vol. iv. p. 88. 
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Along the perforated portion AB the couple required to produce the one- 
dimensional bending fails. The actual deformation accordingly differs from 
the one-dimensional bending by the deformation that would be produced by 
a couple over AB acting upon the plate, as clamped along CA, BD, but other- 
wise free from force. This deformation is evidently symmetrical with change 
of sign upon the two sides of OD, w being positive on the left, negative on the 
right, and vanishing on AB itself. Thus upon the whole a downward force 
acting on the left gives rise to an upward motion on the right, in opposition 
to the general rule proposed for examination. 

If we suppose a load attached at the place where the force acts, but that 
otherwise the plate is devoid of mass, we see that a clamped plate vibrating 
freely in its gravest mode may have internal nodes in the sense that w is there 
evanescent, but of course not in the full sense of places which behave as if 
they were clamped. 

In the case of a plate whose boundary is merely supported, i.e. acted upon 
by a force (without couple) constraining vj to remain zero* it is still easier to 
recognize that a part of the plate may move in the direction opposite to that 
of an applied force. We may contemplate the arrangement of fig. 2, where, 
however, the partition CD is now merely supported and not clamped. Along 
the unperforated parts CA, BD the plate must be supposed cut through so 
that no couple i's transmitted. And in the same way we infer that internal 
nodes are possible when a supported plate vibrates freely in its gravest mode. 

But although a movement opposite to that of the impressed force may be 
possible in a plate whose boundaiy is claniped or supported, it would seem 
that this occurs only in rather extreme cases when the boundary is strongly 
re-entrant. One may suspect that such a contrary movement is excluded 
when the boundary forms an oval curve, i.e. a curve whose curvature never 
changes sign. A rectangular plate conuis under this description; but according 
to M. Mesnager’!*, “M. J. R6sn,l a montre qu’en applicant une charge an centre 
d’une plafjue rectangulaire de proportions convenables, on produit trfes probable- 
ment le soulevement de certaines regions de la plaque.” 1 understand that 
the boundary is supposed to be “ supported ” and that suitable proportions 
are attained when one side of the rectangle is relatively long. It seems 
therefore desirable to impiire more closely into this question. 

The general differential equatirm for the equilibrium of a uniform elastic 
plate under an impressed transverse force proportional to Z is:j: 

= {d^jda;^ + dr j dnff w=^Z. .(8) 

It Hiay be remarked tliat the Hubstitution of a Bupported for a clamped boundary is equiva- 
lent to tlie abolition of a constraint, and is in eonsequence attended by a fall in the frequency of 
free vibrations. 

t O. R. t. onxix. p. 826 (1916). 

ij. Theory of Somuf §g 215, 225 ; Love’s Mathematical Theory of Elasticity ^ Chapter xxn. 
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We will apply this equation to the plate bounded by the lines 3/ = 0, y = tt, 
and extending to infinity in both directions along x, and we suppose that 
external transverse forces act only along the line x= 0 . Under the operation 
of these forces the plate deflects symmetrically, so that w is the same on both 
sides of a? = 0 and along this line dw / dx — 0 . Having formulated this condition, 
we may now confine our attention to the positive side, regarding the plate as 
bounded at « = 0. 


The conditions for a supported edge . parallel to x are 


10 = 0 , d^wldy^=0] ( 4 ) 

and they are satisfied at y = 0 and y = tt if we assume that w as a function of 
y is proportional to sin ny, w being an integer. The same assumption intro- 
duced into ( 3 ) with Z—Q gives 

{d^l daP^ — w = 0, (o) 

of which the general solution is 


w= {(A -I- J 5 .«) e~'^^ + {G + Dx) sin ny, (6) 

where A, B, C, D, are constants. Since w = Q when x = -\- co , G and D must 
here vanish ; and by the condition to be satisfied when x = 0, B = nA. The 
solution applicable for the present purpose is thus 

A Eiuny . {\ +nx) ( 7 ) 


The force acting at the edge x = 0 necessary to maintain this displacement 
is proportional to 

dV^w . d^ div ^ . d^w . , 

+ ^ 


dx 


in virtue of the condition there imposed. Introducing the value of w from 
( 7 ), we find that 

d^io } dx^ = ‘ZinPA sin ny, 

which represents the force in question. When 71 — 1, 


lu = A sin 3/ . (1 + x) e~^ ; (10 ) 

and it is evident that w retains the same sign over the whole plate from 
= 0 to a? = 00 . On the negative side (10) is not applicable as it stands, 
but we know that w has identical values at ± x. 

The solution expressed in (10) suggests strongly that Resal’s expectation 
is not fulfilled, but two objections may perhaps be taken. In the first place 
the force expressed in ( 9 ) with n=l, though preponderant at the centre 
y = ^TT, is not entirely concentrated there. And secondly, it may be noticed 
that we have introduced no special boundary condition at a; = 00 . It might 
be argued that although w tends to vanish when x is very great, the manner 
of its evanescence may not exclude a reversal of sign. 
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yV^€ piocccd then to examine the solution for a plate definitely terminated 
at c istanccs , and there supported. For this purpose we resume the general 

^5 JL T3 1 Xjl. ^ v) ) ^ 

w = sin ny {(A + Bx) + (O -H Bx) e^^}, (11) 

which already satisfies the conditions of a supported edge at y = 0, y = tt. At 
= the condition is as before divjdx^O. At x^l the conditions for a 
supx>orted edge give first = 0, and therefore d-wjdy- = 0. The second con- 
dition then reduces to d-w j dx^ = 0. Applying these conditions to (11) we find 

D = O = - (A + 21B) (12) 

1 i remains to introduce the condition to he satisfied at x — 0. In general 
d'lv 

(lx "" (A -4- J5^) + [n {G + Bx) + D}] ; . . .(13) 

<in<l since this is to vanish when .r = 0, 

‘y%JL + jB + ifiG “*1- D == 0 (14) 

13y means of (12), (14) A, G, B may he expressed in terms of B, and we find 

dw nB Bill m/r , 

dx ^ ^ " ''' ~ 1 + {- {21 -x) + xe-^-^^}]. (15) 

In (15) tlie square bracket is negative for any value of x between 0 and I, 
for it inaj^ be written in the form 

~ xe-'>'^ [1 - } - (2^ - x)e-^^^ - e-^^} (16) 

When = 0 it vanishes, and when x — I it becomes 


— 2Ze“2nZ {^nl _ 

^ then that for any fixed value of y there is no change in the 

sign oi dwjdx over the whole range from x=Ci to x = l. And when »z. = l, 
thi.s Hign <loes not alter with y. As to the sign of w when = 0, we have then 
fnjm (11) 

, . ... . 4 ^^^* 

w = sin ny(A + G)^B sin ny - - , 

so tliat d'W j dx in (15) has thi’oughout the opposite sign to that of the initial 
value of And since wj = 0 when x — l, it follows that for every value of y 
th<^ Kign of w remains unchanged from x = 0 to x = l. Further, if n — 1, this 
sign i.s the same whatciver be the value of y. Every point in the plate is 
deflected in tin*, same direction. 


I jct us now suppose that the plate is clamped at a’= ± I, instead of merely 
supported. '^Flie conditions are of course w = 0, dw jdx— 0. They give 


B^e~'^>^^[2nA + B{2nl-l)], (17) 

G'= - [A (1 + 2nl) + 2nPB} (18) 


■irhe condition at = 0 is that already expressed in (14). 


* [Tho fjictor c”* haw been omitted from the denominator; with 1 — <k the corrected result 
agretM with (7) when i<; = 0, if I} = nA. W. P. S.] 
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As before. A, G, D may be expressed in terms ‘of B. 
may set B = l, and write 

jff = 1 -H {27il — 1) • 

We find 

2) = (2nl -h 1 — 
nO+ X)-=- . 2nHyH. 


■ [411 

For shortness we 
(19) 


Thus 


dw 

dco 


= sin ny (— qiA 4- 1 — (nG D-\- nDx)~\ 

= sin 7iy . g— (1 4- (2nl — 1)}] 


..( 20 ) 


4- sin ny . [— 27iH^ 4- 7ix {2nl 4- 1 ~ 

vanishing when x = 0, and when x =^l. 

This may be put into the form 

sin ny [2nH {I — x') — e“”'*) 

+ nx e-'^^ (1 — — e-«(^-®))], 

in which the square bracket is positive from x — 0tox = l. 

It is easy to see that H also is positive. When nl is small, (19) is positive, 
and it cannot vanish, since 

Q‘lnl > 1 > 1 _ 2nl. 

It remains to show that the sign of w follows that of sin 7 iy when x = 0. 
In this case 

w = {A 4- 0) sin 712/ ; (21) 

and 

n (A 4-0) £r = 1 — (2 4- 47^^Z-) + 


-•ini (^Qinl Q 


— 2?iZ 


2_4n2Z2). 


.( 22 ) 




The bracket on the right of (22) is positive, since 

Q^nl _j. Q-inl _ 2 


2+”Tr + -" 

We see then that for any value of y, the sign of dtujdx over the whole 
range from x = 0 to x== l is the opposite of the sign of w when x— Of ; and 
since w — 0 when x = I, it follows that it cannot vanish anywhere between. 
When n = 1, w retains the same sign at a? = 0 whatever be the value of y, and 
therefore also at every point of the whole plate. No more in this case than 
when the edges at x = ±l are merely supported, can there be anywhere a 
deflexion in the reverse direction. 

In both the cases just discussed the force operative at a; = 0 to which the 
deflexion is due is, as in (8), proportional simply to dhvjdx^, and therefore to 

^ [SoxBe corrections have been made in this equation. W. F. S.] 
t This follows at once if we start from x = Z where t 4 ? = 0. 
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sm w/ and is ot course m the same direction as the displacement alon^ the 
samQ line. When n = l, both forces and displacements are in a fixed direction, 
it will be of interest to examine what happens when the force is concentrated 
at a .single point on the line = 0, instead of being distributed over the whole 
of It between y — 0 and y = tt. But for this purpose it may be well to simplify 
the problem by supposing I infinite. 


On the analogy of (7) we take 

w = %An (1 H- nx) sin ny, (23) 

making, when a; == 0, 

d'*w/ da? — n sin ny (24) 

11, then, Z represent the force operative upon dy, analysable by Fourier’s 
theorem into 

Z == sin y Z.^, sin 2y + Z^ sin 3y + . . ., (25) 

we have 

2 2 

~ ^ dy ^Zy, &iicxnr], (26) 

if tlie force is concentrated y = r}. Hence by (24) 

TT 

so that 

Zn ^ cos n {y—y) — cos n (y + y) 

^ W _ i' u u (1 + „*) (28) 


where n— 1, 2, S, etc. It will be understood that a constant factor, depending 
upon the elastic constants and the thickness of the plate, but not upon w, has 
been omitted. 


The series in (28) becomes more tractable when differentiated. We have 


dvj 

Zyj ^ cos n(y-y)- cos n(y + y) 

(29) 

dx 

r-v 6 5 • • • ( 

27r n 

and the -summations to be considered are of the form 



"Z n~^ cos 72/S e~‘^^ 

(30) 

This may be considered as the real part of 



Zn-^ 

(31) 

that is, of 

— log (1 — e~(®-‘^)) 

(32) 

Thus, if we take 

Zn~^ -X + iY, 

(33) 

1 

1 

II 

1 — g-{x-ip)^ and 6--*+®^= 1 — 


so that 

g- 2 x = 1 _i_ g— 2 !» _ 2e“* cos J3 

(34) 



430 


ON VIBRATIONS AND DEFLEXIONS OF 


[411 


Accordingly 


cos nyS e~^ = — -I- log (1 + e~^® — cos /3) ; 

and 

dw ■. 1 4- — 2e~® cos {y — y) 

dx 4i7r . 1 + — 2e~^ cos (y -hy) 

Fi'om the above it appears that 

1¥ = X log {1 4- — 2e~* cos (y + rj)] = x log h 


(35) 

(36) 


must satisfy TT = 0. This may readily be verified by means of 


V“logA = 0, and V2T1'^= a; V^log A4- 2d log /i/da';. 

We have now to consider the sign of the logarithm in (36), or, as it may 
be written, 


log 


qX _]_ Q—X _ 2 QQg (^y _ 

+ e~* — 2 cos (y 4- yj * 


(37) 


Since the cosines are less than unity, both numerator and denominator are 
positive. Also the numerator is less than the denominator, for 

cos iy — y) — cos (y + y) = 2 sin y sin '>7 = 4-, 


so that cos {y — y) > cos {y + y). The logarithm is therefore negative, and 
dwjdx has everywhere the opposite sign to that of Zr^. If this be supposed 
positive, lu on every line y = const, increases as we pass inwards from a; = co where 
w = 0 to a; = 0. Over the whole plate the displacement is positive, and this 
whatever the point of application {y) of the force. Obviously extension may 
be made to any distributed one-signed force. 

It may be remarked that since the logarithm in (37) is unaltered by a 
reversal of x, (36) is applicable on the negative as well as on the positive side 
of x = 0. If y — y, x — 0, the logarithm becomes infinite, but dwjdx is still 
zero in virtue of the factor x. 


I suppose that w cannot be expressed in finite terms by integration of 
(36), but there would be no difficulty in dealing arithmetically with particular 
cases by direct use of the series (28). If, for example, y = -^ 7 r, so that the 
force is applied at the centre, we have to consider 

'Zn~^ sin ^nTT . sin ny . (1 4- nx), (38) 

and only odd values of n enter. Further, (38) is symmetrical on the two sides 
of y — ^rr. Two special cases present themselves when x = 0 and when y — | 7 r. 
In the former w is proportional to 

1 . 1 

sin y — sm 3y + ~ sin 5y — , 

and in the latter to 

(1 4- £») + ^7, e-'* (1 + Sa?) 4- e”®* (1 4- 5a-) + (40) 

Augiist 2 , 1916 . 
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Added August 21. 

The accompanying tables show the form of the curves of deflexion defined 
by (39), (40). 


y 

(39) 

y 

(39) 

0 ° 

'0000 

50 

•7416 

10 

•1594 

60 

•8574 

20 

•3162 

70 

•9530 

30 

•4675 

80 

1-0217 

40 

•6104 

90 

1-0518 


X 

(40) 

X 

(40) 

0-0 

1-0518 

3-0 

•1992 

0-5 

•9333 

4-0 

•0916 

1-0 

•7435 

5-0 

•0404 

2-0 

j -4066 

10-0 

•0005 


In a second communication* Mesnager returns to the question and shows 
by very simple reasoning that all points of a rectangular plate supported at 
the boundary move in the direction of the applied transverse forces. 

If z denote then V'^z, ~ is positive over the plate if the applied 
forces are everywhere positive. At a straight portion of the boundary of a 
supported plate z ~ 0, and this is regarded as applicable to the whole boundary 
of the rectangular plate, though perhaps the cornei’S may require further con; 
sideration. But if V'^z is everywhere positive within a contour and z vanish 
on the contour itself, z must be negative over the interior, as is physically 
obvious in the theory of the conduction of heat. Again, since is negative 
throughout tlie interior, jind 'W va-nishes at the boundary, it follows in like 
manner that w is positive throughout the interior. 

It do(ss not apixiar that an arguinent on these lines can be applied to a 
rectangular phitc whose boundary is clamped, or to a supported plate whose 
^boundary is in part curved. 

P.S. In connexion with a recent pa})er on the “Flow of Compressible 
Fluid past an Obstacle ” {Phil. Mag. July 101())i‘, 1 have become aware that 
the subject had been treated with considerable gentu’alit-y by Prof. Cisotti of 
Milan, under the title “ Sul Paradosso di D’Alembert ” {Atti R. Istituto Veneto, 
t. Ixv. 1906). There was, however, no reference to the limitation necessary 
when the velocity exceeds that of sound in the medium. I understand that 
this matter is now engaging Prof Cisotti’s attention. 

* G. It. July 24, 1916, p. 84. t [This volume, p. 402.] 
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ON CONVECTION CURRENTS IN A HORIZONTAL LAYER OF 
FLUID, WHEN THE HIGHER TEMPERATURE IS ON THE 
UNDER SIDE. 

[Philosophical Magazine, VoL xxxii. pp. 529 — 546, 1916.] 

The present is an attempt to examine how far the interesting results 
obtained by B^nard* in his careful and skilful experiments can be explained 
theoretically. Bdnard worked with very thin layers, only about 1 mm. deep, 
standing on a levelled metallic plate which was maintained at a uniform 
temperature. The upper surface was usually free, and being in contact with 
the air was at a lower temperature. Various liquids were employed — some, 
indeed, which would be solids under ordinary conditions. 

The layer rapidly resolves itself into a number of cells, the motion being 
an ascension in the middle of a cell and a descension at the common 
boundary between a cell and its neighbours. Two phases are distinguished, 
of unequal duration, the first being relatively very short. The limit of the 
I first phase is described as the “ semi-regular cellular regime ” ; in this state 
all the cells have already acquired surfaces nearly identical, their forms 
being nearly regular convex polygons of, in general, 4 to 7 sides. The 
boundaries are vertical, and the circulation in each cell approximates to 
that already indicated. This phase is brief (I or 2 seconds) for the less 
viscous liquids (alcohol, benzine, etc.) at ordinary temperatures. Even for 
paraffin or spermaceti, melted at 100° C., 10 seconds suffice; but in the case 
of very viscous liquids (oils, etc.), if the flux of heat is small, the deformations 
are extremely slow and the first phase may last several minutes or more. 

The second phase has for its limit a permanent regime of regular hexa- 
gons. During this period the cells become equal and regular and align 

Revue g6n&rale des Sciences, Vo], xii. pp. 1261, 1309 (1900); Ann. d. Chiviie et de Physique, 
t. xxiir. p. 62 (1901). M. B6nard does not appear to be acquainted with James Thomson’s paper 
“On a Changing Tesselated Structure in certain Liquids” {Proc. Glasgow Phil. Soc. 1881 — 2), 
where is described a like structure in much thicker layers of soapy water cooling from the 
surface. 



1916] ON CONVECTION CURRENTS IN A HORIZONTAL LAYER OP FLUID 433 

themselves. It is extremely protracted, if the limit is regarded as the 
complete attainment of regular hexagons. And, indeed, such perfection is 
barely attainable even with the most careful arrangements. The tendency, 
however, seems sufficiently established. 

The theoretical consideration of the problem here arising is of interest 
for more than one reason. In general, when a system falls away from 
unstable equilibrium it may do so in several pi'incipal modes, in each of 
which the departure at time t is proportional to the small displacement or 
velocity supposed to be present initially, and to an exponential factor 
where q is positive. If the initial disturbances are small enough, that mode 
(or modes) of falling away will become predominant for which is a maxi- 
mum. The simplest example for which the number of degrees of freedom 
is infinite is presented by a cylindrical rod of elastic material under a 
longitudinal compression sufficient to overbalance its stiffness. But perhaps 
the most interesting hitherto treated is that of a cylinder of fluid disinte- 
grating under the operation of capillary force as in the beautiful experiments 
of Savart and Plateau upon jets. In this case the surface remains one of 
revolution about tlie original axis, but it becomes varicose, and the question 
is to compare the effects of different wave-lengths of varicosity, for upon this 
depends the numbtir of detached masses into which the column is eventually 
resolved. It was proved by l^lateau that there is no instability if the wave- 
length be less than the circumference of the column. For all wave-lengths 
greater than tliis thc;re is instability, and tlie corresponding modes of dis- 
integration may establisli themselves if the initial disturbances are suitable. 
But if the. general disturbance is very small, those components only will have 
opportunity to develop tlxemselves for which the wave-length lies near to 
that of maximum instability. 

It has been shown* tliat the wave-length of maximum instability is 
4-508 times the diameter of the jet, exceeding the wave-length at which 
instability first entcT's in tlie ratio of about 3 : 2. Accordingly this is the 
sort of disintegration to be expected when the jet is shielded as far as 
possible from extremal disturbance. 

It will be observed that thcvre is nothing in this theory which could fix 
the phase of the prtKlominant disturbance, or the particular particles of the 
fluid which will ultimately form the centres of the detached drops. There 
remains a certain indc;terminateness, and this is connected with the circum- 
stance that absolute regrdarity is not to be expected. In addition to the 
wave-length of maximum instability we must include all those which lie 
sufficiently near to it, and the superposition of the corresponding modes will 
allow of a slow variation of phase as we pas.s along the column. The phase 

IVoc. IjoncL Math, Soc, VoL x, p, 4 (.1879) ; SciefUiJlc Papers^ Vol* i. p. 361, AIho Theory 
of Sounds 2nd od. §§ 357, &c. 


K, YI. 
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in any particular region depends upon the initial circumstances in and near 
that region, and these are supposed to he matters of chance*. The super- 
position of infinite trains of waves whose wave-lengths cluster round a given 
value raises the safne questions as we are concerned with in considering the 
character of approximately homogeneous light. 

In the present problem the case is much more complicated, unless we 
arbitrarily limit it to two dimensions. The cells of B6nard are then reduced 
to infinitely long strips, and when there is instability we may ask for what 
wave-length (width of strip) the instability is greatest. The answer can be 
given under certain restrictions, and the manner in which equilibrium breaks 
down is then approximately determined. So long as ^ the two-dimensional 
character is retained, there seems to be no reason to expect the wave-length 
to alter afterwards. But even if we assume a natural disposition to a two- 
dimensional motion, the direction of the length of the cells as well as the 
phase could only be determined by initial circumstances, and could not be 
expected to be uniform over the whole of the infinite plane. • 

According to the observations of Benard, something of this sort actually 
occurs when the layer of liquid has a general motion in its own plane at the 
moment when instability commences, the length of the cellular strips being 
parallel to the general velocity. But a little later, when the general motion 
has decayed, division-lines running in the perpendicular direction ])resent 
themselves. 

In general, it is easy to recognize that the question is much more 
complex. By Fourier’s theorem the motion in its earlier stsiges may be 
analysed into components, each of which corresponds to rectangular cells 
whose sides are parallel to fixed axes arbitrarily chosen. The solution for 
maximum instability yields one relation between the sides of the rectangle, 
but no indication of their ratio. It covers the two-dimensional case of 
infinitely long rectangles already referred to, and the contrjrsted case of 
squares for which the length of the side is thxis determined. I do not see 
that any plausible hypothesis .as to the origin of the initial disturbances 
leads us to expect one particular ratio of sides in preference to another. 

On a more general view it appears that the function expressing the dis- 
turbance which develops most rapidly may be assimilated to that which 
represents the free vibration of an infinite stretched membrane vibrating 
with given frequency. 

The calculations which follow are based upon equations given by Bous- 
sinesq, who has applied them to one or two particular problems. Tlie special 
limitation which characterizes them is the neglect of variations of density, 

* When a jet of liquid is acted on by an external vibrator, the resolution into drops may be 
regularized in a much higher degree. 
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except in so far as they modify the action of gramty. Of course, such neglect 
can be justified only under certain conditions, which Boussinesq has dis- 
cussed. They are not so restrictive as to exclude the approximate treatment 
of many problems of interest. 

When the fluid is in viscid and the higher temperature is below, all modes 
of disturbance are instable, even when we include the conduction of heat 
during the disturbance. But there is one class of disturbances for which the 
instability is a maximum. 

When viscosity is included as well as conduction, the problem is more 
complicated, and we have to consider boundary conditions. Those have 
been chosen which are simplest from the mathematical point of view, and 
they deviate from those obtaining in Benard’s experiments, where, indeed, 
the conditions are different at the two boundaries. It appears, a little un- 
expectedly, that the equilibrium may be thoroughly stable (with higher 
temperature below), if the coefficients of conductivity and viscosity are not 
too small. As the temperature gradient increases, instability enters, and at 
first only for a |)articular kind of disturbance. 

The second phase of Benard, where a tendency reveals itself for a slow 
transformation into regular hexagons, is not touched. It would seem to 
demand the inclusion of the squares of quantities here treated as small. 
But the size of the hexagons (under the boundary conditions postulated) is 
determinate, at any rate when tlnsy assert themselves early enough. 

An a|)pendix deals with a related analytical problem having various 
physical interpretations, such as the symmetrical vibration in two dimensions 
of a layer of air enclosed by a nearly circular wall. 


The ge 

ner:d Ei 

iderian e 

((nations of fluid motion are in 

the usual 

notU' 

tion : — 

Du , 

m ~ " 

^ 1 dp 

p dx 

Dv y. 1 d,p Dw „ 

' m~ pdy^ Dl~ 

1 dp 

p dz 

•(1) 

where 


1) 
Dt '' 

d d d, d 

= ; , + 'U , + V . + W J “ 5 

(it dy dz 


■(2) 


and X, Y, Z are tlie conqxmtmts of extraneous force reckoned pei’ unit of 
mass. If, neglecting viscosity, w(i sin)pose that gravity is the only impressed 
force, 

= F=0, Z=-g, (3) 

z being measured upwards. In equations ( I.) p is variable in consequence of 
variable temperature and variable pressure. But, as Boussinesq* has shown, 
in the class of problems under consideration the influence of pressure is 

* Th£orie Anahjtique dc la Chalear, t. ii. p. 172 (1903). 

28 — 2 
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unimportant and even the variation with temperature may be disregarded 
except in so far as it modifies the operation of gravity. If we write p = po + 
we have 

9P — 9Po (1 + Bp /po) = gpo - gpoct^, 

where 6 is the temperature reckoned from the point where p = po and a is 
the coefficient of expansion. We may now identify p in ( 1 ) with p,,, and our 
equations become 

Dti IdF Dv \dP Dw_ IdP ^ 
m^^pd^’ p dy^ Dt~ p dz^^^^ ^ 

where p is a constant, 7 is written for ga, and P for <p 4 - gpz. Also, since the 
fluid is now treated as incompressible, 

du dv dw „ 

s + 


The equation for the conduction of heat is 

De_ d^ 

Dt ^ \da)^ dt/^ 


dy'^ dz^- 


in which k is the diffusibility for temperature. These are the equations 
employed by Boussinesq. 

In the particular problems to which we proceed the fluid is supposed to 
be bounded by two infinite fixed planes at = 0 and z= where also the 
temperatures are maintained constant. In the equilibrium condition ti, v, tu 
vanish and 6 being a function of z only is subject to d^9 jdz^ = 0 , or dd fdz — 
where y 3 is a constant representing the temperature gradient. If the ecjui- 
librium is stable, 0 is positive ; and if unstable with the higher temperature 
below, 0 is negative. It will be convenient, however, to reckon d as the 
departure from the equilibrium temperature @. The only change required 
in equations (4) is to write vr for P, where 


= P 


©dz. 


In equation ( 6 ) Dd jPt is to be replaced by DO ! Dt + w0. 

The question with which we are principally concerned is the effect of a 
small departure from the condition of equilibrium, whether stable or un- 
stable. For this purpose it suffices to suppose u, v, lu, and 9 to be small. 
When we neglect the squares of the small quantities, P/P^ identifies itself 
with djdt and we get 

du _ 1 d-nr dv _ 1 d'OF dw _ 1 d-zzr ^ 


+ 0W 


P dy ’ 

'dW d^9 


^ \dap dy 


9 d'^9 

^ dz- 
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which with (5) and the initial and boundary conditions suffice for the 
solution of the problem. The boundary conditions are that iu — 0, 6—0, 
when z — 0 or 


We now assume in the usual manner that the small quantities are 
proportional to 

( 10 ) 


so that (8), (5), (9) become 

il'tzr iru'GT 1 dnr ^ 

n il = — — , ny = , nw = , — 'r <yd, 

p p p dz ' 

ihi + imv + dw Jdz = 0 , 

nd + = K {d^ j dz^ — P — m®) 6 

from which by elimination of u, v, nr, we derive 


( 11 ) 

( 12 ) 

(13) 


n dHo 
i~ + wi‘“ dz- 


= nw — y 9. 


(14) 


Having regal’d to the. boundary conditions to be satisfied by w and d, we 
now assume that these quantities are proportional to sinks', where s = q'jrj^, 


and q is an integer. Hence 

•+■ K (jP •+• nP -+■ iS’”)} 6—0, (1^) 

n (P + nP + «“) w - 7 (^“ + vP) 6 = 0, (16) 

and the equation determining n is the (|uadratic 

tP {P + nP + ,P) + fiK {P +■ nP + py + /3y (P 4- ftP) = 0 (17) 


Wlicn K = 0, there is no conduction, so that each element of the fluid retains 
its temperature and density. If /3 he positive, the equilibrium is stable, and 


n 


.( 18 ) 


± i \/\^'y (P + m“)} 

. 

indicating vilirations about the condition of equilibrium. If, on the other 
hand, be negative, say — 


•n 


± n 9') 

\/\P +• tip 4- .S’"] 


\/\P 4- nP 4- .S’- 1 

Wlien n has the positive Viilue, tlie corresponding disturbance increases 
cx])onentially with tlie time. 


For a given value oi P + nP, the numerical values of n diminish without 
limit as .s’ increases — that is, the more subdivisions there are along z. The 
greatest value corresponds with q=l or s = 7 rf^. On the other hand, if s be 


given, i n \ increases from zero as P 4- nP increases from zero (great wave- 
lengths along a) and y) up to a finite limit when P 4- nP is large (small wave- 
lengths along a; and //). This case of no conductivity falls within the scope 
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a former investigation where the fluid was supposed from the beginning 
to he incompressible but of variable density 

Returning to the consideration of a finite conductivity, we have again to 
distinguish the cases where /3 is positive and negative. When j3 is negative 
(higher temperature below) both values of n in (17) are real and one is 
positive. The equilibrium is unstable for all values of P + and of .s*. If 
/3 be positive, n may be real or complex. In either case the real part of n 
is negative, so that the equilibrium is stable whatever P + qtP and s may be. 

When ^ is negative (— it is important to inquire for what values of 
P + orP the instability is greatest, for these are the modes which more and 
more assert themselves as time elapses, even though initially they may be 
quite subordinate. That the positive value of n must have a maximum 
appears when we observe it tends to vanish both when P + is small and 
also when 1'^ + is large. Setting for shortness P + -nP ~ cr, we may 
write (17) 

nV + - /S'7 (o' - s”) = 0, (20) 

and the question is to find the value of cr for which n is greatest, s being 
supposed given. Making dn jdcr = 0, we get on differentiation 

+ 2n/iccr — /S'7 = 0 ; (21) 

and on elimination of 'iP between (20), (21) 






•( 22 ) 


CTsing this value of w in (21), we find as the equation for cr 

?!! = 1 
cr 

When K is relatively great, cr = 2s^, or 

P + orP = 5" 



( 2^ 


A second approximation gives 


P + 7tP — .s’-' + 


The corresponding value of??, is 


n 


= il_ 

4> ks ^ \ 8«=.sb ■ 


(25) 

(2(>) 


The modes of greatest instability are those for which s is smallest, that 
equal to tt/^, and 


P + wP — -\- 


/S'7 




.(27) 


is 


Proc, Lond, 3Iath, Sac. Vol. xiv. p. 170 (1883) ; Scientific Pa/pers^ Vol. ix, p. 200, 
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For a two-dimensional disturbance we may make m=0 and Z = 27r/X., 
where A is the wave-length along x. The A of maximum instability is thus 
approximately 

A =2^. (28) 

Again, if ^ = m = 27r/A, as for square cells, 

A = 2V2.r, (29) 

greater than before in the ratio ^2 : 1. 

We have considered especially the cases where i is relatively small and 
relatively large. Intermediate cases would need to be dealt with by a 
numerical solution of (23). 


When w is known in the form 

w = gj^ ,5^ ^ (30) 

n being now a known function of I, 'in, s, u and v are at once derived by 
means of (11) and (12). Thus 

il dw ini dw /oi \ 


il dw _ ini dw 
-t- mr dz’ ^ ~ P + rrP dz 


Tin; connexion between w and 6 is given by (15) or (16). When y3 is 

negative and n positive, 6 iind w are oi the same sign. 

As an example in two dimensions of (30), (31), we might have in real 

lorm , . . - rQox 

'ii == W cos . sin 2? . 

u = - IF sin . cos = 0 (33) 

llitlnn'to we have supposed the fluid to be destitute of viscosity. When 
Wi‘ include viscosity, wo must add V%) on the right of equations 

(1), (8), .and (11), v being the kinematic coefficient. Equations (12) and (13) 

remain unaffected. And in (11) 

V‘^==d^ldz--P-nP (34) 

W(‘ hu,ve also to ix^consider the boundary conditions at z=^0 and 
W. ,nu,y .still s.,i,posc tf = () a,Kl » = 0; but for a further oondition weshouW 
probably for 0, oorrespon.liug to a hxed solid wall*_ But tto 

..nlails 'niueh co.i.plication, and we may content ourselves with the sup- 
,,osil,im, ,P„./,(c’ = (), which (with TO-0) is satisfied by taking as before w 

proportional to sin with s-i/w/f. This is "'I"™'™* heL 
lat,ei-:d forces at tlie wa,ll. For (Lamb’s Hydrodynamics, % 323, 326) these 

fm-ces are expressed in general by 


dw du 


div dv 
dy dz ’ 


V-^^dx^dz^ ,ly ■ az- 

at the wallH.’’ W. F. B-J 
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while here w = 0 at the boundaries requires also diu / dx = 0, dw /dy 
Hence, at the boundaries, dhijdxdz, d^jdydz vanish, and therefore by (5), 


d^wjdz^. 

Equation (15) remains unaltered : — 

+ [n + k(P + s"^)] 0 = (15) 

and (16) becomes 

+ y (^2 + + S')l + 5") w ~ 7 (Z2 + 7ri^) 6 = 0 (36) 

Writing as before cr = P^m^-{- 5^, we get the equation in n 

(n + Kcr) {n + va) a + jBy {P + w^) = 0, (37) 

which takes the place of (17). 


If 7 = 0 (no expansion with heat), the equations degrade and we have 
two simple alternatives. In the first n + Kcr — 0 with w — O, signifying con- 
duction of heat with no motion. In the second n-\-vcr = 0, when the relation 
between w and 6 becomes 

+ a (k — v) 0 = 0 (38) 

In both cases, since n is real and negative, the disturbance is stable. 

If we neglect k in (37), the equation takes the same form (20) as that 
already considered when y = 0. Hence the results expressed in (22), (23), 
(24), (25), (26), (27) are applicable with simple substitution of v for k. 

In the general equation (37) if /3 be positive, as 7 is supposed always to 
be, the values of oi may be real or complex. If real they are both negative, 
and if complex the real part is negative. In either case the disturbance dies 
down. As was to be expected, when the temperature is higher above, the 
equilibrium is stable. 

In the contrary case when /S is negative (— /S') the roots of the quadratic 
are always real, and one at least is negative. There is a positive root only 
when 

/Sfy (f- + m-) > /ever’' (39) 

If K, or V, vanish there is instability ; but if k and v are finite and large 
enough, the equilibrium for this disturbance is stable, although the higher 
temperature is underneath. 

Inequality (39) gives the condition of instability for the particular dis- 
turbance {I, m, s). It is of interest to inquire at what point the equilibrium 
becomes unstable when there is no restriction upon the value of P + m". In 
the equation 

/^V (P + m") — Kv<r' = 0'y {cr — s") — /ever" = 0, (40) 

we see that the left-hand member is negative when P + vP is small and also 
when it is large. When the conditions are such that the equation can only 
just be satisfied with some value of P nP, or cr, the derived equation 

ySfy — ZkvcP — 0 


(41) 
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must also hold good, so that 


o- = 3sV 2, p + (42) 

and = 21kvs^I4> (43) 


Unless ySV exceeds the value given in (43) there is no instability, however 
I and m are chosen. But the equation still contains s, which may be as‘ large 
as we please. The smallest value of s is The condition of instability 

when I, m, and .? are all unrestricted is accordingly 


/S'7> 


277r^ 


KV 


.(44) 


If jS'y falls below this amount, the equilibrium is altogether stable. I am 
not aware that the possibility of complete stability under such circumstances 
has been contemplatecfe 

To interpret (44) more conveniently, we may replace /S' by (© 2 — ®i)/^ 
and y by g (p.j — pi) I pj (©a — © 1 )*, so that 


= ...(4S) 

b P\ 

where © 2 , ©i, p.., and pi are the extreme temperatures and densities in 
equilibrium. Thus (44) becomes 


P'i “■ pi ^ 27'jr‘‘‘/cv 


.(46) 


Pi 

In the case of air at Jitmospheric conditions we may take in C.G.S. measure 

and K = '|z/ (Maxwell’s Theory). 


V 


Also <7 ~ 980, and thus 



■033 


(47) 


For examphs, if ^ = 3 cm., instability requires that the density at the top 
exceed that at the l)ottom by one-thirtieth part, corresponding to about 
9” C. of temperature. We should not forget that our method postulates a 
small value of (p-^ — pdl px- Thus if kv be given, the application of (46) may 
cease to l)c legitimate unless ^ be large enough. 

It may bti remarked that the influence of viscosity would be increased 
were we to sup])os<^ the hoi'izontal velocities (instead of the horizontal forces) 
to be annulled at tlie boundaries. 


The problem of determining for what value of cr, the instability, 

when linite, is a maximum is more complicated. The differentiation of (37) 
with i-espect to cr gives 


whence 


71'- + 2//,cr ( /c -1- z^) Skvct" — yd'7 = 0, 
<r’^ (« 4- z^) ’ 


(48) 

(49) 


* [I£ pj is taken to correspond to , and p., to 0.,, mast be substituted for “p^-pi’’ 

throughout tliis page. W. F. S.] 
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expressing n in terms of cr-. To find a- we have to eliminate n between (48) 
and (49). The result is 

cT^^Kv {k - vy + <r^/3V + I'f - cr=' . 2;8V" W + = 0, . . .(50) 

from which, in particular cases, <x could be found by numerical computation. 
From (60) we fall back on (23) by supposing v = (), and again on a similar 
equation if we suppose k = 0. 

But the case of a nearly evanescent n is probably the more pi^ictical. In 
an experiment the temperature gradient could not be established all at once 
and we may suppose the progress to be very slow. In the earlier stages the 
equilibrium would be stable, so that no disturbance of importance would 
occur until n passed through zero to the positive side, corresponding to (44) 
or (46). The breakdown thu.s occurs for ,9 = tt/ and fey (42) h + 

And since the evanescence of n is ecpii valent to the omission of d/dt in the 
original equations, the motion thus determined has the cliaracter of a steady 
motion. The constant multiplier is, however, arbitrary ; and there is nothing 
to determine it so long as the squares of u, v, -w, 0 5xre neglected. 

In a particular solution whore iv as a function of is and y has the simplest 
form, say 

w = 2 cos X . cos y, (51) 


the particular coefficients of x and y which enter have relation to the par- 
ticular axes of reftirence employed. If wc rotat<^ these axes through an 
angle we have 

w = 2 cos [id cos ((> — }/ sin <^} . cos {.'// sin ^ + y' cos 
= cos [x' (cos ^ — sin ^)| . cos {;//' (cos -p sin cf))] 

+ sin [a/ (cos <j> — sin <p)\ . sin [y' (cos <.p 4 - sin <f>)\ 

+ cos [id (cos ^ -P sin <56)] . cos [//' (cos (p — sin p)] 

— sin [id (cos p -P sin <^)} . sin [y' (cos p — sin p}] (52) 


For example, if p = |7r, (52) becomes 

tv = cos {t/ V2) + cos (is' \/2) (53) 

It is to be observed tha.t with the gemn-al value of p, if we call the 
coefficients of id, y', I and ui respectively, wci hn,ve in <A'(‘ry part + = % 

unaltered from the original value in (51). 

The character of w, under the condition tholi all the elemtuvtary terms of 
which it is composed are subject t<) /" + wf” == c<>ristant (A’"), is the same as for 
the transverse displacement of an infinite stre*. tolled numibrane, vibrating 
with one definite frequency. '^Phe limitation upon w is, in fact, merely that 
it satisfies 

(dNdd -p dNdtd -P m a- = 0 (54) 


The character of lu in particular solutions of th<‘ membrane piroblem is 
naturally associated with the; nodal system {w — 0), where the inembrane may 
be regarded as held fast; and vve may supjiose the nodal system to divide 
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the plane into similar parts or cells, such as squares, equilateral triangles, or 
regular hexagons. But in the present problem it is perhaps more appropriate 
to consider divisions of the plane ■with respect to which w is symmetrical, so 
that dwjdn is zero on the straight lines forming the divisions of the cells. 
The more natural analogy is then with the two-diniensional vibration of air, 
where tu represents velocity-potential and the divisions may be regarded as 
fixed walls. 


The simplest case is, of course, that in which the cells are squares. If 
the sides of the squai-es be 27r, we may take with axes parallel to the sides 
and origin at centre 

w = cos X 4- cos y, (55) 

being thus composed by superposition of two parts for each of which 1. 
This makes diu / dx = ~ sin x, vanishing when x — ± tt. Similarly, dwjdy 
vanishes when y — ± tt, so that the sides of the square behave as fixed walls. 
To find the places where lu changes sign, we write it in the form 


tu — 2 cos 


£± 2 / 

2 ~" 


. cos 


y 


X 


.(56) 


giving 4- y = + TT, x — y — ± tt, lines which constitute the inscribed square 
(fig. 1). Within this square w has one sign (say -4-) and in the four right- 
angled triangles left over the — sign. When the 


whole plane is considered, thcjre is no want of 
symmetry between the + and the ■— regions. 

The principle is the same when the elomen- 
taiy colls ai’ci (squilateral triangles or hexagons ; 
but I am not aware that an analytical solution 
has l)een obtaiue<i for these cases. An experi- 
menta,l determination of might be made by 
observing the time of vibration under gravity of 



I 

1 


water contained in a trough with vertical sides * 
and of corresponding section, wliich depends upon 

the same differential equation and boundary conditions*. The particular 
vibi'ation in question is not the slowest possible, but that where there is a 
simultaneous rise at the centt'e and fall at the walls all round, with but one 
curve of zero elevation between. 

In the case of the hexagon, we may regard it as deviating comparatively 
little from the circular form and employ the approximate methods then 
applicable. By an argument analogous to that formerly developedf for the 
boundary c<mdition w — 0, we may convince ourselves that the value of 
for the hexagon cannot differ much from that appropriate to a circle of the 
same area, '^rhus if a be the radius of this circle, k is given by (ka)= 0, 


See Phil. Mnff. Vol. i. p. 2t7 (1870) ; Scientific Paper.'t, 'Vol. i. pp. 265, 271. 

i" Theory of Sounds § 200 ; compare also § 317- See Appendix. 
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Jo being the Bessel’s function of zero order, or ka = 3*832. If h be the side 
of the hexagon, = 3 \/3 . If 


Appendix. 


On the nearly symmetrical solution for a nearly circular area, when w satisfies 
{(Pj dcf -4- J®/ dy"^ 4- k^') = 0 and makes diu jdn = 0 on the boundary. 

Starting with the true circle of radius a, we have tv a function of r (the 
radius vector) only, and the solution is w = (kr) with the condition 
Jff (ka) =0, yielding /ca = 3*832, which determines k if a be given, or a if 
k be given. In the problem proposed the boundary is only approximately 
circular, so that we write r = a + p, where a is the mean value and 

/o = «! cos 9 fix sin 6+ + an cos nS + fin sin nd (57 ) 

In (57) 9 is the vectorial angle and ax etc. are quantities small relatively 
to a. The general solution of the differential equation being 

w ~ Ao Jo {kr) 4- Jx {kr) [Ax cos ^ 4- sin 6] 

4- . . . 4- Jn {hr) [An cos n9 4- Bn sin 7i9], . . .(58) 


we tire to suppose now that Ax, etc., are small relatively to Aq. It remains 
to consider the boundary condition. 

If cp denote the small angle between r and the normal dn measured 
outwards. 


dw _ dw 
dn dr 


cos (p — 


dw 

rd9 


sin 


.(59) 


dll' do 

and tan <^ = ^ = ^ = - (- sin n9 + fi,, cos n9) (60) 

with sufficient approximation, only the general term being written. In 
formulating the boundary condition Jw/J?i = 0 correct to the second order 
of small quantities, we require dwj dr to the second order, but dwjdO to the 
first order only. We have 

i ^ = Ao {Jo' {ka) 4- kpjf {ka) 4- {ka)] 

4- { Jn' {ka) 4- kpJn" {ka)] cos n9 4- Bn sin n9\, 

a^ = ~ sin n9 4- B,, cos nO] 


and for the boundary condition, setting ka = z and omitting' the argument 
in the Bessel’s functions, 

Ao { J " 3 • cos (p 4“ kp iTq' ^Ifp^Jf'] 

+ [Jf + kpJn"] [An cos nd 4- Bn sin nd] 

if -r f ' 

— -y Jn {— An sin nd 4- Bn cos nOJ^ {— an sin 7i9 4- fin cos n9] =0. (61) 
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If for the moment we omit the terms of the second order, we have 

+ kA^Jo" {a, I cos nO 4- sin nd] + {A^ cos nd + sin n 6 ] = 0 ; (62) 

so that «/,/ {z) = 0, 

'Hid kA^tT j . • A .71 = 0, kA^J . /3n + fT B^ = 0 (63) 

To this order of approximation z, = ka, has the same value as when p~0; 
that is to say, the equivalent radius is equal to the mean radius, or (as we 
may also express it) k may be regarded as dependent upon the area only. 
Equations (63) determine An, Bn in terms of the known quantities ««,, /3n. 

Since Jo is a small quantity, cos in (61) may now be omitted. To 
obtain a corrected evaluation of z, it suffices to take the mean of (61) for 
all values of 8 . Thus 


Ao {2.7 " ■/ + ^k“J {oiA + /3'>r)j 4“ \kj n '^^Jnj \^iiAn 4- = 0, 

or on substitution of the approximate values of .^'1,,,, i>\ from (63), 

j: = (a„= + Ar) W-, (a 


This expression 
equation for Jn , 


T " 

O 01 


' n 


nr j 

-5 ^kn 


(j,n"~ 

JJ'l 

\ / 

■■"2 J 

simpliiiecL 

In virt 

r ' 

« ' n jr . 

“ — n 1 




— Z~'^ Jo' = Z’ 

“i r 

« / 0 , 


and since liere — 0 approximately, 

T ff r T /// 

Thus {z) = ■it-'J,, • S («„'* + |_^, + 2^ (66) 

the sign of summation with respect to n being introduced. 

Let us now suppose that a + da is the equivalent radius, so that 
Jo {ka+ kdci) — 0 , that is the radius of the exact circle which corresponds 
to the value of k appropriate to the approximate circle. Then 


and 


da 


Jo'iz)^~kdaJo" (a) = 0, 

(dn^ 4- M + 5^1 (66) 


Again, if a + da! be the radius of the true circle which has the same area 
as the approximate circle 

da' = S («n- + (67) 


and 


daf -da^-t f 

2a J^i {z) 


.(68) 


where is the first root (after zero) of Jo' (z) = 0, viz. 3‘832. 
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The question with which we are mainly concerned is the sign of da' - da 
for the various values of n. When = 1, «/i {z) — — Jq (^z') = 0, so that da — da', 
a result which was to be expected, since the terms in cti, /Sj represent approxi- 
mately a displacement merely of the circle, without alteration of size or 
shape. We will now examine the sign of J’nl’J'n when n— 2, and 3. 


For this purpose we may employ the sequence equations 


T — ^ T ^ T 
n -^1 — ^ ^ ^ > 








which allow J.^ and to be expressed in terms of and »/o , af which the 
former is here zero. We find 


Thus 


•/•J Jz — — 4s 

/o, 


J I J a 

J' “ Ja' ” 2 ’ 


J A = (1 — 24s~^) r/o ; 
j;' = (i2s---~i)./„. 
»/;{ _ 4S 

r// - q 2 ; 


whence on introduction of the actual value of s, viz. 3*832, we see that Ja/J"/ 
is negative, and that J^jJi is positive. 

When n >s, it is a general proposition that Jn{z) and J.,,' (z) are both 
positive*. Hence for n = 4i and onwards, Jn/Jn is positive when s = 3*832. 
We thus arrive at the curious conclusion that when n, = 2, da' > da, as 
happens for all values of n (exceeding unity) when the boundai*y condition 
is'M; = 0, but that when n > 2, da' < da. The existence of the exceptional 
case n — 2 precludes a completely general statement of the effect of a de- 
parture from the truly circular form* but if the terms for which n = 2 are 
absent, as they would be in the case of any regular polygon with an even 
number of sides, regarded as a deformed circle, we may say that da' < da. 
In the physical problems the effect of a departure from the circular form is 
then to depress the pitch when the area is maintixined constant {da! = (>). 
But for an elliptic deformation the reverse is the case. 

At first sight it may appear strange that an elliptic deformation should 
be capable of raising the pitch. But we must remember that we are here 
dealing with a vibration such that the phase at both ends of the minor axis 
is the opposite of that at the centre. A parallel case which admits of com- 
plete calculation is that of the rectangle regarded as a deformed square, and 
vibrating in the gravest symmetrical mode']'. It is easily shown that a de- 
parture from the square form raises the pitch. Of course, the one-dimensional 
vibration parallel to the longer side has its pitch depressed. 

[1918. This problem had already been treated by Aichi (Prac. Tokio 
Math.-Phys. Soc. 1907).] 

* See, for example, Theory of Sound, § 210. 
t Theory of Sound, § 267 (j 3 = g = 2). 
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So much of meteorology depends ultimately upon the dynamics of revolving 
fluid that it is desirable to Minulate as clearly as possible such simple con- 
clusions as are within our reach, in the hope that they may assist our judgment 
when an exact analysis seems impracticable. An important contribution to 
this subject is that recently published by Dr Aitken*. It formed the starting 
point of part of the investigation which follows, but I ought perhaps to add 
that I do not share Dr Aitken’s views in all respects. His paper should be 
studied by all interested in these questions. 

As regards the present contribution to the theory it may be well to premise 
that the limitation to symmetry round an axis is imposed throughout. 

The motion of an inviscid fluid is governed by equations of which the first 
expressed by rectangular coordinates may be written 


du' , du' , du' , du' dP 

‘17 + a 1 — h V -j — h w -j- ~ — ~j~ ■ 

dt dx dy dz ax 


.(i) 


where 


P=fdp/p+V, 


( 2 ) 


and V is the potential of extraneous forces. In (2) the density p is either a 
constant, as for an incompressible fluid, or at any rate a known function of 
the pressure p. Eeferred to cylindrical coordinates r, 6, z, with velocities 
'?(, v, to, reckoned respectively in the directions of r, 6, z increasing, these 
equations become f 




du 


( du 

v' 

\ duf 

/ dz 

dP 

( 3 ) 

Jt 


dr 

+ v 

\rd6 

r, 

dr ’ 

d>v 


dv 


( do 

u\ 

dv 

dP 

( 4 ) 

dt 

"f* li 

dr 


\xdd * 

r) 


• 

• 

* 

• 

I 

It 


dw 


dw 

dw 


dw 

dP 

( 5 ) 


'dt + “ 

dr 

rdo 

+ 

w -~i~ ~ - 
dz 

dz 


* “The Dynamics of Cyclones and Anticyclones. — Part 3,” Roy. Soc. Edin. Proc. Vol. xxxvi. 
p. 174 (1916). 

t Compare Basset’s Hydrodynamics, § 19. 
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For the present purpose we assume symmetry with respect to the axis of 
so that u, V, w, and P (assumed to be single- valued) are independent of 6, 


So simplified, the equations become 

du du . du dP 

^ -y-* — — -y — 5 

dt dr r dz dr 

(6) 

dv dv uv dv „ 

-f- -p u — 1 \- w — 0, 

at dr r dz 

(7) 

dw dw dw dP 
dt dr ^ dz dz ’ 

(8) 

of which the second may be written 




(9) 

signifying that (v-y) may be considered to move wuth the fluid, in accordance 
with Kelvin’s general theorem respecting “circulation.” If ro, be the 

initial values of r, v, for any particle of the fluid, the value of v at any future 
time when the particle is at a distance r from the axis is given by rv = roy„. 

Respecting the motion expressed by 'u, iv, we see that it is the same as 
might take place with y = 0, that is when the whole motion is in planes 
passing through the axis, provided that we introduce a force along r eipial to 
y^r. We have here the familiar idea of “ centrifugal force,” and the conclusion 
might have been arrived at immediately, at any rate in the case where there 
is no ('it, w) motion. 

It will be well to consider this case {u — 0, tv = 0) more in 
third equation (S) shows that P is then independent of a, that is 
r (and t) only. It follows from the first equation (6) that y also 

detail. The 

1 a ftinction of 
is a function 

of r only, and P —Jv^dr/r. Accordingly by (2) 


Jdp/p = — F + Jv‘-^r~^d?- 

(XO) 

If V, the potential of impressed forces, is independent of a, s 
p and p, but not otherwise. For example, if gravity (g) act 
(measured downwards). 

lo also will be 
parallel to z 

f dpi p = C + gz + fv“dr/r, 

(11) 


gravity and centrifugal force contributing independently. In (11) p will be 
constant if the fluid is incompressible. For gases following Boyle’s law 
(p=a^p), 


(log p, or logp) — O + gs -h I v~drjr. 


( 12 ) 
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At a constant level the pressure diminishes as we pass inwards. But the 
corresponding rarefaction experienced by a compressible fluid does not cause 
such fluid to ascend. The heavier part outside is prevented from coming in 
below to take its place by the centrifugal force*. 

The condition for equilibrium, taken by itself, still leaves v an arbitrary 
function of r, hut it does not follow that the equilibiuum is stable. In like 
manner an incompressible liquid of variable density is in equilibrium under 
gravity when arranged in horizontal strata of constant density, but stability 
requires that the density of the strata everywhere increase as we pass down- 
wards. This analogy is, indeed, very helpful for our present purpose. As 
the fluid moves (u, and w finite) in accordance with equations (6), (7), (8), 
(rr) remains constant (Jc) for a i*ing consisting always of the same matter, 
and v-jr = k‘jr\ so that the centrifugal force acting upon a given por'tion of 
the fluid is inversely as and thus a known function of position. The only 
difference between tliis case and that of an incompressible fluid of variable 
density, moving under extraneous forces derived from a potential, is that 
here the inertia concerned in the (w, w) motion is uniform, whereas in a 
variably dense fluid moving under gravity, or similar forces, the inertia- and 
the weight are proportional. As I'egards the question of stability, the difference 
is immaterial, and we may conclude that the equilibrium of fluid revolving 
one way round in cylindrical layers and include<l between coaxial cylindrical 
walls is stable only under the coiKlition that the circulation (k) always in- 
creases with r. In any portion where k is constant, so that the motion is 
there “ irrotational,” the equilibrium is neutral. 

An important particular case is that of fluid moving between an inner 
cylinder (?' — a) revolving with angular velocity co and an outer fixed cylinder 
(r = b). In tlie absence of viscosity the rotation of the cylinder is without 
effect. Bui if the fluid were viscous, equilibrium would require^ 

k == V7' = ((rco i h" — r‘^)l{h~ ~ a"), 

expressing that the cii'culation diminishes outwards. Accordingly a fluid 
without viscosity cannot stably move in this manner. On the other hand, if 
it be the outer cylinder that rotates while the inner is at rest, 

A; == vr = (r- - - aO. 

and the motion of an inviscid fluid according to this law would be stable. 

We may also found our ai-gurnent upon a direct consideration of the kinetic 
energy (T) of the motion. For T is proportional to jv^^'dr, or jk^dr^/r^. 

When the fluid is viscoiie, the loss of circulation near the bottom of the containing vessel 
modifies this conchision, as explained by James Thomson. 

t Lamb’s HydrodynaniicH^ § BB3. 
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Suppose now that two rings of fluid, one with k = ki and r = Vi and the other 
with k — kz and r = r^, where > "Ji, aij.d of equal areas or dv,?, are inter- 
changed, The corresponding increment in T is represented by 


{dr^^ = dr^^) = dr^ (k^- k^) 


and is positive if k^ > k-^\ so that a circulation always increasing outwards 
makes T a minimum and thus ensures stability. 


The conclusion above arrived at may appear to conflict wdth that of 
Kelvin*, who finds as the condition of minimum energy that the vorticiti/, 
proportional to r~'^dkldr, must increase outwards. Suppose, for instance, that 
k = r^, increasing outwards, while r-^dkjdr decreases. But it would seem that 
the variations contemplated differ. As an example, Kelvin gives for maximum 
energy 

v= r from r = 0 to i’ — h, 

V — h^jr from r = b to r = a; 

and for minimum energy 

•y = 0 from 7 - = 0 to 7' —■ V(u" ~ 6‘“), 

V = r — {a^ — h^){r from r = b-) to r = a. 

/ a 

Dr- dr =-\b^ (2a® — b-), 

0 

ra 

and in the second case I V7'‘^dr— \ b'^', 

J 0 

so that the moment of momentum differs in the two cases. In hict Kelvin 
supposes operations upon the boundary which alter the moment of mouamtum. 
On the other hand, he maintains the strictly two-dimensional chamcter of the 
admissible variations. In the problem that I have considered, symmetiy 
round the axis is maintained and there can be no alteration in the momenl. of 
momentum, since the cylindrical walls are fixed. But the variations by whicli 
the passage from one two-dimensional condition to another may be efi'ected 
are not themselves two-dimensional. 


The above reasoning suffices to fix the criterion for stal)le e(|uilil)rium ; 
but, of course, there can be no actual transition from a configuration of unsta,hle 
equilibrium to that of permanent stable equilibrium without dissipative forces, 
any more than there could be in the case of a heterogeneous lirpiid under 
gravity. The difference is that in the latter case dissipative forces exist in 
any real fluid, so that the fluid ultimately settles down into stable e(juilibrium, 
it may be after many oscillations. In the present problem ordinary viscosity 
does not meet the requirements, as it would interfere with the constancy of 
the circulation of given rings of fluid on which our reasoning depends. But 


Nature, Vol. xxiii. October, 1880 ; Collected Papers, VoL iv. p. 175. 
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foi purely theoretical purposes there* is no inconsistency in supposing the 
(,u, w) motion resisted while the v motion is unresisted. 

The next supposition to t^ = 0, w; = 0 in order of simplicity is that ii is a 
timctioii of r and t only, and that w = 0, or at most a finite constant. It 
follows from (8) that P is independent of while (6.) becomes 


dit dll 

* + '“ar 


T 


'dr 


.,.(13) 


deteiininiug the pressure. In the case of an incompressible fluid % as a 
function of ?• is determined by the equation of continuity ur^ C, where C is 
a function of t only ; and when u and the initial circumstances are known, v 
follows. As the motion is now two-dimensional, it may conveniently be ex- 
piessed by means of the vorticity which moves with the fluid, and the 
stream-function connected with f by the equation 


1 <l_ 

r dr 


dr ) 


1 d-y^ 


r 1 + -- == 2^. 


r- dd- 


.(14) 


The sdution, appropriate to our purpose, is 

■\fr = 2 j drr~^ J ^rdr -f- A log r~B9, (15) 

where xl and B are arbitrary constants of integration. Accordingly 




d,'^ 

rdO 


B 

r 


V 


d-yfr 

dr 


r 


i^rdr 


A 

r 


.(16) 


In general, A and B are functions of the time, and ^ is a function of the 
time as wi'll as of r. 


A simple particular case is when ^ is initially, and therefore permanently, 
uniform throughout the fluid. Then 

v=^r + Ar-^ (17)* 

Let us further suppose that initially the motion is one of pure rotation, as 
of a solid body, so that initially A — 0, and that then the outer wall closes in. 
If the outer radius be initially and at time t equal to B, then at time t ■ 

A=^(P„^-i2^), (18) 


since trr remains unchanged for a given ring of the fluid ; and correspondingly, 

v = t {r -H (P,“ - (19) 

Thus, in addition to the motion as of a solid body, the fluid acquires that of 
a simple vortex of intensity increasing as JR diminishes. 

* It may be remai'ked that (17) is still applicable under appropriate boundary conditions even 
when the fluid is viscous. 


29—2 
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If at any stage the u motion ceases, (6) gives 

dpjdr — pv^fr, (20) 

and thus 


PIp = r {i + 2 log r-i (Ro^ - R^y + const. . . .(21 ) 

Since, as a j^unction of r, continually increases as R diminishes, the same is 
true for the difference of pressures at two given values of r, say Tj and /a, 
where r 2 > r^. Hence, if the pressure be supposed constant at rj, it must 
continually, increase at r^. 

If the fluid be supposed to be contained between two coaxial cylindrical 
walls, both walls must move inwards together, and the process comes to an 
end when the inner wall reaches the axis. But we are not obliged to imagine 
an inner wall, or, indeed, any wall. The fluid passing inwards at r = may 
be supposed to be removed. And it remains true that, if it there pass at a 
constant pressure, the pressure at r =r 2 must continually increase. If this 
pressure has a limit, the inwards flow must cease. 

It would be of interest to calculate some case in which the (u, w) motion 
is less simple, for instance, when fluid is removed at a point instead of 
uniformly along an axis, or inner cylindrical boundary. But this sciems hardly 
practicable. The condition by which v is determined requires the expression 
of the motion of individual particles, as in the so-called Lagrangian method, 
and this usually presents great difficulties. We may, however, formulate 
certain conclusions of a general character. 

When the (w, w) motion is slow relatively to the v motion, a kind of 
“ equilibrium theory ” approximately meets the case, much as when the slow 
motion under gravity of a variably dense liquid retains as far as possible’s the 
horizontal stratification. Thus oil standing over water is drawn off by a 
syphon without much disturbing the water underneath. When the <ie.nsity 
varies continuously the situation is more delicate, but the tendency is for the 
syphon to draw from the horizontal stratum at which it opens. Or if th <3 litpiid 
escapes slowly through an aperture in the bottom of the containing vessel, 
only the lower strata are disturbed. In like manner when revolving fluid is 
drawn off in the neighbourhood of a point situated on the axis of rotation, 
there is a tendency for the surfaces of constant circulation to remain cylindrical 
and the tendency is the more decided the greater the rapidity of rotation. 
The escaping liquid is drawn always from along the axis and not symmetrically 
in all directions, as when there is no rotation. The above is, in substance, the 
reasoning of Dr Aitken, who has also described a simple experiment in illus- 
tration. 

P.S. — It may have been observed that according to what ha.s been said 
above the stability of fluid motion in cylindrical strata requires only that the 
square of the circulation increase outwards. If the circulation be in both 
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directions, this disposition involves discontinuities, and the stability exists 
only under the condition that symmetry with respect to the axis is rigorously 
maintained. If this limitation be dispensed with, the motion is certainly 
unstable, and thus the stability of motion in cylindrical layers really requires 
that the circulation be oiie-signed. On the general question of the two- 
dimensional motion of liquids between fixed coaxial cylindrical walls reference 
may be made to a former paper ■ The motion in cylindrical strata is stable 
provided that the ‘‘ rotation either continually increase or continually decrease 
in passing outwards from the axis.” The demonstration is on the same lines 
as there set out for plane strata. 

* Proc. Lond. Math. Soc. Vol. xi. p. 57 (1880); Scientific Papers, Vol. i. p. 487. See last 
paragraph. 
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PROPAGATION OF SOUND IN WATER. 

\_Not hitherto ‘published.'] 

Feom the theoretical point of view there is little to distinguish propagation 
of sound in an unlimited mass of water from the corresponding case of air; of 
course the velocity is greater (about four times). It is probable that at a 
great depth the velocity increases, the effect of diminishing compressibility 
out-weighing increased density. 

As regards absorption, it would appear that it is likely to be less in water 
than in air. The viscosity (measured kinematically) is less in water. 

But the practical questions are largely influenced by the presence of a 
free surface, which must act as a nearly perfect reflector. So far the case i.s 
analogous to that of a fixed wall reflecting sound waves in air ; but thei*e is 
an important difference. In order to imitate the wall in air, we must suppose 
the image of the source of sound to be exactly similar to the original ; but the 
image of the source of sound reflected from the free surface of water must be 
taken negatively, viz., in the case of a pure tone with phase altered by IcSO”. 
In practice the case of interest is when both source and place of observation 
are somewhat near the reflecting surface. We must expect phenomena of 
interference varying with the precise depth below the surface. The analogy 
is with Lloyd’s interference bands in Optics. If we suppose the distance to 
be travelled very great, the paths of the direct and reflected sounds will be 
nearly equal. Here the distinction of the two problems comes in. 

For air and wall the phases of the direct and reflected waves on arriviil 
would be the same, and the effect a maximum. But for the free surface of 
water the phases would be opposite and the effect approximately zer(x This 
is what happens close to the surface. By going lower down the sound would 
be recovered. It is impossible to arrive at quantitative results unless all the 
circumstances are specified — distance, depths, and wave-length. If there are 
waves upon the surface of the water there is further complication ; but in 
any case the surface acts as a nearly perfect reflector. The analogy is with 
a rough wall in air. 

There is also the bottom to be considered. This, too, must act as a 
reflector in greater or less degree. With a rocky bottom and nearly grazing 
incidence, the reflection would be nearly perfect. Presumably a muddy or 
sandy bottom would reflect less. But I imagine that at grazing incidence — as 
when the distance between source and place of observation is a large multiple 
of the depth — the reflection would be good. This makes another complication. 
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ON METHODS FOR DETECTING SMALL OPTICAL RETARdI- 
TIONS, AND ON THE THEORY OF FOUCAULT’S TEST. 


l^PJdlosophical Magazine, VoL xxxiii. pp, 161 — 178, 1917.] 

As was, I think, first emphasized by Foucault, the standard of accuracy 
necessary in optical surfaces is a certain fraction of the wave-length (X,) of 
the light employed. For glass surfaces refracting at nearly perpendicular 
incidence the error of linear retardation is about the half of that of the 
surface ; but in the case of perpendicular reflexion the error of retardation 
is the double of that of the surface. The admissible error of retardation 
varies according to circumstances. In the case of lenses and mirrors affected 
with “ spherical aberration,” an error of | A. begins to influence the illumi- 
nation at the geometrical focus, and so to deteriorate the image. For many 
purposes an error less than this is without importance. The subject is dis- 
cussed in former papers*'. 

But for other purposes, especially when measurements are in question, a 
higher standard must be insisted on. It is well known that the parts of the 
surfaces actually utilized in interferometers, such as those of Michelson and 
of Fabry and Perot, should be accurate to -jt-X to and that a still higher 
degree of accuracy would be advantageous. Even under difficult conditions 
intei'ference-bands may be displayed in which a local departure from ideal 
straightness amounting to of the band period can be detected on simple 
inspection. I may instance .some recent observations in which the rays 
passing a fine vertical slit backed by a common paratfin-flame fell upon the 
object-glass of a 3-inch telescope placed some 20 feet away at the further 
end of a dark room. No collimator was needed. The object-glass was pro- 
vided with a cardboard cap, pierced by two vertical slits, each inch wide, 
and so placed that the distance between the inner edges was inch. The 
parallelism of the three slits could be tested with a plumb-line. To observe 
the hands formed at the focus of the object-glass, a high magnifying-power 

* Phil. Mag. Vol. vni. pp. 403, 477 (1879); Scientific Papers, Vol. i. p. 415, §§ 3, 4. 
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is required. This was afforded by a small cylinder lens, acting as sole eye- 
piece, whose axis is best adjusted by trial to the required parallelism with 
the slits. Fairly good results were obtained with a glass tube of external 
diameter equal to about 3 mm., charged with water or preferably nitro- 
benzol. Latterly, I have used with advantage a solid cylinder lens of about 
the same diameter kindly placed at my disposal by Messrs Hilger. With 
this arrangement a wire stretched horizontally across the object-glass in 
front of the slits is seen in fair focus. When the adjustment is good, the 
bands are wide and the blacknesses well developed, so that a local retardation 
of or less is evident if suitably presented. The bands are much disturbed 

heated air rising from the hand held below the path of the light. 

The necessity for a high magnifying-power is connected with the rather 
wide separation of the interfering pencils as they fall uj)on the object-glass. 
The conditions are most favourable for the observation of very small retar- 
dations when the interfering pencils travel along precisely the same path, as 
may happen in the interference of polarized light, whether the polarizjition 
be rectilinear, as in ordinary double refraction, or circular, as along the axis 
of quartz. In some experiments directed to test whether “ motion through 
the aether causes double refraction*,” it appeared that a relative retardation 
of the two polarized components could be detected when it amounted to only 
X/12000, and, if I remember rightly. Brace was able to achieve a still higher 
sensibility. The sensibility would increase with the intensity of the light 
employed and with the transparency of the optical parts (nicols, &c.), and it 
can scarcely be said that there is any theoretical limit. 

Another method by which moderately small retardations can be made 
evident is that introduced by Foucault-f- for the figuring of optical surfa,ces. 
According to geometrical optics rays issuing from a point can be focuissed at 
another point, if the optical appliances are perfect. An eye situated just 
behind the focus observes an even field of illumination ; but if a screen with 
a sharp edge is gradually advanced in the focal plane, all light is gradually 
cut off, and the entire field becomes dark simultaneously. At this moment 
any irregularity in the optical surfaces, by which rays are diverted from tlieii- 
proper course so as to escape the screening, becomes luininouH ; and Foucault 
explained how the appearances are to be interpreted and information gained 
as to the kind of correction necessary. He does not appear to have em})loyed 
the method to observe irregularities arising otherwise than in optical surfaces, 
but H. Draper, in his memoir of 1864 on the Construction of a Spherical 
Glass Telescope!, gives a picture of the disturbances due to the heating- 
action of the hand held near the telescope mirror. Tdpler’s work dates from 

Phil. Mag. Vol. iv. p. 678 (1902); Scientijic Pa])eTS^ Vol. v, p, 66. 
t Ann. de VOhserv. de Paris, t. v* ; Collected Memoirs, Paris, 187B. 
t Smithsonian Contrihution to Knowledge, Jan. 1864. 
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AND ON THE THEORY OF FOUCAULT’s TEST 

the same year, and in subsequent publications* he made many interesting 
applications, such as to sonorous waves in air originating in electric sparks, 
and fuithei developed the technique. His most important improvements 
were perhaps the introduction of a larger source of light bounded by a straight 
€idge parallel to that ot the screen at the observing end, and of a small 
telescope to assist the eye. Worthy of notice is a recent application by 
R. Cheshire *!■ to determine with considerable precision for practical purposes 
the refractive index oi irregular glass fragments. When the fragment is 
surrounded Iry li(piid;[; of slightly different index contained in a suitable tank, 
it appears luminous as an irregularity, but by adjusting the compo.sition of 
the liquid it may be made to disappear. The indices are then equal, and 
that of the liquid may be determined by more usual methods. 

We have seen that accoi'ding to geometrical optics (X, = 0) the regular 
light from an infinitely fine slit may be cut off suddenly, and that an 
irregularity will become apparent in full brightness however little (in the 
right direction) it may deflect the proper course of the rays. In considering 
the limits of sensibility we must remember that with a finite A, the image of 
the slit cannot be infinitely narrow, but constitutes a diffraction pattern of 
finite size. If wo suppose the aperture bounding the field of view to be rect- 
angular, we imiy take the problem to be in two dimensions, and the image 
consists of a central band of varying brightness bounded by dark edges and 
accompjinicd laterally by successions of bands of diminishing brightness. A 
scretm whose edge is at the geometrical focus can cut off only half the light 
and, even if the lateral bands could be neglected altogether, it must be further 
advanced through half the width of the central band before the field can 
become dark. The width of the central band depends upon the horizontal 
aj)erture a (measured perpendicularly to the slit supposed vertical), the 
distance f between the Ions and the screen, and the wave-length A.. By 
elementary diffraction theory the first darkness occurs \vhen the difference of 
i-etardations of the various secondaiy rays issuing from the aperture ranges 
over one complete wave-length, i.e. when the projection of the aperture on 
the central secondary ray is equal to A. The half- width (^) of the central 
l)and is therefore expressed by f =/A/a. 

If a prism of relative index /x, and of small angle i, be interposed near the 
lens, the geometrical focus of rays passing through the prism will be displaced 
through a distance (yu, - 1) if. If we identify this with f as expressed above, 
we have 

(//, — 1) = A/a, (1) 

* Fogg. yt/m. Bd. oxxviii. p. 126 (1866); Bd. oxxxi. pp. 33, 180 (1867). 

t Phil. Mag. Vol. xxxii. p. 409 (1916). 

Tho liquid employed was a solution of mercuric iodide, and is spoken of as Thoulet s 
solution. Liveing (Cam6. Phil. Proc. Vol. in. p. 258, 1879), who made determinations of the 
dispersive power, refers to Sonstadt {Chevi. Neios, Vol. xxix. p^ 128, 1874). I do not know the 
date of Thoulet’s use of the solution, but suspect that it was subsequent to Sonstadt’s. 
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as the condition that the half maximum brightness of the prism shall coincide 
with approximate extinction of the remainder of the field of view- If the 
linear aperture of the prism he 6, supposed to he small in comparison with a, 
the maximum retardation due to it is 

(ya-l)f6 = X.6/a; (2) 

and we recognize that easy visibility of the prism on the darkened field is 
consistent with a maximum retardation which is a small fraction of X. 

In Cheshire’s application of Foucault’s method (for I think it should he 
named after him) the prism had an angle i of 10°, and the aperture a was 
S cms., although it would appear from the sketch that the whole of it was 
not used. Thus in (1) X/m would he about 5 x 10~®; and the accuracy with 
which iL was determined (about ± -00002) is of the order that might he 
expected. 

It is of interest to trace further and more generally what the wave theory 
has to toll us, still supposing that the source of light is from an infinitely 
narrow slit (or-, what comes to the same, a slit of finite width at an infinite 
distance), and that the apertures are rectangular. The problem may then 
be supposed to be in two dimensions*, although in strictness this requix-es 
that the elementary sources distributed uniformly along the length of the 
slit should he all in one phase. The calculation makes the usual assumption, 
which cannot be strictly true, that the effect of a screen is merely to stop 
those parts of the wave which impinge upon it, without influencing the 
neighbouring pai-ts. In fig. 1, A represents the lens with its rectangular 



Fig. 1. 

aperture, which brings parallel rays to a focus. In the focal plane B are two 
adjustable screens with vertical edges, and immediately behind is the eye or 
objective of a small telescope. The rays from the various points Q of the 
second aperture, which unite at a point in the focal plane of the telescope, 
or of the retina, may he regarded as a parallel pencil inclined to the axis at 

* Compare “Wave Theory,” Encyc. Brit. 1888; Scientific Payers, Vol. in. p. 84. 
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a small angle </>. P is a point in the first aperture, AP = x, BQ — AB=f. 
Any additional linear retardation operative at P may be denoted by B, a 
function of x. Thus if V be the velocity of propagation and k = 27r/A, the 
vibration at the point ^ of the second aperture will be represented by 

jdx sin K R + , 

or, if .:r//= (9, by 

dO sinK{Vt—f— R-{- 6^), — (3) 

the limits for 6 corresponding to the angular aperture of the lens A. For 
shortness we shall omit which can always be restored on considering 
“dimensions,” and shall fiu'ther suppose that R is at most a linear function 
of 6, say p + a-d, or, at any rate, that the whole aperture can be divided into 
parts for each of which R is a linear function. In the former case the con- 
stant part p may be associated with Vt— t\ and if T be written for — /— p, 
(3) becomes 



Since the same values of p, a- apply over the whole aperture, the range 
of integration is between ± 6, where 6 denotes the angular semi-aperture, and 
then the second term, involving cos T, disappears, while the effect of a is 
represented by a shift in the origin of as was to be expected. There is 
now no real loss of generality in omitting R altogether, so that (4) becomes 


simply 


2 sin T 


sin ^6 


.(5) 


as in the usual theory. The borders of the central band correspond to ^6, or 
rather = A'rr, or ~ ± which agrees with the formula used above, 
since 26 = ajf. 

When we proceed to inquire what is to be observed at angle (\> we have 
to consider the integral 

(if sin (T+4>i) = sin y f f df 

+ cos T f f - (if (6) 


It will be observed that, whatever may be the limits for the first 
integral is an even and the second an odd function of (f>, so that the intensity 
(7), represented by the sum of the squares of the integrals, is an even function. 
The field of view is thus symmetrical' with respect to the axis. 


* Equivalent to supposing X = 27 r. 
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The integrals in (6) may be at once expressed in terms of the so-called 
sine-integral and cosine-integral defined by 

cos 0 } 


Si(a;)= [ 


*8in^» 
A oc 


dx, Oi {x) 


dx. 


a: 


If the limits of f be |i and we get 
sin T [Si {(6> -f- <f) - Si [(d -h </>) ^x] + Si [{6 - <t>) ^2} Si [(<9 - cf>) ] 

-F cos T [Ci {(^ - 4>) ^2} - Ci {(^ - 4>) li} ~ Ci [{6 + <^) -+- Ci ((^ + 

a) 

If I, = - f 2 = - 1, so that the second aperture is symmetrical with respect 
to the axis, the Ci’s, being even functions, disappear, and we have simpl}^ 

2 sin T [Si [{6 + cf>) f] + Si {(0 - (p) fj] (8) 

If the aperture of the telescope be not purposely limited, the value of 
or rather of is very great, and for most purposes the error will be small 
in supposing it infinite. Now Si (± co ) = ± so that if </> is numerically 
less than 0, J = 47^^ but if cf> is numerically greater than 0, 1 = 0. The 
angular field of view 20 is thus uniformly illuminated and the transition to 
darkness at angles + ^ is sudden- — that is, the edges aie seen with infinite 
sharpness. Of course, ^ cannot really be infinite, nor consequently^ the 
resolving power of the telescope; but we may say that the edges aie defined 
with full sharpness. The question here is the same as that formerly raised 
under the title “ An Optical Paradox*,” the paradox consisting in the full 
definition of the edges of the first aperture, although nearly the whole of the 
light at the second aperture is concentrated in a very narrow band, which 
might appear to preclude more than a very feeble resolving power. 

It may be well at this stage to examine more closely wdiat is actually 
the distribution of light between the central and lateral bands in the ditfi action 
pattern formed at the plane of the second aperture. By (’5) the intensity of 
light at ^ is proportional to sin^ 0^ or, if we write 2; for 0^, to 7 ]-“ sin- rj. 
The whole light between 0 and r) is thus represented by 


^=r 


sin‘'^ 7 ] 


0 v 


drj. 


•(!)) 


J can be expressed by means of the Si-function. As may be verified by 
differentiation, 

J'=Si( 277 ) — rj~'- sin''^ 77 , ( B) ) 

vanishing when 77 = 0. The places of zero illumination are defined by r; = mr, 
when n = 1 , 2 , 3 , &c. ; and, if 77 assume one of these values, we have simply 

/ = Si (277) = Si (2 htt) (11) 


* Phil. Mag. Vol. ix. p. 779 (1906); Scientific Papers, VoL v. p. 251. 
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setting Ji= 1, we find for half the light in the central band 

J — Si (27r) = — '15264. 

On tile same scale half the whole light is Si (oo ), or ^tt, so that the fraction 
of tile whole light to be found in the central band is 

^ _ 2 X '15264 

TT 


= 1 - '097174, (12) 


(>r more than nine-tenths. About half the remainder is accounted for by the 
light in the two lateral bands immediately adjacent (on the two sides) to the 
{unitral band. 

We are now in a position to calculate the appearance of the field when 
tht‘ secoial aperture is actually limited by screens, so as to allow only the 
p issage of the central band of the diffraction pattern. For this purpose we 
have merely to suppose in (8) that 6^ — it. The intensity at angle ^ is thus 




.(13) 


\ 0 

I’hc* further calculation recpiires a knowledge of the function Si, and a little 
lat«‘r we sliall need the second function Ci. In ascending series 
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-X + 




X‘ 




.(14) 

.(15) 


31.2.3 " 5 1T2.3.4. 5 7 1.2 ... 7 

“I ^ ^4 

Ci (x) = 7 + 2 log (x^) - 2 ]772 + 4 1 : 2T^ “ ' ■ ■ 

7 is Killer’s constant '5772157, and the logarithm is to base e. 

'Tln'se aeries are always convergent and are practically available when x is 
idei-ate. Wh<,m x is great, we may use the semi-convergent series 

1 1.2 1 . 2 . 3. 4 1 . 2 ... 6 


!1M 


Si (a-) 


2 

sin X 


COB w 


la) 




+ 




cc' 


4“ 


1.2.3 1.2.3.4.5 

+ — 


Ci (^0 == 


cos iV 


1 1.2 , 1 . 2 . 3. 4 

X 

1 


.(16) 


I 






.(17) 


x^ } 

1 . 2.3 1 ■ 2 . 3 . 4 . 5 

x^ ■ ■: 

Tablos of the- functions have been calculated by Glaisher*. For our 
purvwso it would have been more convenient had the ar^ment been 
TTI- ratlu-r than ic. Between ic = 5 and a; = 15. the values of Si (a:) are given 
I:;.' Ld'gers only, and interpolation is not effective. For this reason some 

♦ Phil. Trans. Vol. clx. p. 367 (1870). 
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values of are chosen which make (1 + <l>J0)7r integral. • The calculations 
recorded in Table I refer in the first instance to the values of 

Si (1 4- <p/9) -TT + Si (1 — TT. . , — . . . — (IS) 

TABLE I. 


— — 'JT, Kd^2. = + TT. 


4 > I 6 

( 18 ) 

■ ( 18)2 

■ 

0-0000 

3-704 

13-72 

0-2732 

3-475 

12-08 1 

0-5000 

2-979 

8-87 : 

0-5915 i 

2-721 

7-40 

0-9099 

1-707 

2-91 

1-0000 

1-418 

2-01 

1-2282 

0-758 

0-57 

1-5465 

0-115 

0-01 

2-0000 

- 0-177 

0-03 


It will be seen that, in spite of the fact that nine-tenths of the whole light 
passes, the definition of what should be the edge of the field at <^ = is very 
bad. Also that the illumination at = 0 is greater than what it would be 
(tt^) if the second screening were abolished altogether (± = co ). 

So far we have dealt only with cases where the second aperture is sym- 
metrically situated with respect to the geometrical focus. This restriction wt? 
will now dispense with, considering first the case where ^i = 0 and ~ f) is 
positive and of arbitrary value. The coefficient of sin T in (7) becomes 
simply 

si{(d + ( 19 ) 

In the coefficient of cos 7VCi‘{(^ -4- <^) I'll, Ci {(^ — 4*) assume infinitt' 
values, but by (15) we see that 

Ci + (-20) 

so that the coefficient of cos T is 

Ci - <^.) f) - Ci [(e + 0) f) + log 1 I (21) 

The intensity I at angle (p is represented by the sum of the square.s of 
(19) and (21). When = 0 at the centre of the field of view, 7 = 4 (Si 
but at the edges for which it suffices to suppose cj> = + a modification is 
called for, since Ci {{6 — must then be replaced by <y -i- log \ (0 — (f>) ^ \ . 

Under these circumstances the coefficient of cos T' becomes 

7 4- log (2^0 -Ci (2^1^), 

I = {Si (2ef )1« + (7 + log (20() - Ci (20f)l= (22) 


and 
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If in (22) ^ be supposed to increase without limit, we find 

/= ^7r2 + {log<9|^|2/ (23y 

becoming logarithmically infinite. 

Since in practice or rather k^, is large, the edges of the field may be 
expected to appear very bright. 

As may be anticipated, this conclusion does not depend upon our sup- 
position that = 0. Reverting to (7) and supposing cf> = 0, we hav^e 

sin 2’ [Si (2^^.,) - Si (2^|i)] + cos T [Ci (2(9fi) - Ci {20^^) -i- log (^a/fi)], (24) 

and A = cxd , when ^ 0 = oo . If vanishes in (24), we have only to replace 
Oi (2^^i) by ly + log (2^|-i) in order to recover (22). 

We may perhaps better understand the abnormal increase of illumination 
at the edges of the field by a comparison with the familiar action of a grating 
in forming ditiraction spectra. Referring to (5) we see that if positive values 
of I be alone regarded, the vibration in the plane of the second aperture, 
represented by sin (^|), is the same in respect of phase As would be due 
to a theoretically simple grating receiving a parallel beam perpendicularly, 
and the <iirections <j) = ± 0 are those of the resulting lateral spectra of the 
first order. On account, however, of the factor the case differs somewhat 
from that of the simple grating, but not enough to prevent the illumination 
bt'coming logarithmically infinite with infinite aperture. But the approxi- 
mate* resemblance to a simple grating fails when we include negative as well 
as positive values of since there is then a reversal of phase in passing zero. 
Compare fig. 2, where positive values are represented by full lines and 


Fig. 2. 


negative by dotted lines. If the aperture is symmetrically bounded, the 
parts at n distance from the centre tend to compensate one another, and the 
intensity at <f>== ± 0 does not become infinite with the aperture. 

We now proceed to consider the actual calculation of J = (1 9)^-1- (21)^ for 
various values of 4>/0, which we may suppose to be always positive, since I is 
independent of the sign of (f>. When ^0 is very great and (f>l0 is not nearly 
e(iuai to unity. Si {(0 + 4>) in (19) may be replaced by ^tt and Si {(^ ~ </>) 
by ± l-TT, according as (f>/0 is less or greater than unity. Under the same 
conditions the Ci’s in (21) may be omitted, so that 


I 


7 r“ (1, or 0) + 




(25)' 
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But if we wish to avoid the infinity when 0= we must make some 
supposition as to the actual value of or rather of In some ohser- 

vations to he described later a. = 1 inch, ^ = i inch, 1/X = 40,000, and 0 = ^ajj-. 
Also / was about 10 feet = 120 inches. For simplicity we may suppose 
y*= 407r, so that ^TrO^jX = 500, or in our usual notation 0^= 500. Thus 

(19) = Si {500 (1 + 4>ie)] + Si {500 (1 - 4>ie)], (26) 

and (21) = Ci {500 (1 - <^/^)] - Ci {500 (1 + <^/ d)] 

+ log (1 4- 0) — log 1 1 — <^/^ I (27^) 

For the purposes of a somewhat rough estimate we may neglect the second 
Ci in (27) and identify the first Si in (26) with ^tt for all (positive) values of 
(^je. Thus when </> = 0, J = w"* ; and when = co , J = 0. 

When = 1, we take 

(26) = -i7r= 1-571, (26)"= 2-467. 

In (27) Ci [500 (1 - <^/d)} = 7 + log 500 + log (1 - <^/d), 
so that (27) = 7 + loglOOO = 7-485, (27)" = 56*03 ; 

and i — 58*50. 

a 

For the values of (j>l6 in the neighbourhood of unity we may make similar 
calculations with the aid of Glaisher’s Tables. For example, if = 1 + -02, 
we have 

500 (1 - <^/^) = ± 10. 

From the Tables 

Si (± 10)= ±1-6583, Ci(± 10) = --0455, 
and thence ■ / (‘98) = 31‘13, J (1'02) = 20'89. 

As regards values of the argument outside these units, we may remark 
that when cc exceeds 10, Si (a;) — and Ci (x) are approximately periodic in 
period 27 r and of order x~K It is hardly worth while to include these 
fluctuations, which would manifest, themselves as rather feeble and narrow 
bands, superposed upon the general ground, and we may thus content our- 
selves with (25). If we apply this to ± 10, we get 

J (-98) = 30*98, 7(1-02) = 21-30; 

and the smoothed values differ but little from those calculated for ± 10 more 
precisely. The Table (II) annexed shows the values of I for various values 
of <f?/0. Those in the 2nd and 8th columns are smoothed values as explained, 
and they would remain undisturbed if the value of 6^ were increased. It will 
be seen that the maximum illumination near the edges is some 6 times that 
at the centre. 
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AND ON THE THEORY OF FOUCAULT’S TEST 

TABLE IL 
k6^x ~ — 500 . 


<t>id 

I 

1 

} <Pl9 

I 1 

4>ie 

I 1 

tj}(e 

I 

0-000 

9-87 

i 

! 0-980 

31-13 

1-001 

56-28 

1-05 

13-76 

0-250 

10-13 

1 0-990 

35-78 

1-002 

52-89 

1-10 

9-24 

0-500 

11 08 

! 0-992 

39-98 

1-004 

44-09 

1-20 

5-76 

0-800 

14-71 

i 0-994 

46-81 

1-006 

35-27 

1-50 

2-59 

0-900 

18-51 

' 0-996 

54-13 

1-008 

29-03 

2-00 

1-21 

0-950 

23-27 

; 0-998 

58-81 

1-010 

26-14 

oc 

0 



0-999 

59-36 

1-020 

20-89 



! 


; 1-000 

58-50 

i 

1 





TABLE III. 


k6^i — TT , k6^‘, = 500 . 


4>ld 

I 

<pje 

I 

0*00 

0-32 

1-01 

8-98 

0-50 

0-48 

1-02 

6-57 

0-91 

0-98 

2-46 

7-55 

1-23 

1-55 

0-58 

0-13 

0-99 

9-90 

1-86 

0-05 

1-00 

25-51 

oo 

0-00 


In the practical use of Foucault’s method the general field would be 
darkened much more than has been supposed above where half the whole 
light passes. We may suppose that the screening just cuts off the central 
band, as well as all on one side of it, so that = tt. In this case (7) becomes 

sin T [Si i0 + (t>)^+ Si (^ - 0) f - Si (1 ■+ cf>ie) TT - Si (1 - <^/^)7r] 

+ cos T [Ci (^ - </>) - Ci + cjb) ^ -I- Ci (H- ^>16) tt - Ci (1 - <^/^) tt]. 

(28) 

We will apply it to the case already considered, where 0^ — 500, as before 
omitting Ci {$ + (j>) ^ and equating Si {0 -h <f>) ^ to | tt. Thus 

J=.[^jr + Si5OO(l-<f>/0)-Si(l + <l>l0)'rr-Bi(l-<j>l0)'rrf 

+ [Ci 500 (1 - cf>J0) + Ci (1 + 4>/^) TT ~ Ci (1 - 4>/0) -TrJ. 

(29) 

When (fi = 'X) , J — 0. When <jE) == 0, 

/=. [tt - 2 Si7rP = -3162. 

When cf> — 0, 

/ = [^tt - Si ( 27 r)]=> -h [log (oOO/tt) 4- Ci (27r)]“ = 25-51 ; 


R. VI. 


30 
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SO that the brightness of the edges is now about 80 times that at the centre 
of the field. The remaining, values of I in^ Table III have been calculated as 
before with omission of the terms representing minor periodic fluctuations. 


Hitherto we have treated various kinds of screening, but without additional 
retardation at the plane of the first aperture. The introduction of such 
retardation is, of course, a complication, but in principle it gives rise to no 
difficulty, provided the retardation be linear in 6 over the various parts of the 
aperture. The final illumination as a function of can always be expressed 
by means of the Si- and Ci-functions. 


As the simplest case which presents something essentially novel, we may 
suppose that an otherwise constant retardation {R) changes sign when d~0, 
is equal (say) to -t- p when 6 is positive and to — p when 0 is negative. Then 
(3) becomes 

[ p 0^) dd + \ sm.(T ~ p 0^')d0 

J -0 Jo 


= 2 sin T 


cos p 


+ sin p 


, ...(30) 


reducing to (5) when p = 0. This gives the vibration at the point f of the 
second aperture. If |^ = 0, (30) becomes 20 cos p sin T, and. vanishes when 
cos p = 0 for instance, when the whole difference of retardation, 2p = tt, or 
(reckoned in wave-lengths) -l-X. 


The vibration in direction <j> behind the second aperture is to be obtained 
by writing T + for T in (30) and integrating with respect to This gives 


n • m jLy f sin(9| . 1— cos6>^ 

2 sin T jd^ cos jcos p — -f sin p - 


« rnlif ‘ Sm.0P . I — 008 0^) 

+ 2 cos T jd^ sm jcos p — + sinp ^ - j 


.(31) 


and the illumination (/) is independent of the sign of <p>, which we may hence 
forward suppose to be positive. 


If the second aperture be symmetrically placed, we may take the litnit.s to 
be expressed as + and (31) becomes 

sin (0 + ^) ^ + sin {0 — 4>) ^ 


2 sin T cos p 


-f- 2 cos T sin 




d^ 


^ 2 sin — sin {0 + <p) ^ + sin (0 — cj:>) f 


d^. ...(32) 


If we apply this to ^ = cc to find what occurs when there is no screeniug, 
we fall upon ambiguities, for (32) becomes 

2 sin T cos p {^tt + ^tt} •+• 2 cos Z'sin p {2 Si (<^^) — -|7r ± Itt], 
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the alternatives following the sign of 6 — cf), with exclusion, of the case cf> — 0. 
If ^ is finite, 2 Si may be equated to tt, and we get 

I = 4t7r- (1 or 0), 

according as ^ is positive or negative. But if ^ — 0 absolutely, Si (4>^) 
disappears, however great ^ may be ; and when is small. 


I — 47r® cos® p + 4 sin® p {2 Si (<^^)}®, 

in which the value of the second term is uncertain, unless indeed sin p = 0. 

It would seem that the difficulty depends upon the assumed discontinuity 
of jK when ^ = 0. If the limits for ^ be ± a (up to the present written as 
+ 6), what we have to consider is 


/ -f-oo p rH-a 

d0sm{T-R+{e-h(f>)^] 

— QO J - a. 


in which hitherto we have taken first the integration with respect to We 
propose now to take first the integration with respect to introducing the 
factor to ensure convergency. We get 


2 sin (T- JR) cos {6 + <f>) ^ 

There remains the integration with respect to 6, of which JR is supposed 
to be a continuous function. As p. tends to vanish, the only values of 
which contribute are confined more and more to the neighbourhood of — <f>, 
so that ultimately we may suppose 6 to have this value in JR. And 


/, 


4- a 


p d6 


u-" 


( 0 4 - 


= tan 






a 


which is TT, if ^ lies between + a, and 0 if <f) lies outside these limits, when p 
is made vanishing small. The intensity in any direction 0 is thus independent 
of li altogether. This procedure would fail if JR were discontinuous for any 
values of 6. 

I 

Resuming the suppositions of equation (31), let us now further suppose 
that the aperture extends from to where both and are positive and 
Our expression for the vibration in direction becomes 

sin T [cos p [Si {d +■ <^) ? + Si {B - <J>) 

+ sin p {2 Ci (<^^) -Ci{e + 4>)^-Ci{e- <i>) ^}] J 
+ cos T[cos p [Ci Ci {0 + (jb) 

+ sin p [2 Si ((p^) — Si {&+ p) ^ Si {0 — p) . 

(34) 

We will apply this to the case already considered where ^^0 = 500, ^^6 — 'tt; 
and since we are now concerned mainly with what occui’s in the neighbourhood 
of p — 0, we may confine p to lie between the limits 0 and ^0. Under these 
circumstances, and putting minor rapid fluctuations out of account, we may 

30—2 
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neglect Ci (9 ± <f) ^2 and equate Si (0 ± <j>) to Itt, A similar simplification 
is admissible for Ci (<^)^.), unless cf>ie is very small. 

When = 0, (34) gives 

sin T [cos p [tt - 2 Si (tt)] + sin p (2 log (SOO/tt) + 2 Ci (tt)]], 

in which 

TT - 2 Si (tt) = - -5623, Ci (tt) = ‘OTSS, log (SOO/tt) = 5-0699. 

Thus for the intensity 

J (0) = [— *5623 cos p + 10*28'74 sin pf (35) 

If p = 0, we fall .back upon a former result (-3162). If p = J(0) = 4'7-3. 

Interest attaches mainly to small values of p, and we see that the effect 
depends upon the sign of p. A positive p means that the retardation at the 
first aperture takes place on the side opposite to that covered by the screen 
at the second aperture. As regards magnitude, we must remember that p 
stands for an angular retardation /cp, or 27rp/X ; so that, for example, p — 
above represents a linear retardation X/8, and a total relative retardation 
between the two halves of the first aperture equal to X/4. 

The second column of Table IV gives the general expression foi the 
vibration in terms of p for various values of </>/^, followed by the values of the 
intensity (/) for sin p = ± 1/10 and sin p = ± l/\/2. 


TABLE IV. 
k6^X = TT, = 500. 


1 


I 

I 

0 

e 

Formula for Vibration 

sin p 

Bin p 



-j- *1 

— "1 

+ l/v ^2 

- 1 /V 2 

0 

sin 2^ { — '56 cos p +■ 10'29 sin p} 

•22 

2-53 

47-3 1 

58*9 

■001 

sin T { — •SO cos p 4- 10^16 sin p} 

+ cos T X •OO sin p 

•22 

2-50 

46-6 

58-0 

■010 

sin T'f — '56 cos p 4- 5^53 sin p} 
4 -eo.s T'x 3-10 sin p 

•10 

1-34 

17-2 

23-4 

•050 

sin T{~ -55 cos p 4- 2-71 sin p} 

+ cos Tf — •lO cos p 4r 2-83 sin p} 

•11 

•83 

6-0 

9*6 

1 

•100 

sin y { — '53 cos p 4- 1 '37 sin p} 

4 - cos T{ — -20 cos p + 2-52 sin p} 

-16 

•66 

3-0 

! 5-5 

1 

*250 

sin T{--37 cos p - -17 sin p} 

4 - cos T { — ’46 cos p 4- 1 "66 sin p} 

•23 

•52 

-86 

i 2-3 

1 

•500 

sin y { 4 - '16 cos p — '67 sin p} 

4- cos J' { - -67 cos p 4- *64 sin p} 

•38 

•59 

•13 

j 1-2 
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It will be seen that the direction of the discontinuity (<p = 0) is strongly 
marked by excess of brightness, and that especially when p is small there is a 
large variation with the sign of p. 


Perhaps the next case in order of siiriplicity of a variable R is to suppose 
R = 0 from 0 = ~ 6 to 6 — 0, and R = crd from ^ = 0 to d = + ^, corresponding 
to the introduction of a prism of small angle, whose edge divides equally the 
field of view. For the vibration in the focal plane we get 


sin T 


'sin 0^ 

sin (f-CT)d' 

-t cos T 

'1- 

- cos (f — <t) ^ 1 — cos ^9 ' 

[ - H 

S-<r 


0- 1 _ 


(36) 


In order to find what would be seen in direction (^, we should have next 
to write {T + 4>^) for T and integrate again with respect to f between the 
appropriate limits. As to this there is no difficulty, but the expressions are 
rather long. It may suffice to notice that whatever the limits may be, no 
infinity enters at <f) = 0, in which case we have merely to integrate (36) as it 
stands'. For although the denominators become zero when f = 0 or ^ = o-, the 
four fractions themselves always remain finite. The line of transition between 
the two halves of the field is not so marked as when there was an actual dis- 
continuity in the retardation itself. 


In connection with these calculations I have made for my own satisfaction 
a few observations, mainly to examine the enhanced brightness at the edges 
of the field of view. The luminous border is shown in Draper’s drawing, and 
is dt'scribed by Topler as due to diffraction. The slit and focussing lens were 
those of an onlmai-y apeoti'oseope, the slit being drawn back from the “colh- 
mating ” lens. The telescope was from the same instrument, now mounte 
indepenilently at a distance so as to receive an image of the slit and itself 
focussed 1111011 the fii-st lens. The rectangular aperture at the &st lens was 
originally cut. ..lit of the black card. The principal dimensions have already 

b.MUl given. A flat paraffin-Hallie afforded sufficient illumination. The screens 

used in front of the telescoiie were razor-blades (Gillettes), and were adjus e 
irpositioii with the aid of an eyepiece, the telescope^ being temporari y 
reulovcd. It is not protended that the arrangements used corresponded fi y 

to the. suppositions of theory. 

'fhc brightness of the vertical edge of the fleld of view is very 

' , io W Icrof t may be due to light ordinarily reflected at the 

edges of the first aperture. With the aperture cut “ ““^“^^^iire 
ti ■iniireoiable but the substitution of a razor-edge at the first aperti 
part was appicciauie. nur ..mno-lv illuminated border must often 

made no important but I am not aware 

have been seen in repetitions of 1 oucault s expei 

that it has been explained. 
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To examine the sudden transition from one uniform retardation to another, 
I used a piece of plate glass which had been etched in alternate strips with 
hydrofluoric acid to a depth of about When this was set up in front of 

the first aperture with strips vertical, the division-lines shone out brightly, 
when the intervening areas were uniformly dark or nearly so. No marked 
difference was seen between the alternate division-lines corresponding to 
opposite signs of p. Perhaps this could hardly be expected. The whole 
relative retardation, reckoned as a distance, is and is thus intermediate 
between the values specified in Table IV. It would be of interest to make a 
similar experiment with a shallower etching. 

[1919. For further , developments reference may be made to Banerji, 
Phil. Mag. Vol. xxxvii. p. 112, 1919.] 

* Compare Nature, Vol. lxiv. p. 385 (1901) ; Scientific Papers, Vol. iv. pp. 546, 547. 
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TALBOT’S OBSERVATIONS ON FUSED NITRE. 


\_Nature, Vol. xcviii. p. 428, 1917.] 


Among the little remembered writings of that remarkable man H. F. Talbot, 
there is an optical note in which he describes the behaviour of fused nitre 
(nitrate of task) as observed under the polarizing microscope. The experi- 
ments are interesting and easily repeated by any one who has access to a 
suitable instrument, by preference one in which the nicols can be made to 
revolve together so as to maintain a dark field in the absence of any interposed 
crystal. 

“Put a drop of a solution of nitre on a small plate of glass, and evaporate 
it to dryness over a spirit-lamp then invei’t the glass, and hold it with the 
salt downwards and in contact with the flame. By this means the nitre may 
be brought into a state of fusion, and it will spread itself in a thin transparent 
film over the surface of the glass. 

“Removed from the lamp it immediately solidifies, and the film in cooling 
cracks irregularly. As soon as the glass is cool enough, let it be placed 
beneath the microscope (the polariness being crossed, and the field of view 
consequently dark).” 

I have found it better to use several drops si:)read over a part of the glass. 
And instead of inverting the plate in order to melt the nitre, I prefer to 
employ the flame from a mouth blow-pipe, caused to play upon the already 
heated salt. The blow-pipe may also be used to clean the glass in the first 
instance, after a preliminary heating over the flame to diminish the risk of 
fracture. Further .security is afforded by keeping down the width of the 
strip, for which half an inch suffices. 

Talbot describes how under the microscope there appeared crystalline plates 
of irregular shape, often fitted together like a tesselated pavement, each plate 
forming a single crystal. If one plate is darkened by rotation of the nicols, 
the others remain visible in varying degrees of brightness. If the plates are 
thin, the light is white ; but with more salt they display colour, and the 
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colour is not always uniform over the whole plate, indicating a variable 
thickness. But this condition of things is not permanent. After perhaps a 
quarter of an hour, the plates break up in a surprising fashion and the g-eneral 
appearance is totally changed. 

Moreover the transformation may be accelerated. “Let a film of fused 
nitre be obtained in the manner already mentioned, and let it be allowed to 
cool during three or four minutes. The plate of glass should be turned round 
upon the stage of the microscope until the crystalline film is darkened as 
accurately as possible. Things being thus adjusted, let the observer touch 
the film with the point of a needle, while he is observing it in the microscope. 
He will perceive that the touch immediately produces a luminous spot on the 
dark surface; and this spot will slowly expand itself in all directions like 
a luminous wave. This is a very curious object, but difficult to describe.” 
And further on “If however we touch it prematurely, as, for instance, during- 
the first minute after it has become solid, this change does not take place.” 

I have made a few trials to ascertain whether the life of the plates can be 
prolonged. Protection from atmospheric moisture did little good. Another 
plate kept for five hours at a temperature not much short of that of boiling 
water was found to have undergone transformation. But, as might be 
expected, a higher temperature over a diminutive gas flame acted as a safe- 
guard, and the plate after removal behaved like one newly formed. 

I have found that nitre may be replaced by chlorate of potash, with the 
advantage that the plates will keep (at any rate in an artificially warmed 
room) for weeks and perhaps indefinitely. The appearances are similar but 
less beautiful, as colour is not so often developed. The chlorate is more 
fusible than nitre, and the heat should not be pushed beyond what is needed 
for fusion. 

Other salts, for example silver nitrate, which fuse in the anhydrous state 
without decomposition may also be employed, as is probably known to those 
who prepare objects for the microscope. But Talbot’s early observations on 
nitre are rather special and deserve recall as they seem to be but little known. 
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CUTTING AND CHIPPING OF GLASS. 

\_EngineeHng, Feb. 2, 1917, p. 111.] 

With all its advantages, the division of labour, so much accentuated in 
modern times, tends to carry with it a regrettable division of information. 
Much that is ferniliar to theorists and experimenters in laboratories percolates 
slowly into the workshop, and, what is more to my present purpose, much 
practical knowledge gained in the workshop fails to find its way into print. 
At the moment I am desirous of turther information on two matters relating 
to the working of glass in which I happen to be interested, and, I am writing 
in the hope that some of your readers may be able to assist. 

A Imoat the only discussion that I have seen of the cutting of glass by the 
diamond is a century old, by the celebrated W. H. Wollaston {Phil. Trans. 
1816, p. 265). Wollaston’s description is brief and so much to the point that 
it may be of service to reproduce it from the Abstracts,” p. 43 : — 

“The author, having never met with a satisfactory explanation of the 
property which the diamond possesses of cutting glass, has endeavoured, by 
experiment, to determine the conditions necessary for this efiect, and the 
mode in which it is produced. The diamonds chosen for this purpose are 
naturally crystallised, with curved surfaces, so that the edges are also 
curvilinear. In order to cut glass, a diamond of this form requires to be so 
placed that the surface of tlie glass is a tangent to a curvilinear edge, and 
e<|ually inclined laterally t(} the two adjacent surfaces of the diatnond. Under 
these circumstances the parts of the glass to which the diamond is applied 
are forced asunder, as by iin obtuse wedge, to a most minute distance, without 
btiing removed ; so that a superficial and continuous crack is made from one 
end of the intended cut to the other. After this, any small force applied to 
one extremity is sufficient to extend this crack through the whole substance, 
and successively across the whole br(3adth of the glass. For since the strain 
at each instant in the progress of the crack is confined nearly to a mathe- 
matical point at the bottom of the fissure, the effort necessary for carrying it 
through is proportionately small. 

“ The author found by trial that the cut caused by the mere passage of 
the diamond need not penetrate so much as of an inch. 
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“ He found also that other mineral bodies recently ground into the same 
form are also capable of cutting glass, although they cannot long retain the 
power, from want of the requisite hardness.” 

I suppose that no objection will be taken to Wollaston’s general description 
of the action, but it may be worth while to consider it rather more closely in 
the light of mathematical solutions of related elastic problems by Boussinesq 
and Hertz ; at the same time we may do well to remember Mr W. Taylor’s 
saying that everything calculated by theorists is concerned with what happens 
within the elastic limit of the material, and everything done in the woi’kshop 
lies beyond that limit. A good account of these theoretical investigations 
will be found in Love’s Elasticity, Chap. vili. It appears that when a pressure 
acts locally near a point on the plane surface of an elastic solid, the material 
situated along the axis is in a state of strain, which varies rapidly with the 
distance from the surface. The force transmitted across internal surfaces 
parallel to the external surface is a pressure all along, but the force trans- 
mitted in a perpendicular direction, although at first a pressure, at a very 
small distance below changes to a tension, which soon reaches a maximum 
and afterwards gradually diminishes. I suppose it is this tension which 
determines the crack, an action favoured by the longitudinal character of the 
pressure on the surface, and, once started, easily propagated as the diamond 
travels. Doubtless cutters of hardened steel discs, sharpened on the edge, 
act in a similar manner. It is possible that examination under the microscope 
by a skilled observer would throw light upon the matter. Among the questions 
which suggest themselves, one may ask whether the diamond cut necessarily 
involves a crushing at the surface, and what materials, besides glass, can be 
dealt with in this way. Would a bending force, such as is afterwards applied 
to separate the parts, facilitate the original formation of the crack? 

The other matter in which I have been interested is the preparation of 
what I believe is called “chipped” glass. The only mention of it that I know 
is a casual one in Threlfall’s Laboratory Arts. In an experiment tried some 
years ago, a glass plate was coated thickly with a warm solution of gelatine 
and allowed to dry on a levelling stand. Nothing particular happened 
afterwards for days or weeks; but eventually parts of the gelatine film lifted, 
carrying up with them material torn away from the glass. The plate is still 
in my possession, and there is now but little of the original glass surface left. 
If the process is in regular use, I should much like to know the precise 
procedure. It seems rather mysterious that a film of gelatine, scarcely thicker 
than thick paper, should be able to tear out fragments of solid glass, but 
there is no doubt of the fact. 

[1919. Interesting information in response to the above will be found in 
Engineering for March 11 and 16, and April 27, 1917.] 
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THE LE CHATELIEE-BRAUN PRINCIPLE. 

[Transactuyns of the Chemical Society, Vol. cxi. pp. 250 — 252, 1917.] 


In a paper with the above title, Ehreiifest {Zeitsck physikal Ghem. 1911, 
77, 2) has shown that, as usually formulated, the principle is entirely 
ambiguous, and that nothing definite can be stated without a discrimination 
among the parameters by which the condition of a system may be defined. 
The typical example is that of a gas, the expansions and contractions of 
which may be either (a) isothermal or (^) adiabatic, and the question is a 
comparison of the contractions in the two cases due to an increment of 
pressure Bp. It is known, of course, that if Bp be given, the contraction | S'l; | 
is less in case (j8) than in case (a). The response of the system is said to be 
less in case (/3), where the temperature changes spontamionsly. But we need 
not go far to encounter an ambiguity. For if we regard Bv as given instead 
of Bp, the effect Bp is now greater in (/3) than in (a). Why are we to choose 
the one rather than the other as the independent variable ? 


When we attempt to answer th,is question, we are led to recognise that 
the treatment shoidd commence with purely mechanical systems. The 
equilihi'ium of such a system depends on the potential energy function, and 
the investigation of its character presents no difficulty. Afterwards we may 
endeavour to extend onr results to systems dependent on other, for example, 
thermodynamic, potentials. 


As regards mechanical systems, the cpiesbion may be defined as relating 
to the operation of constraints. A general treatment (Phil Mag. 187 5, [iv], 
Vhol. XLix. p. 218 ; Scientific Papers, Fol. i. p. 235 : also Theory of Sound, § 75) 
shows that ‘The introduction of a constraint has the effect of diminishing the 
potential energy of deformation of a system acted on by given forces; and 
the amount of the diminution is the potential energy of the difference of 


the deformations. 

“For an example take the case of a horizontal rod clamped at one end 
and free at the other, from which a weight may be suspended at the point Q. 
If a constraint is applied holding a point P of the rod in its place (for 
example, by a support situated under it^ the potential energy of the bending 
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due to the weight at Q is less than it would be wdthout the constraint by 
the potential energy of the difference of the deformations- And since the 
potential energy in either case is proportional to the descent of the point Q, 
we see that the effect of the constraint is to diminish this descent.” 

It may suffice here to sketch the demonstration for the case of two 
degrees of freedom, the results of which may, indeed, be interpreted so as to 
cover most of the ground. The potential energy of the system, slightly 
displaced from stable equilibrium at £» = 0, y = 0, may be expressed 

V = ^aoc^ + hxy + ^cy^, $ 

where, in virtue of the stability, a, c, and ao — If are positive. The forces 
X, Y, corresponding with the displacements x, y, and necessary to maintain 
these displacements, are : 

X = dVjdx — ax + hy, = dVjdy = hx + oy. 

If only X act, that is, if Y —d, y — — hxjc, and 

X 

^~a- b^jc' 

This is the case of no constraint. On the other hand, if y is const rainc’d to 
remain zero by the application of a suitable force F, the relation between the 
new X (say x') and X is simply 



Thus ~ = 1 — — ; 

X ac 

so that having the same sign as x, is numerically less, or the effect of the 
constraint is to diminish the displacement x due to the force X. An exception 
occurs if & = 0, when x = Xja, whatever y and Y may be, so that tlic constmint 
has no effect. 

An example, mentioned by Ehrenfest, may be taken from a cylindrical 
rod of elastic material subject to a longitudinal pressure, X, by which tJie 
length is shortened {x). In the first case the curved wall is free, and in th«^ 
second the radius is prevented from changing by the application of n, .suilrible 
pressure. The theorem asserts that in the second case the shortiming due to 
the longitudinal pressure X is less, in virtue of the constraint a})plied to t.he 
walls. 

Returning to the compressed gas, we now recognise that it is the ])i’cs.sure 
hy which is the force and —hv the effect, corresponding respectively witli A' 
and X of the general theorem. But we may still feel a doubt as to which is 
the constrained condition, the isothermal or the adiabatic, and without a 
decision on this point no statement can be made. It is, however, evid<‘iit 
that if the general theorem is applicable at all, the adiabatic condition must 
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be regarded as the constrained one, since the response is to he diminished by 
a constraint. 

The justification of this view does not seem difficult. The gas may be 
supposed to be confined in a cylinder under a piston, and the walls of the 
cylinder may be taken to be so massive as to control the temperature of the 
gas when undergoing slow alterations of volume. The necessary interchanges 
of heat take place -of themselves, and the condition is one of freedom from 
constraint. We pass to the adiabatic condition by preventing this accom- 
modation. . The flow of heat may be stopped by the introduction of a non- 
conducting layer or in any other way, and the operation has the character 
of a consti'aint. Since the motion of heat in a conductor is due to differences 
of temperature, the former is assimilated to the displacement and the latter 
to the force of the purely mechanical problem. The same conclusion follows 
from a consideration of the thermodynamic potential. 

Instead of a gas we may take a vapour in contact with liquid, say steam 
in contact with water. The pressure is now a function of temperature only, 
St,) that if the pressure is increased while the temperature remains unchanged, 
the whole of the steam is condensed, and the volume is greatly reduced, If 
by a cfuirttraint the outward passage of heat is prevented, the temperature 
risi's ami the reduction of volume soon ceases, in accordance with the 
principle. 

Or again, we may suppose that the temperature is raised by a given 
amount, in the first case under constant pressure (no constraint), or, secondly, 
umier constant volume, namely, with constraint. The passage of heat is less 
in the Bccojid case. 

Electrostatic problems, governed by a potential energy function, are seen 
to be inclmk'd under those of ordinary mechanics. Imagine two conductors, 
near enough to influence one another, of which the first can he connected 
with a battery (the other pole of which is earthed), whilst the second can be 
connected directly to earth. In the first case (of no constraint), the second 
conductor is earthed, and a certain charge enters the first conductor as the 
ri'sult of the battery contact. In the second case, the earth connexion of 
the* si'coud conductor is broken, before battery contact is made. The breaking 
of' this contact introduces a constraint, and the charge on the first conductor 
is reduced. In all such problems potential corresponds with force and charge 
corrt'sponds with displacement. 

In j)rol)lems relating to steady electric currents maintained against re- 
sistance, the dissipation function takes the place of the energy function. If 
an electromotive force act on any branch of a network of conductors, _ it 
generatcB less current, and accordingly does less work, when an interruption 
occurs, as by breaking a contact in any part of the system. 
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ON PERIODIC IRROTATIONAL WAVES AT THE SURFACE 

OF DEEP WATER. 

\_Philoso'phical Magazine, Vol. xxxili. pp. 381 — 389, 1917.] 

The treatment of this question by Stokes, using series proceeding by 
ascending powers of the height of the waves, is well known. In a jiaper with 
the above title* it has been criticised rather severely by Biimside, who 
concludes that “ these successive approximations can not be used for purposes 
of numerical calculation — ” Further, Burnside considers that a nuinerieal 
discrepancy which he encountered may be regarded as suggesting tlie non- 
existence of permanent irrotational waves. It so happens that on this point 
I myself expressed scepticism in an early paper]-, but afterwards I accepted 
the existence of such waves on the later arguments of Stokes, M>‘Cowan ];, and 
of Korteweg and De Vries§. In 1911 11 I showed that the method of the early 
paper could be extended so as to obtain all the later results of Stokes. 

The discrepancy that weighed with Burnside lies in the fa,ct that the 
value of /Q (see equation (1) below) found best to satisfy the conditions in 
the case of a=l differs by about 50 per cent, from that given l>y Stokes’ 
formula, viz. ^ It seems to me that too much was expected. A series 

proceeding by powers of 1 need not be very convergent. One is reminded of 
a parallel instance in the lunar theory where the motion of the moon’s apse, 
calculated from the first approximation, is doubled at the next step. Similarly 
here the next approximation largely increases the numerical value of 13. 
When a smaller a is chosen (yV)> series developed on Stokes’ plan give 
satisfactory results, even though they may not converge so rapidly as might 
be wished. 

The question of the convergency of these series is distinct from that of the 
existence of permanent waves. Of course a strict mathematical proof of their 
existence is a desideratum; but I think that the reader who follows tlie 
results of the calculations here put forward is likely to be convincc'd that 

* Proc. Lend. Math. Soc. Vol. xv. p. 26 (1915). 

t Phil. Mag. Vol. i. p. 257 (1876) ; Scientific Papers, Vol. i. p. 261. 

J Phil. Mag. Vol. xxxii. ijp. 45, 653 (1891). 

§ Phil. Mag. Vol. xxxix. p. 422 (1895). 

II Phil. Mag. Vol. xxi. p. 183 (1911). [This volume, p. 11.] 



1917] 


ON PERIODIC IRROTATIONAL WAVES 


479 


permanent waves of moderate height do exist. If this is so, and if Stokes’ 
series are convergent in the mathematical sense for such heights, it appears 
very unlikely that the case will be altered until the wave attains the greatest 
admissible elevation, when, as Stokes showed, the crest comes to an edge at 
an angle of 120”. 

It may be remarked that most of the authorities mentioned above express 
belief in the existence of permanent waves, even though the water be not 
deep, provided of course that the bottom be flat. A further question may be 
i*aised as to whether it is necessary that gravity be constant at different levels. 
In the paper first cited I showed that, under a gravity inversely as the cube 
of the distance from the bottom, very long waves are permanent. It may be 
that under a wide range of laws of gravity permanent waves exist. 


Following the method of my paper of 1911, we suppose for brevity that 
the wave-length is 27r, the velocity of propagation unity*, and we take as the 
expression for the stream-function of the waves, reduced t<j rest, 

= y — cos X — cos 2x — cos Sa; 

— cos 4a; — cos 5x, (1 ) 

in which x is measured liori^^ontsilly and y vertically downwards. This ex- 
pression evidently satisfies the differential equation to which y{r is subject, 
whatever may be tin; values of the constants a, &c. And, much as before, 
•we shall find tliat the surface condition can be satisfied to the order of a’ 
inclusive ; /S, y, S, e being respectively of <3rders a’*, a”, a!\ (£. 

We suppose that the free surface is the stream-line '\/r = (), and the 
constancy of pressure thei’e imposed re<piires the constancy of ?7“ — 2yy, where 
U, representing the resultant velocity, is e<|ual to + {d'^(dy)% and 

g is the constant {icceler;iti()n of gravity now to be determined. Thus when 

V = 0, 

— %jy = 1 H- 2 (1 — y) y -H -f- cos 2x 

4- cos 3a; -f cos 4ix 4- cos 5a; 

4- cos x 4- flaye”'*’/ cos 2x 4- 8aSe~"-'/ cos 3a; (2) 

coi-reot to a’ inclusive. On tlie right of (2) we have t(.) expand the exponentials 
and substitute for the various poweivs of y expressions in terms of a;. 

It may be well to reproduce the process as formerly given, omitting S and 
e, and carrying (2) only to the ordm* «■'. We have from (1) as successive 
approximations to y: — 

y — cie~y cos a; = a cos (3) 

* The extensioii to arliitrary wave-lengths and velocities oaay be effected at any time by 
attention to dimensions. 
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2/ = a (1 — 2/) CO® ^ ^ cos 2«; (4) 

2 / = a (1 — y + cos x 

= _ ^a2 ^ Of (1 + |c^) cos X - cos 2x + |a» cos Sa?, (5) 


which is correct to a® inclusive, y8 being of order a\ In calculating (2) to the 
approximation now intended we omit the term in ary. In association with ayS 
and •y we take e~^ = 1 j in association with ^,6 = 1 2?/ , while 

a^e-^y = a® (1 - 22/ + 2y^ - f^®). 

Thus on substitution for y^ and y^ from (5) 

0,20-2^ == {1 — 22/ + a® — 4 a® cos ic + cos 2 £c — f a® cos Sir}. 


In like manner 

2 y 3 e"® 2 / cos 2ir = 2^8 cos 2ic — 2a/3 (cos x + cos Sa?). 

Since the terms in cos ic are of the fifth order, we may replace a cos x by y. 


and we get 

- 2(/y = 1 + a® + + 22/ (1 -5^ - a" - 2a" + 

H- (a" + 2/3) cos 2ic + (- |a® + 47 - 2a/3) cos Sir (6) 

The constancy of (6) requires the annulment of the coefficients of y and 
of cos 2ir and cos Zx, so that 

/3 = _|a^ 7 = T*5a®> (^> 

and ^ = 1 — a® — fa" (8) 


The value of g in (8) differs from that expressed in equation (11) of my 
former paper. The cause is to be found in the difference of suppositions with 
respect to Here we have taken = 0 at the free surface, which leads to 
a constant term in the expression for y, as seen in (5), while formerly the 
constant term was made to disappear by a different choice of 

There is no essential difficulty in carrying the approximation to y two 
stages further than is attained in (.5). If S, e are of the 6th and 7th order, 
they do not' appear. The longest part of the work is the expression of e~y as 
a function of £c. We get 


3a® 125a" f , o si 

e-y ^ I + - cos x{a + 2a®} 

3a® 125a" 


+ cos 2x /3| - cos Sx + - cos 4 ji7, . . .(9) 

and thence from (1) 


2 a® 


125a" 


f 9a® 625a® 3a/3] 

'!/ a" + cos /r -j a +■ ^ 4- ^^2 '55 1 


8 
4a" 


2 j 


, 1 ^ (3a® 625a® SayS , } 

cos 2x U a® + ^ - /3| + cos 3a; |-g- + + 7| 

a" . 125a® „ /-i/yx 

TT cos 4)X 4 - -TVo 7 - cos 5a; 

6 oo4< 
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When we introduce the values of /3 and 7 , already determined in ( 7 ) with 
sufficient approximation, we have 


2 / = — — a"* + cos a:? a + 


lla^) 


9a=* . 769a‘*) 


cos 2a) i TT + 


H I 


+ cos Zx \ + 


+ 

3a» 


8 ' 192 j 


315a''’) oc^ 


8 ' 128 J 


125a' 




COS 5x , . . . ( 11 ) 


in agreement with e<.|uations (13), (18) of my former paper when allowance is 
made foi the different suppositions with respect to ’yj/', as may be effected hy 
expressing both results in terms of a, the coefficient of cos .-r, instead of a. 

The next step is the further development of the pressure equation ( 2 ), so 
as to include terms of the order a’. Where j3, 7 , etc. occur as factoi’s, the 
expression for y to the third order, as in ( 5 ), suffices; but a more accurate 
value is required in d-e~‘V. Expanding the exponentials and replacing products 
of cosines by cosines of sums and differences, we find in the first place 

a?) y + 1 + + a‘ + --|- 

+ COB .X. j - 4.. + ■_ 

( 2 b 2 


4a-/3 


, 1 q«« 

+ cos 2x •{ a’* + 2/3 +• 2a“y8 

o 


H- cos 3*%* 


Zap -f- 47 J q f- Za~<y — 4 aS 


flfla" ) 

+ cos 4!X j - g- 4 - 2a-’/9 — ()a 7 + 6 S j- 

^ [ 37a’' 25a»/S 15aV , ^ ^ 

+ cos 5a) I - - 4 I - i 2 aS + 86 ^ ( 12 )* 

From the terms in cos x we now eliminate cos x by means of 
a cos X — ' 1 / (1 — ^®”) “b IjCt* “b ia" cos 2 .r'f', 

thus altering those terms of ( 12 ) which are constant, smd which contain y 
and cos 2x. Thus modified, ( 12 ) becomes 

U- — 2gy = 1 + «)! 4 q-i 4 


+ 2?/ 1 1 - <7 - - 2a‘ + /9 - 7a« + 

+ cos 2a: !«■* + 279 H- _ QrEyjl 


4 cos Sx 


4a'' 

■3 


o .O . .4 13a«/3 ,, ^ 

2a/9 4 47 — — 4 ^ — + 3a"7 — 4aS 


[* The terms in a'*/} (cos .r, cos3.'c) should read +■ — a'*/3oos.r, - 1 - - cos S.r ; apparently the 
term - cos x cos 2x had been omitted from the development of cos 2.r. 

t Since terms of order are retained, the term - 1 a'^ cos should be added to the expression 
for a cos .T. W. P. S.] 


R. VI. 


31 



482 


ON PERIODIC IRBOTATIONAL WAVES 


[419 


riQ/ye ) 

+ cos 4a) j + 2a^j3 — 6ay + 6Sy 

- f S7a’' 25a“/3 15a®7 t ^ o ) 

+ cos 5^ I - -20 ^ 12 ^ + - 12aS + Sej (IS)* 

Tlie constant part has no significance for our purpose, and the term in y can 
be made to vanish by a proper choice of y. 

If we use only a, none of the cosines can be made to disappear, and the 
value of g is 

y = l-a2_2a4_7^(i 

When we include also /9, we can annul the term in cos 2x by making 


and with this value of /9 


But unless a is very small, regard to the term in cos Zx suggests a higher 
value of /3 as the more favourable on the whole. 

With the further aid of <y we can annul the terms both in cos 2x and in 
cos ix. The value of /3 is as before. That of <y is given by 

, _ 12(^'^ 8 )’ 

and with this is associated 

, = (IS). 

The inclusion of h and e does not alter the value of g in this order of 
approximation, but it allows us to annul the terms in cos 4.^’ and cos 5x. The 
appropriate values are 


^=-l( 



(15) 

11 

M 

I 

1 

5a^ 619a'’ 

2 48 

(16) 


5j a" 

^ = “72’ 


^ 480’ 

and the accompanying value of y is given by 

(2or 

while yS remains as in (15). 

We now proceed to consider how far these approximations are successful, 
for which purpose we must choose a value for a. Prof Burnside took a = i. 
With this value the second term of /S in (15) is nearly one-third of the first 
(Stokes) term, and the second term of y in (20) is actually larger* than the 

[ With the alterations specified in the footnotes on p. 481, the terms in (13) involving o-“j3y, 
and («7, cos Ba:, become 2y , ^ and cos 3.r ^ i Then the highest terms in 

(16),(17),(18),and(20)beeomer6Specliyel, and if „A; 

the second term in (20) being now little more than half the first when a — 1. W. P. S.] 
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first. If the series are to be depended upon, we must clearly take a smaller 
value. I have chosen a — and this makes by (15), (18), (20) 

/3 = - -000,052,42, <y= ‘000,000,976, y = -989,736,92 (21)^ 

The next step is the calculation of approximate values of y from (11), 
which now takes the form 


y = _ -0051 + -101,165,0 cos A- 

— -005,183,3 cos 2x + -000,399,6 cos 3« 


- -000,033,3 cos 4!X + -000,003,3 cos Sir (22) 

For example, when x = 0, y — -091,251,3. The values of y calculated from 
(22) at steps of 22|° (as in Burnside’s work) are shown in column 2 of Table I. 

We have next to examine how nearly the value of y afforded by (22) really 
makes vanish, and if necessary to calculate corrections. To this 3 and e in 
(1) do not contribute sensibly and we find = + "000,015,4 for ir = 0. In 
order to reduce yfr to zero, we must correct the value of y. With sufficient 
approximation we have in general 


or in the present case 


S'\lr — Sy(l + e~y cos ir)-]-, 



•000,015,4 
~ 1-091 


-•000,014,1, 


so that the corrected value of y for i6’ = 0 is -091,237,2. If we repeat the 
calculation, using the new value of y, we find 'yfr = 0. 


TABLE 14 


X 

V 

from (22) 

y 

corrected 

lP-2gy-l 

Corrected 
by 3/3 

0 

+ 

■091,251,3 

+ 

•091,237,2 

•010,104,9 

45 

22A 

+ 

•084,839,7 

+ 

•084,841,9 

.... 4,7 

44 

45“ 


•0()6, 182,8 

+ 

•000,181,8 

.... 4,3 

43 

()7i- 


•030,913,1 


•030,915,1 

.... 4,1 ' 

44 

90" 

+ 

•000,050,0 

+ 

•000,052,4 

.... 4,2 

40 

112i- 


•039,782,7 

— 

•039,780,2 

.... 4,4 

47 

135" 


•070,310,2 


•076,317,5 

.... 4,3 

43 

157i 


•102,381,1 


•102,395,1 

.... 4,7 

44 

I ho" 


•111,884,7 


•111,907,9 

•010,105,1 

1 

47 


[* With the correctiona specified in the footnote on p. 4S2 we Ixuve -y = -000,000,905, 
ff = ‘m),7H7,42. W. F. S.] 

t The double use of 3 will hardly cause confusion. 

[;j: With the corrections specified in the footnotes on pp. 481, 482, and calculating direct 
from (2), with the inclusion of the term cos 4.r, I find that the first 5 figures in the value of 

U~ ~ 2[ii/ - 1 are as in the table, whilst the last 2 figures, proceeding in order from te=0 to .r = 180, 
become 45, 45, 44, 43, 42, 42, 45, 51, 63; after making 0 modifications in coi-rected” (third 
column), the first 0 figures of which remain as ixrinted, whilst the last becomes, taken in the 
same order, 1, 9, 9, 1, 4, 3, 6, 3, 8, these modified values of y in every case reducing to zero to 
7 places of decimals. W. F. S.'J 
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In the fourth column are recorded the values of — 1, calculated 

from (1) with omission of S and e, and with the corrected values of y. d-y^jdoo, 
d-^ldy were first found separately, and then as the sum of the two squares. 
The values of 7, g employed are those given in (15), (18), (20). The form 
of in (I) with these values of the constants vanishes when y takes the 
values of the third column, and the pressure at the surface is also constant to 
a high degree of approximation. The greatest difference is (•000,001,0), which 
may be compared with *4, the latter amount representing the corresponding 
statical difference at the crest and trough of the wave. According to this 
standard the pressure at the surface is constant to 2-| parts in a million*. 

The advantage gained by the introduction of /3 and 7 will be better 
estimated by comparison with a similar calculation where only a (still equal 
-iu) g are retained. By (2) in this case 

U^-2gy-l=a?e~^y + 2{l-g)y (23) 

Table II shows the values of y and of cC^e~‘^y corresponding to the same 
values of x as before. The fourth column gives (23) when g is so determined 
as to make the values equal at 0° and 180°. It appears that the discrepancy 
in the values of _ 2^3/ is reduced 200 times by the introduction of /3 and 7, 
even when we tie ourselves to the values of 7, g prescribed by approxi- 
mations on the lines of Stokes. 


TABLE II. 


X 

y 


D-' - <± 1)11 - 1 

0 

+ •091,276,5 

•008,331,4 

■010,207,7 

224 

■084,870,5 

•008,438,8 


45 

•066,182,4 

•008,760,2 

. . . 12(\7 

674 

•036,882,6 

•009,288,9 

. . . 0 17d 

90' 

0 

•010,000,0 

. . . 000,0 

11% 

- -039,823,1 

■010,829,0 

. . . 010,4 

135 

- -076,318,5 

■011,649,0 

... 080,2 

1574 

- -102,344,1 

•012,271,4 

. . . 167,6 

180 

- -111,832,6 

•012,506,5 

•010,207,7 1 

i 


A cursory inspection of the numbers in column 4 of Tahh^ I suffices to 
show that an improvement can be effected by a. slight alteration in the value 
of /3. For small corrections of this kind it is convenient to use a formula 
which may be derived from (2). We suppose that while a and are main- 
tained constant, small alterations g/9, S7, are incurred. Neglecting the 

small variations of /3, 7, g when multiplied by and higher powers of a, 

we get o i > 


ly = {cos - |a cos a; - |a cos Sx] 

4- §7 {cos 3ar- 2a cos 2a; — 2a cos 4,*}, (24) 

•000 specified in footnote t on p. 483, the greatest difference becomes 

0,001,1, so that the surface pressure is constant to 2|- parts in a million. W. E. S.] 
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and 8(7/-- 2 ^) = 2 a (S/9 - hg) cos w + 28/9 cos 2oo 

+ 2 (287 - a8/9) cos 3^ - 6 a 87 cos 4 ^ 3 :: (25) 

For the present purpose we need only to introduce 8/9, and with sufficient 
accuracy we may take 

8 ( f/“ - 2gy) = 28/9 cos 2 ,^* (26) 

We suppose 8/9 = - ' 000 , 000 , 2 , so that the new value of /9 is - '000,052,6. 
Introducing corrections according to (26) and writing only the last two figures, 
we obtain column 5 of Table I, in which the greatest discrepancy is reduced 
from 10 to 4 — almost as far as the arithmetic allows — and becomes but one- 
millionth of the statical difference between crest and trough. This is the 
degree of accuracy attained when we take simply 

■f = y- oLe~y cos x — cos ^x - cos 3 .'r, (27) 

with a = |^^, g and 7 determined by Stokes’ method, and determined so as 
to give the best agreement^. 

[1919. Eeference may be made to Wilton, Fhil Mag. Vol. 27, p. 385, 
1914; also to Havelock, Roy. Soc. Froc., Vol. A 95, p. 38, 1918.] 


[* If we include the first 8 terina of (25), and write 

d ( IP - 20 ) = * 000 , 000,2 COB - *000,000,4 coa 2 ;i: + * 000 , 000,2 coaBjr, 

corresponding to 5 j 8 = -*000,000,2, 67 = + *000,000,04, -*000,001,2, we find that the cor- 

rected values of the last two figures of l/^" 2 //?/-l, given in footnote X on p. 483, become 
45 , 45 , 44 , 45 , 4 ( 5 , 4 ( 5 , 45 , 4 ( 5 , 45 , taken in the same order; tlieso results would not be afi’eeted 
by including the term in (25) involving cos4^r. Thus the greatest discrepancy is reduced from 
11 to 2 , becoming only half one-millionth of the statical difference. The new values of /3, 7 , 
and (j, thus determined so as to give the best agreement, are = - *000,052,6, 7 = *000,000,94, 
//= *989,73(5,2. W. F. S.] 
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ON THE SUGGESTED ANALOGY BETWEEN THE CONDUCTION 
OF HEAT AND MOMENTUM DURING THE TURBULENT 
MOTION OF A FLUID. 

[Advisory Committee for Aeronautics, T. 941, 1917.] 

The idea that the passage of heat from solids to li(piids moving past them 
is governed by the same principles as apply in virtue of viscosity to the 
passage of momentum, originated •with Reynolds {Manchester Proc., 1874); 
and it has been further developed by Stanton {Phil. Trans., VoL cxc. p. 67, 
1897 ; Tech. Rep. Adv. Committee, 1912-13, p, 45) and Lancb ester (same Report, 
p. 40). Both these writei-s express some doubt as to the exactitude of the 
analogy, or at any rate of the proofs which have been given of it. The object 
of the present note is to show definitely that the analogy is not complete. 

The problem which is the simplest, and presumably the most favourable 
to the analogy, is that of fluid enclosed between two parallel plane solid 
surfaces. One of these surfaces at 2 / = 0 is supposed to be fixed, while the 
other at y = l moves in the direction of x in its own plane with unit velocity. 
If the motion of the fluid is in plane strata, as would happen if the viscosity 
were high enough, the velocity a in permanent regime of any stratum y is 
represented by y simply. And by deflinition, if the viscosity be unity, the 
tangential traction per unit area on the bounding planes is also unity. 

Let us now suppose that the fixed surface is maintained at temperature 0, 
and the moving surface at temperature 1. So long as tlie motion is stratified, 
the flow of heat is the same as if the fluid were at rest, and the temperature 
{6) at any stratum y has the same value y as has u. If the conductivity is 
unity, the passage of heat per unit area and unit time is also unity. In this 
case, the analogy under examination is seen to be complete. The question 
is — will it still hold when the motion becomes turbulent ? It appears that 
the identity in the values of 6 and u then fails. 

The equations for the motion of the fluid when there are no impressed 
forces are 


Lu 1 
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with two similar equations, where 

D d d d d 

representing differentiation with respect to time when a particle of the fluid 
is followed. 

In like manner, the equation for the conduction of heat is 


m 

Dt 


kv^e. 


Although we identify the values of k and v, and impose, the same boundary 
conditions upon ti and 0, we see that the same values will not serve for both 
ii and 0 in the interior of the fluid on account of the term in dpjdx, which is 
not everywhere zero. 


It is to be observed that turbulent motion is not steady in the hydro- 
dynamical sense, and that a uniform regime can be spoken of only when we 
contemplate averages of u. and 0 for all values of x or for all values of t. It is 
conceivable that, although there is no equality between the passage of heat 
and the tangential traction at a particular time and place, yet that the axeixtge 
values of these, quantities might still be equal. This question must for the 
present remain open, but the suggested equality does not seem probable. 

The principle of similitude may be applied in the present problem to find 
a general form for II, the heat transmittetl per unit area and per unit time 
(compare Nature, Vol. xov. p. 67, 1915)*. In the same notation as there 
used, lot a> be the distance; between the planes, v the mean velocity of the 
stream, 0 the temperature difference between the planes, k the conductivity 
of the fluid, c the cajjacity for heat per unit volume, v the kinematic viscosity. 
Then 

JJ _K,0 JJ, faVG cv 

a ' ' \ K ’ K 



or, whicli comes to the sjime, 



a 



cv\ 

K ) ’ 


where F, Fi denote arbitrary functions of two variables. When v — 0, 
F (0, cvIk) = 1. 

For ii given fluid cvjK is constant and may be omitted. Dynamical 
similarity is attained when av is constant, so that a complete determination 
of F (experimentally or otherwise) does not require the variation of both 
a and r. There is advantage in keeping a, constant; for if a be varied, 
geometrical similarity demands that any roughnesses shall be in proportion. 

The objection that k, c, v are not constants, but functions of the tempera- 
ture, may be obviated by supposing that 0 is small. 


[* This volume, p. 300.] 
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[^Philosophical Maga^iine, Vol. xxxiii. pp. 496 — 499, 1917.] 


In a short note* with the above title I pointed out that Maxwell as early 
as 1869 in a published examination paper had given the appropriate formulse, 
thus anticipating the work of Sellineierf and Helmholtx,];. It will easily 
be understood that the German writers were unacquainted with Maxwells 
formulae, which indeed seem to have been little known even in England. 
I have thought that it would be of more than historical interest to examine 
the relation between Maxwells and Helmholtz’s woi-k. It appears that the 
generalization attempted by the latter is nugatory, unless we are prepared to 
accept a refractive index in the dispersive medium becoming infinite with the 
wave-length in vacuo. 

In the aether the equation of plane waves propagated in the direction of 
so is in Maxwells notation 


p(P7}fdt^ = JS(p7)jda)^, ( 1 ) 

where rj is the transverse displacement at any point a; and time t, p is the 
density and E the coefficient of elasticity. Maxwell supposes “ that every 
part of this medium is connected with an atom of otlier matter by an 
attractive force varying as distance, and that there is also a force of resistance 
between the medium and the atoms varying as their relative velocity, the 
atoms being independent of each other and he shows that the equations of 
propagation in this compound medium are 


(Prj 


E 


d" 
dsc^ 


n 


cr p-^ + R 


dt 


) = -.(' 


dV^ 


.( 2 ) 


where p and a are the quantities of the medium and of the atoms respectively 
in unit of volume, rj is the displacement of the medium, and ^ that of the 
atoms, crp-^ is the attraction, and crRd^jdt is the resistance to the relative 
motion per unit of volume. 


* Phil. Mag. Vol. xLvrir. p. 151 (1899) ; Scientific Papers, Vol, iv. p. 413. A misprint is now 
corrected, see (4) below. 

t Pogg. Ami. cxLnr. p. 272 (1871). 

4 PogS" .A.nn. cliv. p. 582 (1874) ; WissenschaftUche Abhandlungen, Band ir. p. 213. 
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On the assumption that 

Vi ^ = (0, D) ( 3 ) 

we get Maxwell’s results* 

1 1 __ p 4- cr p“ — 71^ 

~ ~~E~ ^ ~E (2^ - 7i^y + r^77 ;^ ’ 

Rn 

vln E 

Hei e V is the velocity of propagation of phase, and I is the distance the waves 
must run in order that the amplitude of vibration may be reduced in the 
ratio e : 1. 

When we suppose that jR = 0, and consequently that ^ = ao , (4) simplifies. 
If t;,* be the velocity in mther (<r = 0), and v be the refractive index, 

^ O' 

^ V‘^ ~ ' p p^ — 71^ 

lor comparison with experiment, results are often conveniently expressed 
in terms of the wave-lengths in free ®ther corresponding with the frequencies 
in question. Thus, if X correspond with n and A with p, (6) may be written 

= ^ + (7) 

— the dispersion formula commonly named after Sellmeier. It will be observed 
that R refer to tlie vibrations which the atoms might freely execute when 
the a-!ther is rnai ritaiiicd at rest (p = 0). 

If we suppose that 7i is infinitely small, or X infinitely great, 

,1 . . f -j ^ °'/P’ 

thus remaining finite. 

Helmholtsj in his investigation also introduces a dissipative force, as is 
necessary to avoid infinitieis when n=p, but one differing from Maxwell’s, in 
that it is dependent upon the absolute velocity of the atoms instead of ujion 
the relative velocity of mther and matter. A more important difference is 
the introduction of an arlditional force of restitution (cv^x), proportional to the 
absolute displacement of the atoms. His equations are 

^ ^11 

J - a;) - (10) 

ThuH in Maxwelrs original statement. In my quotation of 1899 the sign of the second term 
ill (4) was erroneouBly given as plm. 

I" What was cloubtleBs meant to be appears as bringing in x in two senses. 
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Helmholtz ... 


1 


y 

oc— ^ 


m 


1 ^ 

Maxwell 

V ■ 

1 P 

E 

X 

? 1 


cr 

0 i 

' V 


This notation is so different from Maxwell’s, that it may be well to exhibit 
explicitly the correspondence of symbols. 

h 

Ifl 

When there is no dissipation {R = 0, 7^ = 0), these interchanges harmonize 
the two pairs of equations. The terms involving respectively R and 7“ follow 
different laws. 

Similarly Helmholtz’s results 

1 _ _ /A m7i^ — — yg- 


2 Jc 

C7l 


/SV" 1 


.( 11 ) 

,.( 12 )^ 


aHi, i 77171- — a® — + 7^/d ’ * 

identify themselves with Maxwell’s, when we omit R and 7^ and make a‘^ = 0. 
In order to examine the effect of we see that when 7==(), (11) becomes 


^2 


7nn- — a 


2 


OL^n^ ni7i^ — 


or in terms of (= c^jc^). 


v^ = l 


/3^ 771 — a? 1 7lr 


/j, mn^ — — j3- 

If now in (14) we suppose w = 0, or A = 00 , we find that v = oc , unless = 0. 
If 0,2 = 0, we get, in harmony with (6), 


V'‘ 


771/3^ 


.(15) 


ft (W7l“ — /3^) ’ 

which is finite, unless 71171 ^ = /3-. It is singular that Helmlioltz makes precisely 
opposite statements -j- : — “ Wenn ci = 0, wird k = 0 und l/c=co; .sonst werden 
beide Werthe endlich sein.” 

The same conclusion may be deduced immediately from the original 
equations (9), (10). For if the frequency be zero and the velocity of pro- 
pagation in the medium finite, all the differential coefficients 1 nay be omitted; 
so that (9) requires £c — ^ = 0 and (10) then gives or — 0. 

WtillnerJ, retaining in Helmholtz’s equation, writes (14) in the form 


V- 


1_PA2 + 


^2 _yv2 ’ 


.(16) 


[* The result (12) is so given by Helmholtz ; but the first “ - ” should bo “ + ”, involving 
some further corrections in Helmholtz’s paper. 

t Helmholtz, however, supposes 7 =)= 0, and on that supposition his statements appear to be 
correct. They cannot, however, legitimately be deduced, as appears to be assumed by Helmholtz, 
from the equatious which in his paper immediately precede those statement.^, since those 
equations are obtained on the understanding that the ratio of the right-hand side of ( 12 ) to that 
of ( 11 ) is zero when n = 0, Avhich is not the case when a absolutely = 0. W. F. S.] 

X Wied. A7in. xvii. p. 580; xxiii. p. 306. 
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applicable when there is no absorption. And he finds that in many cases the 
facts of observation require ns to suppose P=Q. This is obviously the 
condition that v® shall remain finite when A= oo, and it requires that in 
Helmholtz’s equation be zero. It is true that in some cases a better agreement 
with observation may be obtained by allowing Q to differ slightly from P, but 
this circumstance is of little significance. The introduction of a new arbitrary 
constant into an empirical formula will naturally effect some improvement 
over a limited range. 


It remains to consider whether a prion we have grounds for the assumption 
that V is finite when X=oo. On the ^ectromagnetic theory this should 
certainly be the case. Moreover, an infinite refiractive index must entail 
complete refle.xion when radiation falls upon the substance, even at peiToen- 
dicular incidence. So far as observation goes, there is no reason for thinking 
that dark heat is so reflected. It would seem then that the introduction of 
a- is a step in the wrong direction and that Helmholtz’s fonnulffi are no 
improvement upon Maxwell’s *. 

It is scarcely necessary to add that the full development of these ideas 
requires the recognition of more than one resonance as admissible (Sellmeier). 


[* Similarly, the substitution of a dissipative force “ dependent upon the absolute velocity of 
the atoms instead of upon the relatmi velocity of aitlier and matter’’ (p, 489 above) appears to 
be the reverse of an improvement, since Maxwell’s results (4) and (5) above lead to a finite v 
when n=0, but R + 0 (cf. p. 490 and footnote t). W. F. S.l 
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ON THE EEFLECTION Ofr LIGHT FROM A REGULARLY 

STRATIFIED MEDIUM. 

[Proceedings of the Royal Society, A, Vol. xciii. pp. 565 — 577, 1917.] 

The remarkable coloured reflection from certain crystals of chlorate of 
potash described by Stokes*, the colours of old decomposed glass, and probably 
those of some beetles and butterflies, lend interest to the calculation of 
reflection from a regular stratification, in which the alternate strata, each 
uniform and of constant thickness, differ in refractivity. The higher the 
number of strata, supposed perfectly regular, the nearer is the approach to 
homogeneity in the light of the favoured wave-lengths. In a crystal of 
chlorate described by R. W. Wood, the purity observed would reipiire some 
700 alternations combined with a very high degree of regularity. A general 
idea of what is to be expected may be arrived at by considering the case 
where a single reflection is very feeble, but when the component reflections 
are more vigorous, or when the number of alternations is very great, a more 
detailed examination is required. Such is the aim of the present communi- 
cation. 

The calculation of the aggregate reflection and transmission by a single 
parallel plate of transparent material has long been known, but it may be 
convenient to recapitulate it. At each reflection or refraction the amplitude 
of the incident wave is supposed to be altered by a certain factor. When 
the light proceeds at A from the surrounding medium to the plate, the factor 
for reflection will be supposed to be h', and for refraction c ; the corresponding 
quantities when the progress at B is from the plate to the surrounding medium 
may be denoted by e', f. Denoting the incident vibration by unity, we have 
then for the first component of the reflected wave h', for the second c'e' fe~^^\ 
for the third c'e'^ and so on, all reckoned as at the first surface A, 

Here B denotes the linear retardation of the second reflection as compared 
with the first, due to the thickness of the plate, and it is given by 

B^2fjLT cos a, (1) 

* Roy. Soc, Proc.f February, 1885. See also Eayleigh, Phil. Mag. Vol. xxiv. p. 145 (1887), 
Vol. XXVI. pp. 241, 256 (1888) ; Scientific Papers, Vol. iii. pp. 1, 190, 204, 264. 
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where /u, is the refractive index, T the thickness, and a' the angle of refraction 
within the plate. Also k = 27r/X, X- "being the wave-length. Adding together 
the various reflections and summing the infinite geometric series, we find 


h' + 


i — ’ 



In like manner for the wave transmitted through the plate we get 

6.7 +oy + ... = ( 8 ) 

the incident and transmitted waves being reckoned as at A. 

The quantities h', c', e\ f are not independent. The simplest way to find 
the relations between them is to trace the consequences of supposing B = 0 
in (2) and (3). For it is evident a 2 ^'f'iori that, with a plate of vanishing 
thickness, there must be a vanishing reflection and an undisturbed total 
transmission*. Accordingly, 


b' + e' = 0, cf = l-e\ (4) 

the first of which embodies Arago’s law of the equality of reflections, as well 
as the famous “ loss of half an undulation.” Using these, and substituting o} 
for e', we find for the reflected vibration, 


17 (1 — 

_ Y , 

and for the transmitted vibration 

1 — 

' 1 — ' 


(5) 

,(6) 


In dealing with a single plate, we are usually concerned only with inten- 
sities, represented by the squares of the moduli of these expressions. Thus, 


T , rj . 1 1- w - (1 - cos^-S)- -H sm-A-;S 

Intensity 01 i‘eliect<:‘d light = ,, - 7^:- _ - 

o fo / ( 1 _ eos kBy- 4 - Tj* sin“ kS 

4//- sin-(i-/i';S) 


1 — 27 /- cos k8 + ’ 


.(7) 


intevnsity of transmitted light 


(1 ~ 7 )'^^ 

l''U2:;;U;(Tsl7S‘4-'’'77" ’ 



the sum of the two expressions being unity, as was to be expected. 

According to (7), not only does the reflected light vanish completely when 
5 = 0, but also whenever s being an integer; that is, whenever 

0 = 6-A. 

Returning to (5) and (0), we may remark that, in supposing k real, we are 
postulating a transparent plate. The effect of absorption might be included 
by allowing k to be complex. 


« “Wave Theory of Light,” Ency. Brit. Vol, xxiv. 1888; Scientific Papers, Yol, in. p. 64. 
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When we pass from a single plate to consider the operation of a number 
of plates of equal thicknesses and separated by equal intervals, the question 
of phase assumes importance. It is convenient to refer the vibrations to 
points such as O, O', bisecting the intervals between the plates ; see figure, 
where for simplicity the incidence is regarded as perpendicular. When we 



reckon the incident and reflected waves from 0 instead of A, we must 
introduce the additional factor S'' for the interval corresponding to S for 

the plate. Thus (5) becomes 


97 (1 — g— JiAS' 


(9) 


So also if we reckon the transmitted wave at O', instead of A, we must 
introduce the factor and (6) becomes 

( 10 ) 

The introduction of the new exponential factors does not interfere with 
the moduli, so that still 

|r-| + |j{2| = l ' (11) 

Further, we see that 

7' 97(1 — 6 "***) 2i97sin4/i;S /to\ 

t = - (1 

and thus (in the case of transparency) rjt is a pure imaginary. In accordance 
with (11) and (12) it is permitted to write 

= sin 6 . e*f*, t — i cos d . eT, (13) 

in which 6 and p are real and 

^ ^ 297siniZ^S 

i — rf 

Also from (9), (13) 

p=S7r-x-~i-/(;(S+S')--t7r, (15) 

where s is an integer and 

(lb) 

The calculation for a set of equal and equidistant plates may follow the 
lines of Stokes’ work for a pile of plates, where intensities were alone regarded^. 


^ Roy. Soa. Pr^oc, 1862; Math, and PJiys. Papers^ VoL iv. f). 14r5. 
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In that case there was no need to refer the vibrations to particular points, 
but for our purpose we refer the vibrations always to the points 0, O', etc., 
bisecting the intervals between the plates. On this understanding the formal 
expressions are the same. <f)m denotes the reflection from m plates, referred 
to the point 0 in front of the plates ; the transmission referred to a point 
Oni behind the last plate. “ Consider a system of m + n plates, and imagine 
these grouped into two systems, of m and n plates respectively. The incident 
light being represented by unity, the light will be reflected from the first 
group, and will be transmitted. Of the latter the fraction will be 
transmitted by the second group, and <f>n reflected. Of the latter the firaction 
will be transmitted by the first group, and reflected, and so on. 
Hence we get for the light reflected by the whole system, 

<l>ni. + <p>h + '4'm ^m<^n + • • • , 


and for the light transmitted 

which gives, by summing the two geometric series, 

+ (IT) 

1 <f>7nYn 



The argiinient applies equally in our case, only <pm, etc., now denote 
complex (juaiitities by which the amplitudes of vibration are multiplied, 
instead of reat positive quantities, less than unity, relating to intensities. 
By definition (f>i = r, 'yp'i = t. 

Before proceeding further, we may consider the comparatively simple cases 
of two or three plates. Putting 7n — n = 1, we get from (17), (18) 

r(l + t" /I o\ 

By (13), 1 - '?•" + t- = 1 - and thus 

r (1 - (3‘"‘>) 

(^ 0 ) 


It appears that vanishes not only when r = 0, but also index)endently 
of r when cos 2p = 1. In this case = — 1. 

Wlien cos 2p — 1, ?•== ± sin $, t = ± icos so that r is real and t is a pure 
imaginary. From (9) we find that a real r requires that 

cos (S + 8') = V" cos }jk (S' - 8), (21) 

■or, a.s it may also be written, 

tan . tan ^kS' = ^ ^ 


( 22 ) 



496 


ON THE REFLECTION OF LIGHT 


[422 


When ifj is small we see that 

h (S + S ) = (2s + 1) TT, or S + = (2.S + 1 } X/2. 

In this case only the first and second components of the aggregate reflection 
are sensible. 


. If there are three plates we may suppose in (17) m = 2, n— 1. 

(23) 

^2 and 1^2 being given by (19). If cj>.i = 0, 

^2 (1 — rcf)^) + r -v/r/ = 0 (24) 

In terms of p and 6 

sin ^ (1 - e^» ) ev _ cos-<?e-'> 

l-sin^^e^tp ’ ^2 l_sin-6^S“^ 

Using these in (24), we find that either sin 6, and therefore r, is eq ual to zew, 
or else that 

cos^ 6-^E{2~E){l-E) cos" £? + (!- Ey = 0, .(26) 

E being written for By solution of the quadratic 

cos"^ = -(l-jE')7^ or 

The second alternative is inadmissible, since it makes the denominators 
zero in (25). The first alternative gives 

.fi" = cos 2p + f sin 2p = 1 - ^ cos" 9 ±i cos 9 V(1 - i cos" 9), 
whence cos (9= + 2 sin ^27) 

When V, and therefore r, is small, cos ^ = 1 nearly, and in (15) may be 
omitted. Hence 

S + a' = \(i or |) + sX, ^28) 

as might have been expected. 

If we suppose = <^, = 0, - 1, and (23) gives <l>, = r. It is easy 

to recognize that for every odd number and for every even number 

4>m — 

In his solution of the functional equations (17), (18)*, Stokes regards S 
and ir as functions of continuous variables m and n, and he ol>tains it with 
the aid of a differential equation. The following process seems simpler, and 
has the advantage of not introducing other than integral values of m and n 
If we make m = 1 in (17), 

.. . r-r4,„‘ (29) 

or it we write = r — 1, 

Un+iUn + (1 — r" + ^2) _ Q 

* Stirling has shown, Hoy. Soc. Proc. A, Vol. xc. p. 237 (1914), that the two enuations are 
not independent, (18) being derivable from (17), ^ 
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In this we assume Un= v^+^lvn, so that 

^'ft+2 4- (1 9"® 4- ■yn+i 4- t~Vn = 0. 

The solution of (31) is 

Vn — 4- Kq^\ 

where p q =: — ^2 — _ ^ 2 ^ 

and Jf, K are arbitrary constants. Accordingly 

“** ■■■ 


.(31) 

,(82) 

( 33 ) 


•in which theie is but one constant of integration effectively. 

This constant may be determined from the case of = 1 for which 


II 

u> 

1 

•1. By means of (32) we get (p + 1) ir+ (^ + 1) = 0, 


so that 

u = ^^7 -1-1) - + 1) 

((/ + I)p^‘-(p4- 1)<2'^ ’ 

...(34) 

and 

(A = i + L) (i .j". 1 ) f P'^ ~ (?'*■} 

r {(c 2 4- 1) - ip + 1) ’ 


or since 

by (32) 7-« = (p 4 .l)(g+l)^ 



, 



...(35) 

where 



...(36) 


In Older to find ^fr^i we may put n = 1 in (17)j and by use of (29), with in 
substituted for n, we get 

I 2 — 1 A. '^‘‘^4-1— , „ 

Y’w — 1 — <j> m H cl>m , 


and on reduction with use of (35), (32), 


, L ~ 

- ± 

By putting m = 0, we see that the upper sign is to be taken. 
The e.xpre.ssiona thus obtained are those of Stokes: 


(37) 


4^nh 




.(38) 


_ 5~m _ ^-1 _7^-i 5- r/i 

The connexion between a, h and r, t is established by setting m = 1. Thus 

_ t __ 1 

5 - “ 7 ;^ Z7t-T^-i (39) 


In Stokes problem, where r, t, </>, -\|r represent intensities, a and h are real. 
If there is no absorption, r + ^ = 1, so that a — 1, 6 — 1 are vanishing cpiantities. 
In this case 

r ^ ^ _ 1 __ 

6 — 1 a — l^a — 14-6 — i’ 


R. VI. 


32 
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and ^ (40) 

When m tends to infinity, approaches unity, and approaches zero. 

For many purposes, equations (38), (39) may conveniently be written in 
another form, by making b =e^, a — e"-. Thus 

^ni f ^^1 

sinh m/9 sinha sinh (a -f wi/9) ’ '' ' 

^ ^ i'421 

sinh/9 sinha sinh(aH-/9)’ '■ 

where in Stokes’ problem a and j3 are real, and are uniquely determined in 
terms of r and t by (44), (46) below 

If we form the expression for (1 + r® — P')l2r by means of (42), we find that 
it is equal to cosh a. Also 

sinh" a = ^ ( 43 ) 

from which we see that, if ?’ and t are real positive quantities, such that 
r + < 1, sinh a is real. Similarly, sinh /9, sinh (a + y9) are real. 

Passing now to my proper problem, where 7' and t are complex factors, 
represented (when there is no absorption) by (13), we have 

1 + r- — cos p .... 

cosh a ~ ^ — 7 , , (44) 

2r sm d ^ 

so that cosh a is real. Also 

sinh^ a = — 1 (45) 

sm- 0 

If we write a = aj + ia.^, yg = /9i + where Oi, ao, ySj, yQ.j are real, 

sinh a = sinh aj. cos + i cosh sin a^ , 
cosh a = cosh aj cos aa + i sinh aj sin a... 

•Since cosh a is real, either ai or sin aa must vanish. In tlie first case, 
sinh a — i sin and (45) shows that this can occur only when sin- 6 > cos*'^ p. 
In the second case (sina2=0X sinh^ a == sinh- a^, wliich re<|uires that 
sin^ 6 < cos- p. 

Similarly if we interchange ?’ and t, 

, ^ 7'^ sin p 

2c cos 0 ^ ^ 

so that cosh ^ is real, requiring either /9i = 0, or sin = 0. Also 

sinh>/S = 5^£_l (47) 

* Except as to sign, which is a matter of indifference. It may be remarked that his eciuation 
(13) can at once be put into this form by making his a and /3 pure imagiuaries. 
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If = 0, sink /3 = ^sin/ 32 , which can occur only when sin® p < cos^ or, 
which is the same, sin® ^ < cos® />. Again, if sin/Q 2 = 0, sinh® = sinh® / 3 i, 
occurring when sin® 9 > cos® p. 

It thus appears that, of the four cases at first apparently possible, 
«! = /3i = 0, sin ofa = sin = 0, are excluded. There are two remaining 
alternatives : 

(i) sinh® a = — ; sin® 6 > cos® p; ai = 0 , sin A == 0 ; 

(ii) sinh® a = + ; sin® 9 < cos® p; = 0, sin tx^ = 0. 

Between these there is an important distinction in respect of what happens 
when m is increased. For 

<pni = sinh ??iy5/sinh (a + m/ 3 ). 

In case (i) this becomes 

ll4>m ~ cos a.j + i coth »h/3i sin a», (48) 

and 1/1 <f)m I ® = 1 + sin®o£../sinh® m/3i (48 bis) 

If ySi be finite, sinh® 77 ^/ 3 ^ tends to oo when m increases, so that ] tends 
to unity, that is, the refiection tends to become complete. We see also that, 
whatever m may be, <pm cannot vanish, unless /3i = 0 , when also r = 0 . 

In case (ii) 

+ l/4>m — cosh tti — i cot WI/3.J sinh ckj, (49) 

and 1 /i <f)m 1 ® = 1 4 * sinh® cKi/sin® (49 bis) 

.so that <f>,n continues to fluctuate, however great m may be. Here may 
vanish, since there is nothing to forbid = 6 ^ 7 r. Of this behaviour we have 
already seen an example, ^vhere cos® p = 1. 

In order to discriminate the two cases more clearly, we may calculate the 
value of sinh® a from (43), writing temporarily for brevity 

('50) 

Thus by (9) and ( 10 ) 




^(A®-1) 


so that 
whence 


r + i 


(A® - - 7 ®) A' 

I- 77 A 

~~(a-v)~K' 


or ~ 


(1 — 77®) A 
(A® -7/®) A' ^ 

1 +77A 
"(A + 77) A' 


sinh® a ^ 


{(A — -7)® A'® — (1 — '7 A)®{ ((A + 77)® A'® — (1 4- 7A)®} 


...(53) 


47®A'®(A®-1)® 

The two factors in the numerator of the fraction differ only by the sign 
of 7], so that the fraction itself is an even function of 7 . The first factor may 
be written 

[(A — 7) A' 4 1 — 7 A} {(A — 7 ) A' — (I — 7 A)j 

= - fl 4 AA'- 7 (A 4 AOi fl - AA '4 7(A'- A)}; 

32—2 
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and similarly the second factor may be written with change of sign of 77 

- {1 4- AA' + 77 (A + A')j [1 - AA' - 97 (A' - A)}. 
Accordingly 

sinh= a = {(^ + AAQ^ - 77^ (A 4 - AQ^} {(1 - AAQ^ - 77^ (A - AQ^ 


477WHA‘-' - !)'■* 


..(54) 


In this, on restoring the values of A, A', 

1 + A A' ± 77 (A + A') = {cos P (S + 8') ± cos p- (S - 8')}, 

and 

1 - A A' ± 77 (A - AO = - (sin ^Jc{8 + 8') + 77 sin p- (S - SOI- 

Also 4A'^ (A-^ - 1)== = - giji 2 


and thus 


sinh® a = 


[cos*^ /c (8 + so — cos® Pc (S — 
77® sin® I /cS 



X (sin® (S + SO — V P^’ ~ ^0} (55) 

The transition between the two cases (of opposite behaviour when m==oo) 
occurs when sinh a = 0. In general, this requires either 


cos -p(S4- 80 


or' 


_ sin Pc (S + SO 

’'~-£rrii(s-i’y 


(56) 


conditions which are symmetrical with respect to S and S', as clearly they 
ought to be* In (55), (56), 77® is limited to values less than unity. 

Reverting to (43), we see that the evanescence of sinh® a requires that 
r = ± 1 + or, if we separate the real and imaginary parts of ?' and 
r “■ i I 4 4 ^ “ 


If, for example, we take ?' = — 1 — t, we have 

I r !® = (1 4 ii)® 4- = 1 4 I !5 i® 4 2i{i. 

Also I 7’ |® = 1 — I ^ I®; 

so that jr|®= 14 (^ 1 , |^|2= — ]{j. 

In like manner by interchange of r and t, 

10 ^ = 14 7-1, |r|® = — 7-j, 

showing that in this case r^, ti are both negative. 

The general equation (55) shows that sinh® a is negative, when 77® lies 
between 

cos® Pc(S4 SO , sin® Pc (S 4 S') 

cos® Pc (S — SO sin® ^ /c (S — S') ‘ 

This is the case (i) above defined where an increase in 7 n leads to complete 
reflection. On the other hand, sinh® a is positive when 77® lies outside the 


* That is with reversal of the sign of r;, which makes no difference here. 
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above limits, and then (ii) the reflection (and transmission) remain fluctuating 
however great m may be. When rf' is small, case (ii) usually obtains, though 
there are exceptions for specially related values of 8 and 8^ 

Particular cases, worthy of notice, occur when 8' ± 8 = sX, where s is an 


integer. If S' 4- 8 == sX, 

sinh^a = ')7^cos®|A;8 — 1, (57) 

and is negative for all admissible values of t), case (i). If 8' — h = sX, 

sinh’^a^ cos^^&S/'?;^ — 1, (58) 


and we have case (i) or case (ii), according as irf is greater or less than 
cos- 

When 7) is given, as would usually happen in calculations with an optical 
purpose, it may be convenient to express the limiting values of (56) in another 
form. We have 


1 +_5 
1 + t; 


tan . tan ^/r8', 


1 -H ->? 
1 ± 


cot I kh . tan J it8'. . . .(59) 


When the passage is perpendicular, Young’s formula, viz. = (/x, — !)/(;[* + 1), 
gives 

(l+^)/(l±^) = /.-S (60) 

fjL being the relative refractive index. 

We will now consider more in detail some special cases of optical interest. 
We choose a value of 8 such as will give the maximum reflection from a single 
plate. From (5) or (9) 

(1-7,7 


1 + 


2^2 (1 — cos ^-8) ’ 


so that I r I is greatest for a given t] when cos kB = ~-l. And then 

27,6"^**^’ l (1 — 7,-) 

r = 


.(61) 


.(62) 


We may expect the greatest aggregate reflection when the components 
from the various plates co-operate. This* occurs when =1, so that in 

the notation of (50), A“ = A'‘^ = — 1. The introduction of these values into 
(54) yields 

8inh“a= — 1, 1.(63) 

coming under (i). The same result may be derived from (57), since here 
cos = 0. In addition to = 0, sin = 0, we now have by (63) sin aa = ± Ij 
cos aa= 0, and (48) gives 

I |2 = tanh‘^ 7n./3i, | r |- = tanh^ (64) 

We are now in a position to calculate the reflection for various values of m, 
since by (62) 

tanh /3i = + = + tanh 2f, 

J. -f 7,- 
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if 77 = tanh so that 

• /Si = + 2 tanh~^ 77. ( 65 ) 

Let us suppose that, as for glass and air, yu, = 1'5, 77 = ^, making 0i = 0’40546. 
The following were calculated with the aid of the Smithsonian Tables of 
Hyperbolic Functions. It appears that under these favourable conditions as 
regards B and S', the intensity of the reflected light | <f>,m approaches its limit 
(unity) when m reaches 4 or 5. 

TABLE I. 


m 

m/3i 

tanh 

1 (pm Pz=tanh‘-^ in^i 

1 

0-4055 

0-3846 

0-1479 

2 

0-8109 

0-6701 

0-4490 

3 

1-2164 

0-8386 

0-7032 

4 

1-6218 

0-9249 

0-8554 

5 

2-0273 

0-9659 

0-9330 

6 

2-4328 ■ 

0-9847 

0-9696 

7 

2-8382 

0-9932 

0-9864 

10 

4-055 

0-9994 

0-9988 

00 

OC 

1-0000 

1-0000 


In the case of chlorate of potash crystals with periodic twinning 77 is veuy 
small at moderate incidences. As an example of the sort of thing to be 
expected, we may take 0^ = 0 - 04 , corresponding to 77 = 0 - 02 . 


TABLE II. 


m 

taxih m^i 

1 (pin 1 ^ 

1 

0-0400 

0-00160 

2 

0-0798 

0-00037 

4 

0-1586 

0-02517 

8 

0-3095 

0-09579 

16 

0-.5649 

0-3191 

32 

0-8565 

0-7336 

64 

0-9881 

0-9763 


According to (68), if 8'- g = sX. the same value of sinh= a obtfiins as i.i ((i3), 
since we are supposing cos^A;S=0, and the same consequences follow*. 

Retaining the same values of S, that is those included under B = + i) X, 

we will now suppose = where s' also is an integer. From (55; 

= = (G6) 


* But when tj is sjnall, a slight dtparture from 
the two cases. 


cosir/f^ — 0 produces very different effects 


in 





503 


1917] FROM A REGULARLY STRATIFIED MEDIUM 

since sin = 0 in this case (ii). By (49 his) we have now, setting w = 1, 

1 _ - sinh'^ _ (1 + rfy 

as we see from (62). Comparing with (66), we find sin^ =1, j8o = (s + 1) tt. 
Thus sin®m ^2 is equal to 1 or 0, according as m is odd or even; and (49 his) 
shows that when m is odd 

= = (67) 

and that when m is even, \^.,y^y = 0. The second plate neutralizes the 
reflection from the first plate, the fourth plate that from the third, and so on. 
The simplest case under this head is when 6 = ^ X., 8' = A,. 

A variation of the latter supposition leads to a verification of the general 
formulas worth a moment’s notice. We assume, as above, B' — s'\, but leave 
B open. Since = + 1, (9) and (10) become 

_ ^ 2^— 1 _ /CiQ\ 

~ pFs ’ ^ = ± > (63) 

and these are of the form (39), if we suppose a = h — The reflection 

from m plates is derived from r by merely writing for h, that is, 
Qihnks fQj. gii/cs^ leaving \(f)m \ equal to |rj*, as should evidently be the case, at 
least when = 0. 


[* This statement does not hold in general, when = where a' is an integer and may be 
zero. We have 

2i sin i 

^ ^ - 7)) cos + i ( 77 "“1 4 - 7 ?) Bin ^kd ’ 


BO that 


Hence 


4.1 


( 77 -^ ~ 


4*1; 


\ 4tBhx'^^7nk8 

consequently, if | <j>^ | = j r | , we must have 

sin- grilled = sin‘*^ | kd, 

or 1 7)ik5 = nrr J k8, 

nX 


where n is an integer, so that 


d = 


m 4 ; 1 ' 


This result may be verified for in = 2 or S from (19), (28), and (08). It includes as a special 
case that dealt with in the preceding paragraph, if, when in is odd, we write n=r:(g4 |) (md^l), 
where s is an integer. When the strata intervening between the plates disappear, but the 

theoi'y is only applicable on the supposition that reflection and refraction continue to take place 
as before at each of the contiguous surfaces of the plates. W. E. S.] 
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ON THE PRESSURE DEVELOPED IN A LIQUID DURING THE 
COLLAPSE OF A SPHERICAL CAVITY. 

[Philosophical Magazme^ Vol. xxxiv. pp. 94 — 98, 1917.] 

When reading 0. Reynold’s description of the sounds emitted by water 
in a kettle as it comes to the boil, and their explanation as due to the partial 
or complete collapse of bubbles as they rise through cooler water, I proposed 
to myself a further consideration of the problem thus presented ; hut I had 
not gone far when I learned from Sir C. Parsons' that he also was interested 
in the same question in connexion with cavitation behind screw-propellers, 
and that at his instigation Mr S. Cook, on the basis of an investigation by 
Besant, had calculated the pressure developed when the collapse is suddenly 
arrested by impact against a rigid concentric obstacle. .During the collapse 
the fluid is regarded as incompressible. 

In the present note I have given a simpler derivation of Besant’s results, 
and have extended the calculation to find the pressure in the inteiior of the 
fluid during the collapse. It appears that before the cavi ty is closed these 
pressures may rise very high in the fluid near the inner boundary. 

As formulated by Besant^, the problem is — 

“An infinite mass of homogeneous incompi*essiblo fluid acted upon by no 
forces is at rest, and a spherical portion of the fluid is suddenly annihilated ; 
it is required to find the instantaneous alteration of pressure at any point of 
the mass, and the time in which the cavity will he filled up, the pressure at 
an infinite distance being supposed to remain constant.” 

Since the fluid is incompressible, the whole motion is determined by that 
of the inner boundary. If U be the velocity and R the radius of the boundary 
at time t, and u the simultaneous velocity at luiy distance r (greater than R) 
from the centre, then 

( 1 ) 

* Besant’s Hijdrostatics and Hydrodynamics, 18, 'll), § L58. 
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and if p be the density, the whole kinetic energy of the motion is 




u ~ . 47rr2 d7' — '2'rrp U^JR^ (2) 


Again, if P be the pressure at infinity and Pq the initial value of R, the 
work done is 

4'7rP 


3 


W-PO (3) 


When we equate (2) and (3) we get 

Sp \P3 ’ 

expressing the velocity of the boundary in terms of the radius. Also, since 
IT = dR/dt, 

(R^/‘^dR) _ ^ 


x/mi: 


p (1 - /3^y 


.(5) 


(P„3_P=‘)^ 

if /3 = P/Po. The time of collapse to a given fraction of the original radius 
is thus proportional to Pop^P“i, a result which might have been anticipated 
by a consideration of “dimensions.” The time r of complete collapse is 
obtained by making /3 = 0 in (5). An equivalent expression is given by 
Besant, who refers to Cambridge Senate House Problems of 1847. 

Writing /3=* == z, we have 

■1 ri 


f’ 

J (1 


J- f z ^ (1 — z!)~ i dz, 
J 0 


i 0 (1 - /33)^ 0 

which may be expressed by means of P functions. Thus 

T = iJ. y (g^) . = -91468 R, Vip/P) (6) 

According to (4) IT increases without limit as R diminishes. This indefinite 
increase may be obviated if we introduce, instead of an internal pressure zero 
or constant, one which increases with sufficient rapidity. We may suppose 
such a pressure due to a permanent gas obedient to Boyle’s law. Then, if 
the initial pressure be Q, the work of compression is 4i7rQRo^ leg (J^o/R), which 
is to be subtracted from (3). Hence 


U‘-^ 


and £7’= 0 when 


2P /RT _ 

3p VP' V p R 
P (1 — z) Q log z —0, 


26 P-’ ■ 

S “g li > 


•( 7 ) 

.( 8 ) 


.S' denoting (as before) the ratio of volumes P^/P,/*. Whatever be the (positive) 
value of Q, U comes again to zero before complete collapse, and if <3 >P the 
first movement of the boundary is outwards. The boundary oscillates between 
two positions, of which one is the initial. 
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The following values of PfQ are calculated from (8) : 
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FIQ 

z 

PIQ 

\ 

idsxs 

6-9147 

1 

, ai-bitrai-y i 


4-6517 

2 

0-6931 

■ * 

2-5584 

4 

0-4621 

i 

1-8484 

10 

0-2558 


1-3863 

100 

0-0465 

1 

arbiti'ary 

1000 

1 

0-0069 

i 


Eeverting to the case where the pressure inside the cavity is zero, or at 
any rate constant, we may proceed to calculate the pressure at any internal 
point. The general equation of pressure is 

' 1 dp _ .Dji /q\ 

pdr~~ Dt~ dt dr 

u being a function of r and t, reckoned positive in the direction of increasing 
r. As in (1), u= and 

du 1 d 


dt dt 


Also 

and by (4) 
so that 


dt dt dt dt 


(W 

dt 


p R.;-' 

7 


d(U.R>) 

dt 


Thus, suitably determining the constant of integration, we get 

p’_il (]0) 

F I ^ 

At the first moment' after release, when R— we have 

p = P(l-72o/r) (11) 

When r = R, that is on the boundary, p = 0, whatever R may be, in accord- 
ance with assumptions already made. 

Initially the maximum p is at infinity, but as the contraction proceeds, 
this ceases to be true. If we introduce to represent R^;^/R\ (10) may be 


written 


P 

P 


R 


.( 12 ) 


dr 3r^ 1. " ' ] 


and 


(13) 
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The maximum value of p occurs when 


^*3 ^ 4 ^: ~ 4 ^ 
:r3 - 5 


(14) 


and then 


^ ^ = 1 . (^-0 
P 4r 41(2 _iyr 


(15) 


So long as z, which always exceeds 1, is less than 4, the greatest value of 
j), viz. P, occurs at infinity ; but when ^ exceeds 4, the maximum occurs at 
a finite distance given by (14) and is greater than P. As the cavity fills up, 
z becomes great, and (15) approximates to 


■ p _ ^ _ Po® 

P"4i“4r^>’ 


(16) 


corresponding to r = 4^P = T587 R (17) 

It appears from (16) that before complete collapse the pressure near the 
boundary becomes very great. For example, if R - -^Ro, p = 1260P. 


This pressure occurs at a relatively moderate distance outside the boundary. 
At the boundary itself the pressure is zero, so long as the motion is free. 
Mr Cook considers the pressure here developed when the fluid strikes an 
absolutely rigid sphere of radius R. If the supposition of incompressibility 
is still maintained, an infinite pressure momentarily results ; but if at thi^ 
stage we admit compressibility, the instantaneous pressure P' is finite, and 
is given by the equation 


jy-i 

2/3' 


1 rr^ ^7^'- 

= |pV-= 3^^ 



(18) 


/3' being the coefficient of compressibility. P, P', /3' may all be expressed in 
atmospheres. Taking (as for water) = 20,000, P - 1, and P=: Cook 

finds 

P' = 10,300 atmospheres = 68 tons per sq. inch, 

and it would seem that this conclusion is not greatly affected by the neglect 
of compressibility before impact. 

The subsequent course of events might be traced as in Theory of Sound, 
§ 279, but it would seem that for a satisfactory theory compressibility would 
have to be taken into account at an earlier stage. 
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ON THE COLOURS DIFFUSELY REFLECTED FROM SOME 
COLLODION FILMS SPREAD ON METAL SURFACES. 

[Philosophical Magazine, Vol. xxxiv. pp. 423 — 428, 1917.] 

It is known that “when a thin transparent film is backed by a perfect 
reflector, no colours should be visible, all the light being ultimately reflected, 
whatever the wave-length may be. The experiment may be tried with a thin 
layer of gelatine on a polished silver plate*.” An apparent exception has 
been described by R. W. Woodf : “A thin film of collodion deposited on a 
bright surface of silver shows brilliant colours in reflected light. It, more- 
over, scatters light of a colour complementary to the colour of the directly 
reflected light. This is apparently due to the fact that the collodion film 
“ frills,” the mesh, however, being so small that it can be detected only with 
the highest powers of the microscope. Commercial ether and collodion should 
be used. If chemically pure ether obtained by distillation is used, the film 
does not frill, and no trace of colour is exhibited. Still more remarkable is 
the fact that if sunlight be thrown down upon the plate at normal incidence, 
brilliant colours are seen at grazing emergence, if a Nicol prism is held before 
the eye. These colours change to the complementary tints if the Nicol is 
rotated through 90°, ie. in the scattered light, one half of the spectrum is 
polarized in one plane, and the remainder in a plane perpendicular to it.” 

I have lately come across an entirely forgotten letter from Rowland in 
which he describes a similar observation. Writing to me in March 1893, he 
says : — “ While one of my students was w^orking with light reflected from a 
metal, it occurred to me to try a thin collodion film on the metal. This not 
only had a remarkable effect on the polarization and the phase but I was 
astonished to find that it gave remarkably bright colours, both by direct 
reflexion and by diffused light, the two being complementary to each other. 
I have not gone into the theory but it looks like the phenomenon of 
thick plates as described by Newton in a different form. The curious point is 

* “ Wave Theory of Light,” Ene. Brit. 1888; Scientific Papers, Vol, in. p. 67. 
t Physical Optics, Macmillan, 1914, p. 172. 
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that I cannot get the effect by making the film on glass and then pressing it 
down hard upon speculum metal or mercury although I think the contact is 
very good in the case of the speculum metal. Possibly, however, it is not. 
Gelatine films on metal give good colours by direct reflexion but not hy diffused 
light : only faint ones. It would seem that the collodion film must be of 
variable density or full of fine particles. However, I leave it to you. I send 
by expre.ss two of the plates used.” Probably it was preoccupation wfith other 
work (weighing of gases) that prevented my giving attention to the matter at 
the time. 

Wishing to repeat the observation of the diffusely scattered colours, I made 
some trials, but at first without success. On application to Prof. Wood, I was 
kindly supplied with further advice and with a specimen of a suitably coated 
plate of speculum metal. Acting on this advice, I have since obtained good 
results, using very dilute collodion poured upon a slightly warmed silvered 
plate (plated copper) warmed again as soon as the collodion was set. That 
the film is no longer a thin homogeneous plate seems certain. Wood speaks 
of “ frilling,” a word which rather suggests a wrinkling in parallel lines, but 
the suggestion seems negatived by the subsequent use of “ mesh.” I should 
suppose the disintegration to be like that sometimes seen on varnished paint, 
where under exposure to sunshine the varnish gathers itself into small detached 
heaps. At any rate there is no apparent change when the plate is turned 
round in its own plane, showing that the structure is effectively symmetrical 
with respect to the normal of the plate. 

As regards Rowland’s suggestion as to the origin of the colours, it does 
not seem that they can be assimilated to those of “ thick plates.” The latter 
require a highly localized source of light and are situated near the light or its 
image, whereas the colours now under consideration are seen when the plate 
is held near a large window backed by an overcast sky, and are localized on 
the plate itself, the passage from one colour to another depending presumably 
upon an altered scale in the structure of the film. The formation of well- 
developed colour at the various parts of the plate requires that the structure 
be, in a certain sense, uniform locally. The case is similar to that of coronas, 
as in experiments with lycopodium, only that here the grains must be very 
much smaller. 

When examined by polarized light the behaviour of different plates is 
found to vary a good deal. We may take the case where sunlight is incident 
normally and the diffuse reflexion observed is nearly grazing. In the case of 
the specimen (on speculum metal) sent me by Prof. Wood, the light is practi- 
cally extinguished in one position (a) of the nicol, that namely required to 
darken the reflexion from glass. In the perpendicular position (yS) of the 
nicol good colours are seen, and also of course when the nicol is removed from 
the eye. At angles of scattering less nearly grazing there is some light in 
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both positions of the nicol, the fainter light in (a) showing much the same 
colour as in (yS). 

It will be noticed that this behaviour differs from that observed by Wood 
(on another plate) and already quoted. On the other hand, one of the (silvered) 
plates prepared by me shows a better agreement, more light than before being 
scattered at a grazing angle when the nicol is in the (a) position, while the 
colours in the (a) and (/3) positions of the nicol are roughly complementary. 

No more than Rowland have I succeeded in getting diffusely reflected 
colours from collodion films on glass or, 1 may add, quartz, either with or 
without the treatment with the breath suggested by Wood. The latter 
observer describes an experiment (p. 174) in which a film, deposited on the 
face of a prism, frilled under the action of the breath and then afforded a 
nearly three-fold reflexion. But, as I understand it, this augmented reflexion 
was specular. The only thing that I have seen at all resembling this was 
when I treated a coated glass with dilute hydrofluoric acid with the intention 
of loosening the film. Even when dry, the film remained out of optical contact 
with the glass, except I suppose at detached points, and gave an augmented 
specular reflexion, as was to be expected, inasmuch as three surfaces were 
operative. 

Two views are possible with regard to the different behaviour of films on 
metal and on glass. One is to suppose that the actual structure is different 
in the two cases ; the other, apparently favoured by Wood, refers the differ- 
ence to the copious reflexion of light from metallic surfaces. The first view 
would seem the more probable a py'iori and is to a certain extent supported 
by Rowland’s experiment. I have not succeeded in carrying out any decisive 
test. On either view we may expect the result to be modified by the metallic 
reflexion. 

As to the explanation of the colours, anything more than a rough outline 
can hardly be expected. We do not know with any precision the constitution 
of the film as modified by frilling. And, even if we did, a rigorous calculation 
of the consequences would probably be impracticable. But some idea may be 
gained from considering the action of an obstacle, e.g. a sphere, of material 
slightly differing optically from its environment and situated in the neigh- 
bourhood of a perfectly reflecting plane surface upon which the light is incident 
perpendicularly. Under this condition the reflected light may still be sup- 
posed to consist of plane waves undisturbed by the previous passage through 
and past the obstacle. 

The calculation, applying in the absence of a reflector but without limita- 
tion to the spherical form of obstacle, was given in an early paper*. In 
Maxwell’s notation, f, g, h are the electric displacements. The magnetic 

* Oa the Electro-magiietio Theory of Light,” Phil. Mag. Yol. xii. p. 81 (1881) ; Scientific 
Papers, 'Vol. i. p. 518. 
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susceptibility is supposed to be uniform throughout ; the specihc inductive 
capacity to be K, altered within the obstacle to K + AA^. The suffixes 0 and 
1 refer respectively to the primary and scattered waves. The direction of 
propagation being supposed parallel to ir and that of vibration parallel to 
we have = 0, and 

= 

being the time factor for simple progressive waves. For the scattered 
vibration at the point (a, y) distant r from the element of volume (dxdydz) 
of the obstacle, we have 


where 


yip 

fi, 9i, K = W, fiy, - {o? + /S'")}, (2) 

p = _ I jj h^e-^^^dxdydz, (3) 


and the integration is over the volume of the obstacle. If the obstacle is 
very small in comparison with the wave-length (X) of the vibrations, 
may be removed from under the integral sign and 


P = - 


T. Air. 

K 


(4) 


T denoting the volume of the obstacle. In the direction of primary vibration 
a = ^ = 0, so that in this direction there is no scattered vibr'ation. It will be 
understood that our suppositions correspond to primary light already polarized. 
If, as usually in experiment, the primary light is unpolarized, the light scat- 
tered perpendicularly to the incident rays is plane polarized and can be 
extinguished with a nicol. 

The formation of colour depends upon other factors. When the obstacle 
is very small, P is constant, and the secondary vibration varies as so that 
the intensity is as the inverse fourth power of the wave-length, as in the 
theory of the blue of the sky. In this case it is immaterial whether the 
obstacles are of the same size or not, but for larger sizes when the colour 
depends mainly upon the variation of P, strongly marked effects require an 
approximate uniformity. If the distribution be at random, the colours due 
to a large number may then be inferred from the calculation relating to a 
.single obstacle ; but if the distribution were in regular patterns, complications 
would ensue from the necessity for taking phases into account, as in the 
theory of gratings. For the present purpose it suffices to consider a random 
distribution, although we may suppose that the centres, or more generally 
corresponding points, of the obstacles lie in a plane perpendicular to the 
direction of the primary light. 

When the obstacle is a sphere, the integral in (3) can be evaluated*. The 
centre of the sphere, of radius R, is taken as the origin of coordinates. It is 

* Froc. Roy. Soc. A, Vol. xc. p. 219 (1914). [This volume, p. 220.] 
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evident that, so far as the secondary ray is concerned, P depends only on the 
angle (y) which this ray makes with the primary ray. We suppose that % = 0 
in the direction backwards along the primary ray, and that % = tt along the 
primary ray continued. Then with introduction of the value of from (1), 
we find 


where 


AK . 47rP^ . /sin m cos m 


K 

m = 2/cP cos 


rtv 


m'^ 


( 5 ) 

(«) 


The secondary disturbance vanishes with P, viz. when tan m = w, and on 
these lines the formation of colour may be understood. Some further par- 
ticulars are given in the paper just referred to. 


The solution here expressed may be applied to illustrate the scattering of 
light by a series of equal spheres distributed at random over a plane perpen- 
dicular to the direction of primary propagation. The effect of a reflector 
will be represented by taking, instead of (1), 


^ ^ _ Qint ^ 



^0 expressing the distance between the plane of the reflector and that con- 
taining the centres of the spheres. The only difference is that 


is now replaced by 

sin m 
m* 


m~^ sin ??i — cos rn 


cosm /sin m' 

— ^ + — 

mr \ 111'' 


cos m'\ 



where m is as before, and m' = 2/ffP sin J In the special case where, while 
the incidence is perpendicular, the scattered light is nearly grazing, 'x, — 
sin = cos = 1/V2, and m = m' = . IcR ; so that (8) becomes 



(9)» 


This vanishes if cos 2ka)(,* = — 1 ; otherwise the reflector merely introduces a 
constant factor, not affecting the character of the scattering. At other angles 
the reflector causes more complication on account of the different values of 
m and m'. 


[* The results given in the original text have been corrected by the substitution of - 2 xq for aro . 
It is assumed, as apparently in the original, that no change of phase occurs at the reflector. 
W. F. S.j 
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MEMORANDUM ON SYNCHRONOUS SIGNALLING. 

[Report to Trinity House, 1917.] 

I HAVE been impressed for some time witli the unsatisfactory character of 
the present fog signals. We must recognize that powerful siren signals are 
sometimes inaudible at distances but little exceeding a mile. It is true that 
these worst cases of inaudibility may not recur during fogs — as to this there 
seems to be insufficient evidence. But even when a sound-in-air signal is 
audible, the information conveyed is far from precise. The bearing of the 
source cannot be told with much accuracy, indeed some say that it cannot be 
told at all. The distance is still more uncertain. I should say that no system 
is satisfactory which does not give either the one or the other element, 
bearing or distance. 

The system of synchronous signalling explained by Prof. Joly claims to 
give the distance with sufficient precision, and the American and Russian 
trials show that the claim is justified, as might indeed have been expected 
with some confidence, provided both signals themselves are well defined in 
time. The wireless electric signals are easily made sharp. Submarine signals 
from a bell, or explosive, would also be sharp enough. So probably would be 
explosive signals in air. The case of siren signals is more doubtful. Possibly 
the end might be sharp enough. Even so, the objection of the uncertain 
carrying of air signals remains. 

I do not know whether there is already sufficient experience of submarine 
signals. If it be true that they can be depended upon up to distances of at 
least 4 or 5 miles, the case is strong for a combination of them with electric 
signals. 

In some respects the system described in my fonner memorandum of 
1916* has its advantages. It would give the hearing with electric signals 
only, but requires further experimenting, which if desired could be arranged 
for at the National Physical Laboratory but perhaps not during the war. 

I am strongly of opinion that whatever is possible at the present time 
should be done to prepare the way for a better system. 

* This volume, p. 398, 


R. VI. 


33 
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A SIMPLE PROBLEM IN FORCED LUBRICATION. 


[Engineering, Dec, 14, 28, 1917^.] 


The important case of a shaft or journal running in bearings has been 
successfully treated by Reynolds, Soinmerfeld and others. As Tower showed, 
the combination acts as a pump, and of itself maintains the layer of lubricant 
between the opposed solid surfacesf. There are other cases, and some of them 
are of practical importance, where the layer can be maintained only with the 
aid of special devices, such as Michell bearings, or by the forcible introduction 
of fluid from outside, in order to compensate inevitable escapes. Thus, Fig. 1, 



F 


when a shaft E with a flat end bears against a flat surface AB, the included 
oil tends to escape from the pressure, whether at G when the flat surface is 
continued, or at D when it is surmounted by a cylindrical cup. The perman- 
ence of the layer requires a continuous forcible feed, which may be thi'ough 
an axial perforation at F; for here, in contradistinction to the case of the 
journal, the rotation of the shaft does not avail. It is proposed to consider 
the problem thus presented, supposing in the first instance, that there is no 
cup. The small distance between the flat surfaces, ie., the thickness of the 
oil layer, is denoted by h, and the angular velocity of the shaft by o). The 
motion is referred to cylindrical coordinates r, 6, z, where is measured parallel 

* In the original statement there was an error, pointed out by Mr W. Pettingill. 

t As was noticed at an early date by the present writer (President’s address to British 
Association in 1884), this requires that the layer be thicker on the ingoing than on the outgoing 
side. [This collection, Vol. n. p. 344.] 
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to the axis of symmetry, and r is the distance of any point from that axis, 
Fig. 2. The velocities in the three directions are respectively u, v, w, and in 
virtue of the symmetry, they are all independent of 0. The motion is supposed 
to be steady, that is, the same at all times, and the inertia of the fluid is 
neglected. Under these conditions it is easy to recognize that w may be 
supposed to vanish throughout, and that v is given by 

v = cozrlh, ( 1 ) 

where ^ is measured from the fixed surface, so that v there vanishes, 

z 

Flg.2. 



In like manner the boundary conditions at z = 0 and .s = h, as well as the 
equation of continuity, are satisfied by 


^hz — z- 

u = 6 — — 

r 


where O is a constant. The total flow U, representing the volume of lubricant 
fed in unit time, which flows past every cylindrical surface of radius r, is 

r Jb C'j 

U=27rr j^udz = ^^ (3) 

When the inertia terms are neglected, and attention is paid to the 
aymrnetry, the formal equations in cylindrical coordinates* are 

= ( 4 ) 


O — V-^v 




p denoting the pressure and p the viscosity, where 

V " = = h -y T, • 

dr“ r dr dz- 


* Basset’s Hyclrodytiamics, Yol. ii. p. 244, 1888. 


33--2 



516 A SIMPLE PROBLEM IN FORCED LUBRICATION [426 


Of these (5) is satisfied by v in (1), and (6) is satisfied when -ly = 0 and p is 
independent of z. Also, with use of (2), (4) becomes 


so that 


dp 2/^(7 QjiU 

dr r 7rh?7' ’ 


( 8 ) 


P-Pi== 


6/x IT 



( 9 ) 


where pi is the pressure at the outer radius If the layer is open at 
and we reckon only pressures above atmosphere, p^ may be omitted. 


The whole force sustained by the layer of fluid between the radii ro and 
is independent of co, being given by 



If we suppose n = 0, so that the supply takes place on the axis itself, this 
becomes simply 

P^SpUrTlh^, ( 11 ) 


but we have then to face an infinite pressure at the axis. In practice 
would have to be finite though small, and would correspond to the radius of 
the perforation in the lower fixed plate, not much disturbing (11). In fact, 
ifyjo be the pressure of the feed corresponding to ro, 


Pn 




TT 


A® 


log-^ = 

O* /V* 


Trrr 


l‘>g 


(12) 


The moment of the forces due to viscosity, by which the rotation is resisted, 
has the expression 

M = 2-n-^fr‘dr ( 5 )^= (r/ -/■„') (13) 

It may be worth remarking that if geometric similarity is preserved, so 
that r\, n, h are in constant ratios, a consideration of “dimensions” suffices 
to show that P is proportional to pTJrp-^, at least when we assume inde- 
pendence of the rotation («) which does not influence ii. A deficiency of 
viscosity may thus always be compensated by an increase of supply. 

The work which must be done in unit time to maintain the rotation is 
Ma. In addition to this, there is the work re(|uired to introduce the feed of 
lubricant, represented by p^U. Thus, altogether, for the work required 


Tf = 


2h 


+ 


2A®P® , r, 

: iOCC - - . 

oTT/ar/ ^0 


( 14 ) 
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In practice tlie diminution of h calls for the utmost accuracy in fitting 
together the two opposed surfaces, which, however, need not be accurately 
plane, as well as the removal of all suspended solid matter from the lubricant. 

When this is attended to, there should be no wear of the solid surfaces, 
which should never come into contact. To attain this ideal it is evidently 
necessary that the feed of lubricant should be established before the rotation 
commences. 

It should be observed that no property of oil beyond viscosity is involved, 
and that the investigation may be expected to remain valid until the thickness 
(A) of the layer is approaching molecular limits, 

p.S. — I may perhaps mention that I have made a small model, in which 
the opposed surfaces are those of two pennies ground to a fit, and the “ lubri- 
cant ” is water supplied from a tap. 
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ox THE SCATTERING OF LIGHT BY SPHERICAL SHELLS, AND 
BY COMPLETE SPHERES OF PERIODIC STRUCTURE, WHEN 
THE EEFRACTIVITY IS SMAL L . 

[Proceedings of the Royal Society, A, Vol. xciv. pp. 296 — 300, 1918.] 


The problem of a small spliere of uniform optical quality has been treated 
in several papers *. In general, the calculations can he carried to an arith- 
metical conclusion only when the circumference of the sphere does not exceed 
a few wave-lengths. But when the relative refractivity is smtill enough, this 
restriction can be dispensed with, and a general result formulated. 

In the present paper some former results are quoted, but the investigation 
is now by an improved method. It commences with the case of an infinitely 
thin spherical shell, from which the result for the complete uniform sphere 
is derived by integration. Afterwards application is made to a complete 
sphere, of which the structure is symmetrical but periodically variable along ^ 
the radius, a problem of interest in connexion with the colours, changing 
with the angle, often met with in the organic world. 

The specific inductive capacity of the general medium being unity, that 
of the sphere of radius R is supposed to be K, where if — 1 is very small. 
Electric displacements being denoted by f, g, h, the primary wave is taken 
to be 

/ifl = (1) 


so that the direction of propagation is along oo (negatively), and that of 
vibration parallel to z. The electric displacements in the scattered wave, so 
far as they depend upon the first power of (if — 1), have at a great distance 
the values 


./ij Si} hi 


47rr 


ary 

^2 ^ 


/^4 


a- -f 


.( 2 ) 


in which 


P = 


{K — 1) . j I dxdydz (3) 


'Shil. Mag. Vol. xLi. pp. 107, 274, 447 (1871); Vol. xn. p. 81 (1881) ; Vol. xlyii. p. 375 
(1889); Roy. Soc. Proc. A, Vol. lxxxiv. p. 26 (1910) ; Vol. xc. p. 219 (1914) ; Scientific Pajpers, 
VoL i. pp. 87, 104, 518 ; Vol. iv. p. 397; Vol. v. p. 647 ; Vol. •vi. p. 220. 
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In these equations r denotes the distance between the point (a, /3, 7), 
where the disturbance is to be estimated, and the element of volume (dx dy dz) 
of the obstacle. The centre of the sphere R will be taken as the origin of 
coordinates. It is evident that, so far as the secondary ray is concerned, P 
depends only on the angle (%) which this ray makes with the primary ray. 
We will suppose that ;^==0 in the direction backwards along the primary 
ray, and that % = tt along the primary ray continued. The integral in (3) 
may then be found in the form 


/r cos ^ x 


r J-tt 

I J] (2kR cos . cos (f>) cos- cf> d(p, 
J 0 


( 4 )* 


p denoting the distance of the point of observation from the centre of the 
sphere. In the paper of 1914 I showed that the integral in (4) can be simply 
expressed by circular functions in virtue of a theorem given by Hobson, so 
that 


where 


P = -{K-\). 47rP» . 


m = cos I X 


cos 


( 5 ) 

( 6 ) 


In (5) the optical quality of the sphere, expressed by {K — 1), is supposed 
to be uniform throughout. In view of an application presently to be con- 
sidered, it was desired to obtain the expression for a spherical shell of 
infinitesimal thickness dR, from which could be derived the value of P for a 
complete symmetrical sphere whose optical quality varies along the radius. 
The required result is obtained at once from (5) and (6) by differentiation. 


We find 


dP = — {K — 1) . 46'rrR‘^dR . ^ m/m, (7) 


expressing the value of P for a spherical shell of volume 47rP“c2P. The 
simplicity of (7) suggested that the reasoning by which it had been arrived 
at is needlessly indirect, and that a better procedure would be an inverse one, 
in which (7) was established first, and the result for the complete sphere 
derived from it by integration. And this anticipation was easily confirmed. 

Commencing then with a spherical shell of centre 0 and radius OA equal 
to R, let a;0 be the direction of the primary and Op that of the secondary 
ray (Fig. 1). Draw 0^ in the plane of Ox, Op, and bisecting the angle between 
these lines, and let ^ be a coordinate measured from 0 in the direction 0^, so 
that the plane AO A, perpendicular to Of, is represented by f= 0. The angle 
xO^ is former notation. We have now to consider the phases 

represented by the factor e'"* in P. For the point 0, x = 0, r = p, and the 
exponential factor is As in the ordinary theory of specular reflection, 

the same is true for every point in the plane AO A and therefore for the 
element of surface at A A whose volume is ^irRdRdi;. For points in a plane 


'H- 


Given in the 1881 paper. 
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BB parallel to A A at a distance f the linear retardation is — 2^ cos as in 

the theory of thin plates; and the exponential factor is The 



elementary volume at BB is still expressed by 2’TrRdIidi;, and accordingly 

V ('^) 

/ “f"“ jK 

d cos i X (8) 

-R 

The integi’al in (8) is 2R sin mim, m being given by (G), and we recover (7) 
as expressing the value of dP for a spherical shell of volume 4>iTR^dR. 

The value of dP for a spherical shell having been now obtained inde- 
pendently, we can pass at once by integration to the corresponding expression 
for a complete sphere of uniform optical quality, thus recovering (5) by a 
simpler method not involving Bessel’s functions at all. And a comparison of 
the two processes affords a demonstration of Hobson’s theorem formerly 
employed as a stepping stone. 

When P is known, the secondary vibration is given by (2), in which we 
may replace r by ‘p. So far as it depends upon P, the angular distribution, 
being a function of is symmetrical round Ox, the direction of primary 
propagation. So far as it depends on the other factors ay lp\ etc., it is the 
same as for an infinitely small sphere ; in jiarticular no ray is emitted in the 
direction defined by a = /3 = 0, that is in the direction of primary vibration. 
There is no limitation upon the value of R if (fiT — 1) be small enough] but 
the reservation is important, since it is necessary that at eveiy point of the 
obstacle the retaidation of the primary waves due to the obstacle be negligible. 

When R is great compared with X{=2'7rjk), 'lu usually varies rapidly with 
R or k, and so does P, as given for the complete uniform sphere in (5). An 
exception occurs when % is nearly equal to tt, that is when the secondary ray 
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is nearly in the directipn of the primary ray continued (/3 = 7 = 0). In this 
case m is very small, 

sin m cos _ 1 
HI? 3 ’ 

and I P I is independent of k, and is proportional to JR?. The intensity is then 

I I = - (9) 

The haze immediately surrounding a small source of light seen through a 
Hiedium is of relatively great intensit}’". And the cause is simply that 
the contributions from the various parts of a small obstacle agree in phase. 

But in general when R is great, so also is m, and | P ] varies rapidly and 
periodically with k along the spectrum. We might then be concerned mainly 
with the mean value of | P- 1. Now 

I P^ I = {K — 1)- . 4"7r-P'‘ (sin m — m cos iriJf 

of which the mean value is 


{K — 1 )- . Stt'^R*^ (1 + 
or approximately, since m is great, 

(K ~ ly . 7n-\ 


When we introduce the value of 7n from (6), this becomes 

Mean I 1 = ^ — l)’^ 7r‘P- _ (AT — ^1 

I ' 2**cos^^X 32^7r^cos"|x 

The occurrence of shows that this is in general very small in comparison 
with (9). 


If, instead of a sphere of uniform quality, we have to deal with one where 
{K-1) is variable, we must employ (7). The case of gi'eatest interest is 
when (iT—l), besides a constant, includes also a periodic part. For the 
constant part the integration proceeds as before, and for the periodic part, 
where (K ~ 1) varies as a circular function of R, it presents no difficulty. It 
may suffice to consider the particular case where (AT— 1) is proportional to 
sinm, m as before being given by (6); for this supposition evidently leads 
to a large augmentation of P, analogous to what occurs in crystals of chlorate 
of potash, to which a plane periodic structure is attributed*. It will be 
observed that the wave-length of the structure now supposed varies with 
as well as with k or X. Thus, if AT — 1 = /9 sin m, 


P = — TT/Se'’ R 


?/i“ — m sin 2m 4- ^ (1 — cos 2?ji) 




(11) 


* Fhil. Mag.'Sfol. xxvr. p. 256 (1888) ; Scientific Papers, Vol. in. p. 204. 
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when the integration is taken for a complete sphere of radius R. If m is 
moderately great, that is, if i? be a large multiple of X, the first term on the 
right of (11) preponderates, and we may use approximately 


nr^R-e^ 

2 k cos 


( 12 ) 


Thus, if {K— 1) has no constant part, 

' ' 2k COB ^coS ’lp^; ^ ^ 

The relation between the wave-length of the structure (A) and that of the 
light is expressed by 

A = -|X/cos-|x (14) 

It seems probable that a structure of this sort' is the cause of the remark- 
able colours, variable with the angle of observation, which are so frequent 
in beetles, butterflies, and feathers. 
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NOTES ON THE THEORY OF LUBRICATION. 

[Philosophical Magazine, Vol. xxxv. pp. 1—12, 1918.] 

Modern views respecting mechanical lubrication are founded mainly on 
the experiments of B. Tower*, conducted upon journal bearings. He insisted 
upon the importance of a complete film of oil between the opposed solid 
surfaces, and he showed how in this case the maintenance of the film may 
be attained by the dragging action of the surfaces themselves, playing the 
part of a pump. To this end it is “ necessary that the layer should be thicker 
on the ingoing than on the outgoing sidef,” which involves a slight displace- 
ment of the centre of the journal from that of the bearing. The theory was 
afterwards developed by 0. Eeynolds, whose important memoir]; includes 
most of what is now known upon the subject. In a later paper Sommerfeld 
has improved considerably upon the mathematics, especially in the case where 
the bearing completely envelops the journal, and his exposition! is much to 
be recommended to those who wish to follow the details of the investigation. 
Reference may also be made to Harrison ||, who includes the consideration of 
compressible lubricants (air). 

In all these investigations the question is treated as two-dimensional. 
For instance, in the case of the journal the width — axial dimension — of the 
bearing must be large in comparison with the arc of contact, a condition not 
usually fulfilled in practice. But Michelllf has succeeded in solving the 
problem for a plane rectangular block, moving at a slight inclination over 
another plane surface, free from this limitation, and he has developed a system 
of pivoted bearings with valuable practical results. 

It is of interest to consider more generally than hitherto the case of two 
dimensions. In the present paper attention is given more especially to the 
case where one of the opposed surfaces is plane, but the second not necessarily 

* Prnc. Inst. Mech. Eng., 1883, 1884. 

t British Association AtMress at Montreal, 1884 ; Scientific Papers, Vol. ii. p. 344. 

J Phil. Trans. Vol. 177, p. 157 (1886). 

§ Zeitschr.f. Math. t. 50, p. 97 (1904). 

II Camh. Trans. Vol. xxii. p. 39 (1913). 

IT Zeitschr.f. Math. t. 52, p. 123 (1905). 
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so. As an alternative to an inclined plane surface, consideration is given to 
a broken surface consisting of two parts, each of which is pai'allel to the first 
plane surface but at a different distance from it. It appears that this is the 
form which must be approached if we wish the total pressure supported to 
be a maximum, when the length of the bearing and the closest approach are 
prescribed. In these questions we may anticipate that our calculations cor- 
respond pretty closely with what actually happens, — more than can be said 
of some branches of hydrodynamics. 

In forming the necessary equation it is best, following Sommerfeld, to 
begin with the simplest possible case. The layer of fluid is contained between 
two parallel planes at y = 0 and at y — h. The motion is everywhere parallel 
to X, so that the velocity-component u alone occurs, v and w being everywhere 
zero. Moreover -w is a function of y only. The tangential traction acting 
across an element of area represented by dx is juu (duldy) dx, where [jl is 
the viscosity, so that the element of volume (dx d-y) is subject to the force 
ix{d^ujdy^)dxdy. Since there is no acceleration, this force is balanced by 
that due to the pressure, viz. — (dpldx) dxdy, and thus 


dp __ dHi . . 

dx~~ ^ dy^ ^ ^ 

In this equation p is independent of y, since there are in this direction neither 
motion nor components of traction, and (1), which may also be derived directly 
from the general hydrodynamical equations, is immediately integrable. We 
have 



where A and B are constants of integration. We now suppose that when 
y — 0, 'U — — U, and that when y = h, u — 0. Thus 



2fjb dx \ hj 


(3) 


The whole flow of liquid, regarded as incompressible, between 0 and h is 

hU 


j 


j A ® dp 

udy — — — ~ 

0 ^ I2ybdx 




where Q is a constant, so that 

dp) _ OfjLir 
dx 


2Q 

tJ 


.(4) 


If we suppose the passage to be absolutely blocked at a place where x is 
negatively great, we are to make Q = 0 and (4) gives the rise of pressure as x 
decreases algebraically. But for the present purpose Q is to be taken finite. 
Denoting 2Q/ U by H, we write (4) 


dx 


QfiU 

-7,3- 


(h - IT). 


( 5 ) 
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When y =0, we get from (3) and (5) 


du jj 4/z- — SH 

'‘ 35 ='*^“ 



which represents the tangential traction exercised by the liquid upon the 
moving plane. 

It may be remarked that in the case of a simple shearing motion Q = ^hU, 
making H — h, and accordingly 

dpjdo) — 0 , dujdy = UJli. 

Our equations allow for a different value of Q and a pressure variable with os. 

So far we have regarded h as absolutely constant. But it is evident that 
Reynolds’ equation (5) remains approximately aiiplicable to the lubrication 
problem in two dimensions even when h is variable, though always very 
small, provided that the changes are not too sudden, as being measured 
circumferentially and y normally to the opposed surfaces. If the whole 
changes of direction are large, as in the journal bearing with a large arc 
of contact, complication arises in the reckoning of the resultant forces 
operative upon the solid parts concerned; but this does not interfere with 
the applicability of (5) when h is suitably expressed as a function of os. 
In the present paper we confine ourselves to the case where one surface 
(at?y=0) may be treated as absolutely plane. The second surface is sup- 
posed to be limited at os = ct and at a; = b, where h is equal to hx and 
respectively, and the pressure at both these places is taken to be zero. 


For the total pressure, or load, (P) we have 


P = 




doG, 


on integration by parts with regard to the evanescence of p at both limits. 


Hence by (5) 


Again, by direct 


integration of (5), 






( 8 ) 


by which H is determined. It is the thickne.ss of the layer at the place, or 
places, where p is a maximum or a minimum. A change in the sign of U 
reverses also that of P. 


Again, if a; be the value of ac which gives the point of application of the 
resultant force, 

Ic .P — ^ px dx — —^ [ X- ^ dx, 

J ii J a 
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so that 


X. P 


* x^dsc 


dx 


x^dx 


Sjji IT 

By (7), (8), (9) S is determined. 

As regards the total friction (F), we have by (6) 

'^di 


F dx 


dx Q JT r* 

r ] a, ' h?‘ 


( 9 ) 


( 10 ) 


Comparing (7) and (10), we see that the ratio of the total friction to the 
total load is independent of p and of U. And, since the right-hand members 
of (7) and (10) are dimensionless, the ratio is also independent of the linear 
scale. Bnt if the scale of h only be altered, FjP varies as h. 

We may now consider particular cases, of which the simplest and the 
most important is when the second surface also is flat, but inclined at a very 
small angle to the first surface. We take 


}i = mx, 

and we write for convenience 

h — a — c, h^llh =. 5/a = k, 

so that 

' nz — (JiS ~~~ 1) hil c. ... 

We find in terms of c, k, and Jh 

255 1 

JoL — Y~——- , 

jfc -t- 1 


( 11 ) 

,(12) 

.(13) 

.(14) 


P c‘^ , 2 (/c - 1)1 

6ya P “ {k - lyhT "" k + 1^ J 

X — 1 — 2/c log k 

p "" (]d^-rf\^^T^2 (k -iy ’ ■ ■ 

F h^2{k"-l)\ogk -Sik -ly- 
P " 7 3 (^' + 1) log k _Qjfz:i) 


(15) 

,(16) 


U being positive, the sign of P is that of 


log k — 


2 (A; - 1) 
A; 4- 1 


If k>l, that is when h^>h^, this quantity is positive. For its derivative 
is positive, as is also the initial value when k exceeds unity but slightly. In 
order that a load may be sustained, the layer must be thicker where the 
liquid enters. 

In the above formulae we have taken as data the length of the bearing c 
and the minimum distance //i between the surfaces. So far k, giving the 
maximum distance, is open. It may be determined by various considerations. 
Reynolds examines for what value P, as expressed in (15), is a maximum, 
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and he gives (in a different notation) k = 2 2. For values of k equal to 2'0, 
2'1, 2‘2, 2 '3 I find for the coefficient of on the right of (15) respectively 

•0264!8, -02665, -02670, -02663. 

In agreement with Reynolds the maximum occurs when h — 2'2 nearly, 
and the maximum value is 

P = 0-1602 (18)^ 

It should he observed — and it is true whatever value be taken for k — that 
P varies as the square of cjhi. 

With the above value of k, viz. 2-2, 

P = l-37/ii, ......(19) 

fixing the place of maximum pressure. 

Again, from (16) with the same value of h, 

X — a= 0-4221 c, (20) 

which gives the distance of the centre of pressure from the trailing edge. 

And, again with the same value of k, by (17) 

P/P = 4*70 Vc (21) 

Since hi may be very small, it would seem that P may be reduced to 
insignificance-]-. 

In (18) — (21) the choice of k has been such as to make P a maximum. 
An alternative would bo to make P/P a minimum. But it does not appear 
that this would make much practical difference. In Michell’s bearings it is 
the position of the centre of pressure which determines the value of /r by (16). 
If we use (20), k will be 2-2, or thereabouts, as above. 

When in (16) k is very large, the right-hand member tends to zero, as 
also does ajc, so that x—a tends to vanish, o being given. As might be 
expected, the centre of pressure is then close to the trailing edge. On the 
other hand, when k exceeds unity but little, the right-hand member of (16) 
assumes an indeterminate form. When we evaluate it, we find 

X — (I — ^c. 

For all values of /6- (> 1) the centre of pressure lies nearer the narrower end 
of the layer of fluid. 

The above calculations suppose that the second surface is plane. The 
question suggests itself whether any advantage would arise from another 
choice of form. The integrations are scarcely more complicated if we take 

h = (22) 

[* It may be proved that F has only one maximum when /c>- 1. 

i Altliough the ratio FjF diminishes with hi , F itself increases as l//ti . By (18) and (21) we 
have i'’= -75^,^'', when /c = 2-2. W. F. S.] 
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We denote, as before, the ratio .of the extreme thicknesses by k, and c 

still denotes h — a. For the total pressure we get from (7) and (8) 


c- 


3n-l 


— 1) (^-3+2/« — 1) _ 1 

Jc-^+i/n „ 1 


6/x JT - 1)‘^ [(2w - 1) {Bn - 2) _ i 2n - 2 

(23) 

from which we may fall back on (15) by making n—\. 

For example, if n = 2, so that the ciirve of the second surface is part of a 
common parabola, P is a maximum at 


P = 0‘163 , 

'^1“* 


.(24)^ 


when A; = 2*3. The departure from (18) with k = 2*2 is but small. In order 
to estimate the curvature involved we may compare ^ (/ij + h^) with the 
middle ordinate of the curve, viz. 

\ vz {a hf = ^ {V'/ii + a/( 2'3 Ai)}^ = 1-58 h-y , 
which is but little less than 

h iK + K) = i K (1 4- 2*3) = 1*65 . 

It appears that curvature following the parabolic law is of small advantage. 

I have also examined the case of n = oo . It is perhaps simpler and 


comes to the same to assume 


making 

In like manner 


11 


(7), (8) are easily evaluated. ' 

dsc 

rH 

1 

1 

2/3 

2/3k^ hr ’ 

doc 

- 1 

~ 3^ 

” 3^kh,^ ’ 

3khi {k^ 

-1) 


.(26) 


.(26) 


/ 


xdco _ Ic^ (1 -f- 2/Sa) — 1 — 2/96 
A" ~ 4 / 3 ^ = 

f ^ _ f<^(^+2/3a) - 1 - 3/36 


Using these in (7), we get on reduction 


BfilT ik^ -1 S{k^~ A=>) (6 - a)l 




6 


--4- 




7 


or, since /Sc = log A, 

P 


Bfu-U.c^ - 1 B {k - 1) log k 


k^ {log k)^ \ 6 




.(27) 


[* It may be proved that -P has only one niaximum when 7 i = 2, W- F. S*] 
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If we introduce the value of /3, the equation of the curve may be written 

h = ( 28 ) 

When we determine k so as to make P a maximum, we get k = 2-3, and 

-P = 0-166-'i?°'. (29)* 

again with an advantage which is but small. 

In all the cases so far considered the thickness h increases all the way 
along the length, and the resultant pressure is proportional to the square 
of this length (c). In view of some suggestions which have been made, it 
is of interest to inquire what is the effect of (say) repetitions of the same 
curve, as, for instance, a succession of inclined lines ABODBF (Fig. 1). It 



appears from (8) that H has the same value for the aggregate as for each 
member singly, and from (5) that the increment of p in passing along the 
series is r times the increment due to one member. Since the former in- 
crement is zero, it follows that the pressure is zero at the beginning and end 
of each member. The circumstances are thus precisely the same for each 
member, and the total pressure is r times that due to the first, supposed to 
be isolated. But if we imagine the curve spread once over the entire length 
by merely increasing the scale of cc, we see that the resultant pressure would 
be increased 7 ''^ times, instead of merely r times. Accordingly a repetition 
of a curve is very unfavourable. But at this point it is well to recall that 
we are limiting ourselves to the case of two dimensions. An extension in 
the third dimension, which would suffice for a particular length, might be 
inadequate when this length is multiplied r times. 

The forms of curve hitherto examined have been chosen with regard to 
practical or mathematical convenience, and it remains open to find the form 
which according to (5) makes P a maximum, subject to the conditions of a 
given length and a given minimum thickness of the layer of liquid. If 
we suppose that h becomes h + Sh, where S is the symbol of the calculus of 
variations, (8) gives 

2 I “ d.x - 3H I + Si?/ = 0, (80) 


and from (7) 


SP f Sh (— 2/t + SB) sedx f 

P == J ““Id J '" 7 ^ ’ 


( 31 ) 


[* P increases rapidly from zero when A: = l to tire maxinnim given by (29), and then decreases 
slowly (P=0‘141;u,l/c“//ti^, when /c = 4). W. F. S.] 


R. VI. 


34 
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the integrations being always over the length. 

SP r f Jh~^ ccdcc]^ 

__ = _ j 1 


Eliminating SI£, we get 

(32) 


The evanescence of SP for all possible 
over the whole range either 

f h~'^ 00 dx 


variations hh would demand that 
h^%R. (33) 


But this is not the requirement postulated. It suffices that the coefficient 
of 3A on the right of (32) vanish over that part of the range where h > h^, 
and that it be negative when h — hi, so that a positive Sh in this region 
involves a decrease in P, a negative Bh here being excluded a prioi'z. These 
conditions may be satisfied if we make h = hi from x = 0 at the edge where 
the layer is thin to a: == c^, where Ci is finite, and h = over the remainder 
of the range from Cx to CiH- C 2 , where Ci-l-C 2 = c, the whole length concerned 
(Fig. 2). For the moment we regard Ci and C 2 as prescribed. 


X 

o u 

Fig. 2. 

For the first condition we have by (8) 

>2 7 ff — "b <^ 2 /^* 2 ^ 

" " Cijh^ -hc,lli^’ 

so that 

C2lci=^ ¥(2k -3), (34) 

determining k, where as before k = h. 2 jhi. The fulfilment of (34) secures that 
h = ^£[ over that part of the range where = Ay. When ]i=hi,h— '^li is 
negative ; and the second condition requires that over the range from 0 to Ci 

Jh~^xdx 

be positive, or since Ci is the greatest value of x involved, that 

J h~'^ xdsc — Cif A~* (7a’ = 4- (35) 

The integrals can be written down at once, and the condition becomes 

J^<cilcx\ (36) 

whence on substitution of the value of c-a/ci from (34), 

/c (2/(’ - 3)'-“ > 1 (37)* 

If k be such as to satisfy (37) and c^/ci be then chosen in accordance with 
(34) and regarded as fixed, every admissible variation of h diminishes P. 
But the ratio c.^jci is still at disposal within certain limits, Avhile Ci + Co (= c) 
is prescribed. 

[* This inequality may be writteu (/c - 1) {4 — - 3} >0; showing that, since 7ol and the 

fs/S 

conditions are satisfied when (37) becomes an equality, -we must have k -(: 1 + -5^q:l’866. W. F. S.] 

a 
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In terms of k and c by (34) 


1 + 2P - 3^"- ’ 


c.,= 


and by (7) 

^ ^ 1^2 ( Q _ -1- 




c (2k^ - 3^-) 

1 + 2k^- Sk^ ’ 

c- 2k - 3 


.(38) 




The maximum* of f{k) is 0'20626, and it occurs when A; = 1‘87. The 
following shows also the neighbouring values : 


h 

/(fc) 

k{2k-B)^ 

1-86 

0-20625 

0-964 

1*87 

0-2(562 6 

1-024 

1-88 

0-20618 

1-086 


It will be seen that while A; = 1-86 is inadmissible as not satisfying (37), 
/r = l-87 is admissible and makes 

P = 0-20626 -(40)* 

/if 

no great increase on (18). It may be repeated that k is the ratio of the two 
thicknesses of the layer Qi^/Ih), and that by (34) 


cjc, = 2-588 


(41)* 


This defines the form of the upper surface which gives the maximum total 
pressure when the minimum thickness and the total length are given, and 
it is the solution of the problem as proposed. But it must not be overlooked 
that it violates the supposition upon which the original equation (5) was 
founded. The solution of an accurate equation would probably involve some 
rounding off of the sharp corners, not greatly affecting the numerical results. 


The distance 53 of the centre of pressure from the narrow end is given by 

53 = 0-4262 c, (42)* 

differing very little from the value found in (20). From (10) with use of (38) 


we get 


and 


4c (k - 1)^ 


4c 


p,[f hi (i +• 2k'' — S/tf”) {2k H~ 1) hi 

F _ 4A, (/; - 1) 

P c(2A;™3) 


( 43 ) 


.(44) 




If/,. = 1-87, 

P/P = 4-091 /h/c, (45)' 

a little less than was found in (21). The maximum total pressure and the 


r* The maximum occurs when 4/i:^ - 8/e 4- 1 = 0, precisely when (37) begins to hold (cf. 

_ . s/Ti 

footnote on p. 530); this explains the numerical coincidence. Taking /c = l + - 2 - we have 
P = 0-20627MUc"///d, ca/ci = 2-549, x = (c + Ci)/3= *42730, i'7P=4.098/ii/c. W. F. S.] 


34—2 
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corresponding ratio FjP are both rather more advantageous in the arrange- 
ment now under discussion than for the simply inclined line. But the choice 
would doubtless depend upon other considerations. 

The particular case treated above is that which makes P a maximum. 
We might inquire as to the form of the curve for which FjP is a minimum, 
for a given length and closest approach to the axis of x. In the expression 
corresponding with (32), instead of a product of two linear factors*, the co- 
efficient of hh will involve a quadratic factor of the form 

Bxh -4- Ch^ 4- Dx -h Fh + F, (46) 

so that the curve is again hyperbolic in the general sense. But its precise 
determination would be troublesome and 
probably only to be effected by trial 
and error. It is unlikely that any great 
reduction in the value of F/P would 
ensue. 

Fig. 3 is a sketch of a suggested 
arrangement for a footstep. The white 
parts are portions of an original plane 
surface. The four black radii represent 
grooves for the easy passage of lubricant. 

The shaded parts are slight depressions 
of uniform depth, such as might be 
obtained by etching with acid. It is 
understood that the opposed surface is plane throughout. 

[* This statement appears to be due to an oversight. We have in fact 

5 (H/P)P2/(6,a2U2) J/i-3fZa: = Jft-4(-2/i + 3H) ^h-^dx j ^ dx ^ h-’-^xdx 

+ hPliSjxU) I h-’Ulx - xFf{fiU)j7i-->dx} dx, 

the integrations being over the length (c). Hence for a minimum of F/P the boundary may be 
taken as h = 7ii from a: = 0 to x = Cj, as h = fis — BH {2 from Ci + C 2 to c, and from Ci to Ci-l-Ca as an 
oblique line with an equation which must be made to coincide with the second factor equated to 
zero. This line must be continuous with the first at (Cj^, Ji^), in order that over the latter the 
second factor may be positive, and it is inclined to the axis of x at an angle tan“^3F/P. If there 
is a discontinuity 7% - /Z 2 at .r = Ci-i-C 2 i and 7i^=7i'7i^, 7 i^=lh 2 , where /ol, the condition 

m=27i3 yields by (8) 

Cj (2&'-l-l) (/c'-l)2-f-c2{7c'3Z (l + Z)-37c'2Z+i} =c. 

The remaining two conditions, to be derived from proportionating the second factor to 
-Ji^ + mc-i + li-mx, where inc2=7q { 1 - 1 ) 11 , provide two equations of the second and third degrees 
respectively in cje^, and lead to very complicated expressions. Without, however, including the 
oblique line, it may be shown that the two lines -Ti—hi from a; = 0 to Cj , and 7 i -— 71.3 = Jc 7 ti from Ci 
to Ci-t-C 2 > with 2^2 = 37?, as on pp. 530, 531, make JP/P a minimum when 74-|:/ti, provided 
4fc3~87c2 4-/c-3 leading to 7c <|: 2-06 approximately: since these lines have been shown on 
pp. 530, 531 to make P a maximum, they therefore also make F a minimum when 7c -k 2-06. With 
7c = 2 *06, (44) and (39) make FIP=4:-01S7iilc, P=-19469yaI7c2/7ij2. But, with P’/P positive, the 
minimum value of (44) occurs at 7c=:2, when P/P=47ii/c, P=Q-2fxUc^jlii^. Accordingly, as this 
value of P/P is not a minimum for all variations outside the straight line Ji = 7ii, the actual 
minimum value of P/P must be less than ATiifc. W. E. S.] 
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P.S. Dec. 13. — In a small model the opposed pieces were two pennies 
ground with carborundum to a fit. One of them — the stationary one — was 
afterwards grooved by the file and etched with dilute nitric acid according to 
Fig. 3, sealing-wax, applied to the hot metal, being used as a “ resist.” They 
were mounted in a small cell of tin plate, the uj^per one carrying an inertia 
bar. With oil as a lubricant, the contrast between the two directions of 
rotation was very marked. 

Opportunity has not yet been found for trying polished glass plates, such 
as are used in optical observations on ‘‘interference.” In this case the etching 
would be by hydrofluoric acid*, and air should suffice as a lubricant. 


^ Compare Nature, Vol. lxiv. p. 385 (1901) ; Scientific Papers, Vol. iv. p, 546. 
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ON THE LHERICATING AND OTHER PROPERTIES OF 

THIN OILY FILMS. 


[Philosophical Magazine, Vol. xxxv. pp. 157 — 162, 1918.] 

4 


The experiments about to be described were undertaken to examine more 
particularly a fact well known in most households, A cup of tea, standing in 
a dry saucer, is apt to slip about in an awkward manner, for which a remedy 
is found in the introduction of a few drops of water, or tea, wetting the parts 
in contact. The explanation is not obvious, and I remember discussing the 
question with Kelvin many years ago, with hut little progress. 


It is true that a drop of liquid between two curved surfaces draws them 
together and so may increase the friction. . If d be the distance between the 
plates at the edge of the film, T the capillary tension, and a the angle of 
contact, the whole force is* 


2 A T cos a 


+ BT sin a, 


A being the area of the film between the plates and B its circumference. If 
the fluid wets the plate, a = 0 and we have simply 2ATId. For example, if 
d = 6 X 10~® cm., equal to a wave-length of ordinary light, and ^^(as for water) 
he 74 dynes per cm., the force per sq. cm. is 25 x 10''^ dynes, a suction of 
2^ atmospheres. For the present purpose we may express d in terms of the 
radius of curvature (p) of one of the surfaces, the other being supposed flat, 
and the distance (ai) from the centre to the edge of the film. In two dimen- 
sions d = a}~l2p, and A (per unit of length in the third dimension) = 2a’, so 
that the force per unit of length is SpTjcc, inversely as x. On the other hand, 
in the more important case of symmetry round the common normal A —mP, 
and the whole force is 4i7rpT, independent of x, but increasing with the radius 
of curvature. For example, if T=74 dynes per cm., and p = 100 cm., the 
force is 925 dynes, or the weight of about 1 gramf. The radius of curvature 
(p) might of course be much greater. There are circumstances where this 
• force is of importance ; hut, as we shall see presently, it does not avail to 
explain the effects now under consideration. 

* See for example Maxwell on Capillarity. Collected Papers, Vol. ii. p. 571. 

[t This result does not correspond to the stated values of T and p, which imiily a force of 
93,000 dynes, or the weight of about 95 grammes. W. P. S.] 
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My first experiments were very simple ones, with a slab of thick plate 
glass and a small glass bottle weighing about 4 oz. The diameter of the 
bottle is 4 1 cm., and the bottom is concave, bounded by a rim which is not 
ground but ihakes a fairly good fit with the plate. The slab is placed upon 
a slope, and the subject of observation is the slipping of the bottle upon it. 
If we begin with surfaces w'ashed and well rubbed with an ordinary cloth, or 
gone over with a recently wiped hand, we find that at a suitable inclination 
the conditions are uniform, the bottle starting slowly and moving freely from 
every position. If now we breathe upon the slab, maintained in a fixed 
position, or upon the bottle, or upon both, we find that the bottle sticks and 
requires very sensible forces to make it move down. A like result ensues 
when the contacts are thoroughly wetted with water instead of being merely 
damped. When, after damping with the breath, evaporation removes the 
moisture, almost complete recovery of the original slipperiness recurs. 

In the slippery condition the surftrces, though apparently clean, are . 
undoubtedly coated with an invisible greasy layer. If, after a thorough 
washing and rubbing under the tap, the surfaces are dried by evaporation after 
shaking off as much of the water as possible, they are found to be sticky as 
compared with tlie condition after wiping. A better experiment was made 
with substitution of a strip of thinner glass about 5 cm. wide for the thick 
slab. This was heated strongly by an alcohol flame, preferably with use of a 
blow-pipe. At a certain angle of inclination the bottle was held everywhere, 
but on going over the surface with the fingers, not purposely greased, free 
movement ensued. As might have been expected, the clean surface is sticky 
as compared with one slightly greased ; the difficulty so far is to explain the 
effect of moisture upon a surlace already slightly greased. It was not sur- 
prising that the effect of alcohol was similar to that of water. 

At this stage it was important to make sure that the stickiness due to 
water was not connected with the minuteness of the quantity in operation. 
Accordingly a glass plate was mounted at a suitable angle in a dish filled with 
water. Upon this fully drowned surface the bottle stuck, the inclination 
being such that on the slightest greasing the motion became free. In another 
experiment the water in the dish was replaced by paraffin oil. There was 
decided stickiness as compared with surfaces slightly greased. 

The better to guard against the ordinary operation of surface tension, the 
weight of the bottle was increased by inclusion of mercury until it reached 
20 oz., but without material modification of the effects observed. The moisture 
of the breath, or drowning in water whether clean or soapy, developed the 
same stickiness as before. 

The next series of experiments was a little more elaborate. In order to 
obtain measures more readily, and to facilitate drowning of the contacts, the 
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slab was used in the horizontal position and the movable piece was pulled by 
a thread wliicli started horizontally, and passing over a pulley carried a small 
pan into which weights coiild be placed. The pan itself weighed 1 oz. 
(28 grams). Another change was the substitution for the bottle of a small 
carriage standing on glass legs terminating in three feet of hemispherical form 
and 5 mm. in diameter. The whole weight of the carriage, as loaded, was 
7f oz. The object of the substitution was to eliminate any effects which 
might arise from the comparatively large area of approximate contact pre- 
sented by the rim of the bottle, although in that case also the actual contacts 
would doubtless be only three in number and of very small area. 

With oz. in pan and surfaces treated with the hand, the carriage would 
move within a second or two after being placed in position, but after four or 
five seconds’ contact would stick. After a few minutes’ contact it may require 

oz. in pan to start it. When the slab is breathed upon it requires, even at 

first, 3^ oz. in the pan to start the motion. As soon as the breath has 

evaporated, -J- oz. in pan again suffices. When the weight of the pan is included, 
the forces are seen to be as 1 : 3. When the feet stand in a pool of water the 

stickiness is nearly the same as with the breath, and the substitution of 

soapy for clean water makes little difference. 

In another day’s experiment paraffin (lamp) oil was used. After handling, 
there was free motion with 1 oz. in pan. When the feet stood in the oil, from 
2f to 3 oz. were needed in the pan. Most of the oil was next removed by 
rubbing with blotting-paper until the slab looked clean. At this stage f oz. 
in pan sufficed to start the motion. On again wetting with oil 2 oz. sufficed 
instead of the 2f oz. required before. After another cleaning with blotting- 
paper I oz. in pan sufficed. From these results it appears that the friction is 
greater with a large dose than with a minute quantity'' of the same oil, and 
this is what is hard to explain. When olive oil was substituted for the paraffin 
oil, the results were less strongly marked. 

Similar experiments with a carriage standing on brass feet of about the 
same size and shape as the glass ones gave different results. It should, how- 
ever, be noticed that the brass feet, though fairlj^ polished, could not have 
been so smooth as the fine surfaces of the glass. The present carriage weighed 
(with its load) 6^ oz., and on the well-handled glass slide moved with oz. in 
pan. When the slide was breathed upon, the motion was as free as, perhaps 
more free than, before. And when the feet stood in a pool of water, there was 
equal freedom. A repetition gave confirmatory results. On another day 
paraffin oil was tried. At the beginning ^ oz. in pan sufficed on the handled 
slab. With a jwol of oil the carriage still moved with oz. in pan, but 
perhaps not quite so certainly. As the oil was removed with blotting-paper 
the motion became freer, and when the oil-film had visibly disappeared the 
^ oz. in pan could about be dispensed with. -Doubtless a trace of oil remained. 



1918] PROPERTIES OF THIN OILY FILMS 537 

The blotting-paper was of course applied to the feet and legs of the carriage, 
as well as to the slab. 

In attempting to interpret these results, it is desirable to know what sort 
of thickness to attribute to the greasy films on handled surfaces. But this 
is not so easy a matter as when films are spread upon water. In an experiment 
made some years ago* I found that the mean thickness of the layer on a glass 
plate, heavily greased with fingei's wdiich had touched the hair, was about 
^ of the wave-length of visible light, viz. about 10~* mm. The thickness of 
the layer necessary to induce slipperiness must be a small fraction of this, 
possibly -jt-, but perhaps much less. We may compare this with the thickness 
of olive oil required to stop the camphor-movements on water, which I found -f 
to be about 2 x 10~® mm. It may well be that there is little difference in the 
quantities required for the two effects. 

In view of the above estimate and of the probability that the point at 
which surface-tension begins to fall corresponds to a thickness of a single layer 
of molecules we see that the phenomena here in question probably lie out- 
side the field of the usual theory of lubrication, where the layer of lubricant 
is assumed to be at least many molecules thick. We are rather in the region 
of incipient seizing, as is perhaps not surprising when we consider the small- 
ness of the surfaces actually in contact. And as regards seizing, there is 
difficulty in understanding why, when it actually occurs, rupture should ensue 
at another place rather than at the recently engaged surfaces. 

It may perhaps be doubted whether the time is yet ripe for a full dis 
cussion of the behaviour of the thinnest films, but I will take this opportunity 
to put forward a few remarks. Two recent French wiiters, Devaux§ and 
Marcelin||, who have made interesting contributions to the subject, accept my 
suggestion that the drop of tension in contaminated surfaces commences when 
the layer is one molecule thick; but HardylF points out a difficult}^ in the 

case of pure oleic acid, where it appears that the drop commences at a thick- 

ness of 1/3 X 10“" mm., while the thickness of a molecule should be decidedly 
less. Many of Devaux’ observations relate to the case where the quairtity of 
oil cixceeds that required for the formation of the mono-molecular layer, and 
he formulates a conclusion, not accepted by Marcelin, that the thickness of 
the layer flepends upon the existence and dimensions of the globules into 
which most of the superfiiious oil is collected, inasmuch as experiment proves 
that when a, layer with fine globules exists beside a layer with large globules, 

* Phil. Mag. Vol. xix. p. 96 (1910) ; ScieHtiJlc Palmers, Vol. v. p. 538. 

+ Proc. Roy. Soc. Vol. xi.vii. p. 36-4 (1890); Scientifw Papers, Vol. iii. i>. 349. 

Phil. Mag. Vol. xiiViii. p- 321 (1899) ; Scientific Paiyers, Vol. iv. p. 430. 

§ A Bumrnary of Devaux’ work, dating from 1903 onwards, will be found in the Revue Gen. <L 
Scienee.s for Feb. 28, 1913. 

II Annale.'i d. Physique, t. i. p. 19 (1914). 

11 Proc. Roy. Soc. A, Vol. i.xxxviit. p. 319 (1913). 
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the former always contracts at the expense of the latter. As to this, it may 
be worth notice that the tension T of the contaminated surface could not be 
expressed as a function merely of the volume of the drop and of the two other 
tensions, viz. the tension of an air-oil surface and T^. that of a water-oil 
surface. It would be necessary to introduce other quantities, such as gravity, 
or molecular dimensions. I am still of the opinion formerly expressed that 
these complications are the result of impurity in the oil. If the oil were 
really homogeneous, Devaux’ views would lead one to regard the continued 
existence of two sizes of globules on the same surface as impossible. What 
would there be to hinder the rapid growth of the smaller at the expense of 
the greater until equality was, established ? On the other hand, an impurity, 
present only in small proportion, would naturally experience more difficulty 
in finding its way about. 

The importance of impurities in influencing the transformations of oil-films 
was insisted on long ago by Tomlinson* ; and as regards olive oil. Miss Tockels 
showed that the behaviour of purified oil is quite different from that of the 
common oil. She quotes Richter {Nature, Vol. xlix. p. 488) as expressing 
the opinion that the tendency of oil to spread itself on water is only due to 
the free oleic acid contained in it, and that if it were possible to completely 
purify the oil from oleic acid, it would not spread at allff. Some confusion 
arises from the different meanings attached to the word “spreading.” I sup- 
pose no one disputes the rapid spreading upon a clean surface whicli results 
in the formation of the invisible mono-molecular layer. Miss Pockels calls 
this a solution current-— a rather misleading term, which had tended to 
obscure the meaning of her really valuable work. It is the second kind of 
spreading in a thicker layer, resulting in more or less rapid subsequent trans- 
formations, which is attributed to the presence of oleic acid. Miss Pockels 
says : “ The Provence oil used in my experiment was shaken u]) twice with 
pure alcohol, and the rest (residue) of the latter being carefully removed, a 
drop of the oil was placed upon the freshly formed water-surface in a small 
dish by means of a brass wire previously cleaned by ignition. The oil did 
not really spread, but after a momentary centrifugal movement, during which 
several small drops were separated from it, it contracted itself in the middle 
of the surface, and a second drop deposited on the same vessel remained abso- 
lutely motionless.” -I have repeated this experiment, using oil which is 
believed to have come direct from Italy. A drop of this placed iijjon a clean 
water-surface at once drives dust to the boundary in forming the mono- 
molecular layer, and in addition flattens itself out into a disk of "considerable 
size, which rapidly undergoes the transformations well described and figured 
by Devaux. The same oil, purified by means of alcohol on Miss Pockels’ plan, 
behaves quite differently. The first spreading, driving dust to the boundary, 

* PMl. Mag. Vol. xxvi. p. 187 (1863). 

t Nature, Vol. l. j). 223 (189-1). 
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takes place entirely as before. But the drop remains upon the water as a 
lens, and flattens itself out, if at all, only very slowly. Small admixtures of 
the original oil with the purified oil behave in an intermediate manner, 
flattening out slowly and allowing the beautiful transformations which follow 
to be observed at leisuTe. 


Another point of importance does not appear to have been noticed. 
Water-surflices on which purified olive oil stands in drops still allow the 
camphor-movements. Very small fragments spin merrily, while larger ones 
by their slower movements testify to the presence of the oil. Perhaps this 
was the reason why in my experiments of 1890 I found the approximate, 
rather than the absolute, stoppage of the movements to give the sharpest 
results. The absolute stoppage, dependent upon the presence of impurity, 
might well be less defined. 

If, after the deposition of a drop of purified oil, the surface be again dusted 
over with sulphur or talc and then touched with a very small quantity of the 
original oil, the dust is driven away a second time and camphor- movements 
cease. 


The manner in which impurity operates in tliese phenomena merits close 
attention. It seems pretty clear that from pure oil water will only take a 
layer one molecule thick. But when oleic acid is <ivfiilable, a further drop of 
tension ensues. The question arises how does this oleic acid distribute itself? 
Is it in substitution for the molecules of oil, or an addition to them consti- 
tuting a second layer ? The latter seems the more probable. Again, how 
does the impurity act when it leads the general mass into the unstable 
flattened-out form? In considering such questions Laplace’s theory is of 
little service, its fundamental postulate of forces operating over distances large 
in comparison with molecular dimensions being plainly violated. 
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ON THE SCATTEKING OF LIGHT BY A CLOUD OF SIMILAK 
SMALL PARTICLES OF ANY SHAPE AND ORIENTED AT 
RANDOM. 

{Philosophical Magazine, Yol. xxxv. pp. 373—381, 1918.] 

For distinctness of conception the material of the particles may be 
supposed to be uniform and non-magnetic, but of dielectric capacity different 
from that of the surrounding medium ; at the same time the results at which 
we shall arrive are doubtless more general. The smallness is, of course, to be 
understood as relative to the wave-length of the vibrations. 

When the particles are spherical, the problem is simple, as their orienta- 
tion does not then enter If the incident light be polarized, there is no 
scattered fay in the direction of primary electric vibration, or if the incident 
light be unpolarized there is complete polarization of the light scattered at 
right angles to the direction of primary propagation. The consideration of 
elongated particles shows at once that a want of symmetry must usually 
entail a departure from the above law of polarization and may be one of the 
causes, though probably not the most important, of the incomplete polarization 
of sky-light at 90° from the sun. My son’s recent experiments upon light 
scattered by carefully filtered gasesf reveal a decided deficiency of polariza- 
tion in the light emitted perpendicularly, and seem to call for a calculation 
of what is to be expected from particles of arbitrary shape. 

As a preliminary to a more complete treatment, it may be well to take 
first the case of particles symmetrical about an axis, or at any rate behaving 
as if they were such, for the calculation is then a good deni simpler. We 
may also limit ourselves to finding the ratio of intensities of the two polarized ® 
components in the light scattered at right angles, the principal component 
being that which vibrates parallel to the primary vibrations, and the sub- 
ordinate component (vanishing lor spherical particles) being that in which 

Phil. Mag. Vol. xli. pp. 107, 274,447 (1871), Vol. xii. p. 81 (1881), Vol. xlvix. p. 375 (1899); 
Scientific Papers, Vol. i. pp. 87, 104, 518, Vol. iv. p. 397. 

t Roy. Soc. Proc. A, Vol. xciv. p. 453 (1918) ; see also A, Vol. xcv. p. 155 (1918). 
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the vibrations are perpendicular to the primary vibrations. All that we are 
then concerned with are certain resolving factors, and the integration over 
angular space required to take account of the I’andom orientations. In virtue 
of the postulated symmetry, a revolution of a particle about its own axis has 
no effect, so that in the integration we have to deal only with the direction 
of this axis. It is to be observed that the system of vibrations scattered by 
a particle depends upon the direction of primary 'vibration without regard to 
that of primary propagation. In the case of a spherical particle the system 
of scattered vibrations is symmetrical with respect to this direction and the 
amplitude of the scattered vibration is proportional to the cosine of the angle 
between the primary and secondary vibrations. When we pass to unsym- 
metrical particles, we have first to resolve the primary vibrations in directions 
corresponding to certain principal axes of the disturbing particle and to 
introduce separate coefficients of radiation for the different axes. Each of 
the three component I'adiations is symmetrical with respect to its own axis, 
and follows the same law as obtains for the sphere^. 

In Fig. 1 the various directions are represented by points on a spherical 
surfiice with centre 0. Thus in the x'ectangular system XYZ, OZ is the 
direction of primary vibration, corre- 
sponding (we may suppose) to primary 
propagation parallel to OX. The rect- 
angular system UVW represents in like 
manner the principal axes of a particle, 
so that UV, VW, WU are quadrants. 

Since symmetry of the particle round W 
has been postulated, there is no loss of 
generality in taking U upon the prolonga- 
tion of ZW. As usual, we denote ZW by 
d, and XZ IF by (jE). 

The first step is the resolving of the 
primary vibration Z in the directions 
(/, V, W. We have 



Fig. 1. 


os ZU = — sin 0, cos ZV ■■ 


cos ZW — cos d (1) 


The coefficients, dependent upon the character of the particle, corresponding 
to U, V, W may be denoted by A, A, O', and we seek the effect along the 
scattered I'ay OF, perpendicular to both primary vibration and primary 
propagation. The ray scattered in this direction will not be completely 
polarized, and we consider separately vibrations parallel to Z and to X. As 
regards the former, we have the same set of factors over again, as in (1), so 
that the vibration is A sin“ d -1- 0 cos^ d, reducing to G simply, if A — G. This 
is the result for a single j^article whose axis is at W. What we are aiming 


* Phil. Mag. Vol. xliv. p. 28 (1897) ; Scientific Papers, Vol. iv. p. 805. 
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at is the aggregate intensity due to a large number of particles with their 
positions and their axes distributed at random. The mean intensity is 

[A + (0 — A) cos^ sin Odd [' sin 6dd 
Jo •'0 

= A^ + (8^2 _J_ 3(72 + 4dL(7) (2) 

0 

This represents the intensity of that polarized component of the scattered 
light along OY whose vibrations are parallel to OZ. 

For the vibrations parallel to OX the second set of resolving factors is 
cos ITX, cos YX, cos WX. Now from the spherical triangle UZX, 

cos UX = sint90° + 0) cos 4> — cos 6 cos <p. 


Also from the triangles YZX, WZXy 

cos YX = cos YZX = cos (90° + <^) = - sin 
cos WX =: sin ^ cos cp. 


The first set of factors remains as before. Taking both sets into account, we 
get for the vibration parallel to X 

— A sin 6 cos 0 cos (p + O cos 6 sin 0 cos cf>, 

the square of which is 

{G — A )- sin- 0 cos*-^ 0 cos‘-“ (f> (3) 


The mean value of cos“ ^ is I-. That of cos^ 0 is and that of cos'^ ^ is as 
above, so that corresponding to (2) we have for the mean intensity of the 
vibrations parallel to X 

J ( C - 4 y (i - i) = * (C - ^ )= (4) 

The ratio of intensities of the two components is thus 


(o-ay 

8A-+36'=^ + 4A0‘ 


(5) 


Two particular cases are worthy of notice. If A can be neglected in com- 
parison with G, (5) becomes simply one-third. On the other hand, if A is 
predominant, (5) reduces to one-eighth. 

The above expressions apply when the primary light, ju'opagated parallel 
to A, is completely polarized with vibrations parallel to Z, the direction of 
the secondary ray being along OY. If the primary light be unpolarized, we 
have further to include the effect of the primary vibrations parallel to F. 
The two polarized components scattered along OY, resulting therefrom, both 
vibrate in directions peipendicular to OY, and accordingly are b(3th repre- 
sented by (4). Ill the case of unpolarized primary light we have therefore to 
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double (4) for the secondary vibrations parallel to X, and to add together 
(2) and (4) for the vibrations jiarallel to 
Z. The latter becomes 

and for the ratio of intensities of the 
two components 

_2(C-A)= _ 

QA'^ 4“ 4(7“ -f" 2 AC 

When A = 0, this riitio is one-half. 

For a more general treatment, which 
shall include all forms of particle, we 
must introduce another angle to 
represent the inclination of WU to ZW 
produced. Fig. 2. The direction cosines of either set of axes with respect 
to the other are given by the formuhe* 



COB X IT =- 

- sin 

cf) Bin yp 

4- cos 


COS 


COS 

6>] 


cos YU = 

cos 

(p sin yp 

4- sin 

<f> 

cos 


cos 

0 

O) 

cos Z U =- 

“■ sin 

0 cos yp 






J 


cos A' V = - 

- sin 

(p cos yp 

~ COS 


sin 

'\Jr 

cos 

0) 

1 

cos l^F = 

cos 

p cos yp 

— sin 


sin 


cos 

0 

(8) 

cosZV = 

sill 

0 sin yp 






/ 

I 

cos X 11"=: 

sin 

0 cos p ' 








cos F ll" = 

sin 

0 sin p 


. * . 

. . . » 

• . • 


. . • . 

(9) 

COB Z W = 

cos 

0 

1 








Supposing, as before, that the primary vibration is parallel to Z, wo have 
as tlie first set of factors 


cos ZU 


.( 10 ) 


— sin d cos 
sin 0 sin ■x/r 
cos 0 

For the vibrations propagated along OF which are parallel to Z, we have the 
same, factors over again with coefficients A, B, G as before, and the vibration 


cos Z V 


cos Z 


is oxprtsssed by 

A sin* 0 cos- ■xlr B sin- 0 sin“ yjr + C cos“ 0 ; 

while for the intensity 

I — - sin* 6 cos* i/r + B- sin* 0 sin* yp' + O- cos* 0 

+ 2A B sin* 0 cos- yp- sin- yp + 2BO sin'* 0 cos* 0 sin* yp 
+ 2GA sin'* 0 cos'* 0 cos* yp 


( 11 ) 


.( 12 ) 


See, for example, Routh’H Jii<f id DijTiaviics, Part I. § 258, 1897. ^ and <f> are interchanged. 
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This is for a single particle, and we have now to take the nie<an for all 
orientations. The mean value of sin^'v/^, or cos'^-x/^, is that of !^i n“ cos'^ yfr 
is -1; and that of is The averaging with respect to thus yields 

J=f (^2+ j5=^)sin^^ + (72cos'‘(9 + i J.i?sin'‘^H-(.4 -j- B) O sm“ (9 cos- d. ...(13) 

Again, the mean value of sin'‘ (9 is that of cos-^ ^ is I-, and that of sin- <9 cos“ & 
is - 2 ^. Thus, finally, the mean value of I over the sphere is given by 

mean J = {3 (A^ 4- -f O^) + 2 (AB -i- BO + OA )} (14) 

This refers to the vibrations parallel to ^ which are propagated along OF. 

For the vibrations parallel to X, the second set of factor.s i.s cos XT/, 
cosXF, cosXTF, as given above, and the vibration is expressed bj'- 

— A sin 6 cos ^p' (— sin <f> sin + cos cos x|/' cos d) 

+ B sin 6 sin (— sin <p cos yjr — cos sin cos 0) 

+ G cos 6 sin 6 cos <f> (15) 

Accordingly for the intensity 

I = sin^ 6 cos^ -\fr (sin^ </> sin^ 'xfr + cos^ ^ cos- ^ cos- 6 

— 2 sin cos <p sin yfr cos ■x/r cos $) 

4- B^ sin“ 6 sin^ (sin^ (p cos® 'x/r 4- cos® <p sin® yjr cos® $ 

4- 2 sin <f> cos <p sin yfr cos -yfr cos 0) 

+ (7® sin® 6 cos® 0 cos® <p 

— 2AB sin® 0 sin ■yfr cos yfr (sin® <f) sin -\fr cos — cos® (f> sin cos x^ cos® 0 

+ sin <f) cos <p sin® x/r cos 0 — sin <p cos cf) cos® -x/r cos $) 

4- 2B0 sin® 0 cos 0 sin xp- cos cp (— sin ^ cos -xp — cos <p sin xp cos 0 ) 

— 2CA sin® 0 cos 0 cos xp cos cf> (— sin ^ sin xp 4- cos <p cos xp cos 0). . . .(16) 

In taking the mean with respect to cp, the terms which arc odd in sin <56, or 
cos cf>, disappear, while the mean value of sin® <p, or cos® <f>, is h . We get for 
the mean 

I = A® sin® 0 cos® xp (sin® xp 4- cos® xp cos® 0) 

+ ^B^ sin® 0 sin® xp (cos® xp 4- sin® xp co.s® 0) 

+ sin® 0 cos“ 0 

— AB sin® 0 sin xp cos xp . sin xp cos x/r sin® 0 
— BG sin® 0 cos 0 sin xp . sin xp cos 0 

— OA sin® 0 cos 0 cos xp . cos xp cos 0 (17) 

The averaging with respect to xp now goes as before, and we obtain 
^ (A® 4- B^) sin® ^ (^ -f I cos® 0) + ^ C'® sin® 0 cos® 0 

— ^AB sin'* 0 — ^ (A 4- B) C sin® 0 cos® <9 ; . . .(18) 
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and, finally, the averaging with respect to 0 gives 


mean I 


16 


(1 — + tf) + 


G-^ _ AB 
15 15 


{A + B) G 
15 


= + G^ - AB - BG - CA] (19) 

This represents the intensity of the vibrations parallel to X dispersed along 
OF, due to primary vibrations parallel to Z. It vanishes, of course, if 
A =B = G\ while, if ^ = 15 merely, it reduces to (4). 

The ratio of the two polarized components is 


AB-BG- GA 

S {A^ -h + G^) + 2 (AB + BG GA) ’ 
reducing to (5) when B — A. 


( 20 ) 


If the primary light travelling in direction OX is unpolarized, we have 
also to include primai*y vibrations parallel to F. The secondary vibrations 
scattered along OF are of the same intensity whether they are parallel to Z 
or to X. They are given by (19), where all that is essential is the perpen- 
dicularity of the primary and secondary vibrations. Thus, in order to obtain 
the effect along OF of un polarized primary light travelling along OX, we 
have merely to add (19) to both components. The intensity of the component 
vibrating parallel to Z is thus 

{3 (A^ ^B^^ GO a2(AB + BG-¥ GA)] 

+ ^[A^ + B^+C‘'^-^AB~BC-‘GA] 


^is[^i^‘"-^B^AG0+AB-¥ BG+GA); (21) 

while that of the component vibrating parallel to X is simply 

^f,{A^ + B^AC^-AB-BG-GA] (22) 

The ratio of the two intensities is 


2 ( ^^H- if-^+0^- AB- BG- GA) 


.(23) 


4 (^TBTG^y+J^^ ’ 

reducing to (6) when B = A. 

It may be observed that, since (21) = (14) -f (19), we obtain the same 
intensity whether we use a polarizer transmitting vibrations parallel to Z and 
no analyser, or whether we use an analyser transmitting vibrations parallel 
to Z and no j)olarizer. 

If neither polarizing nor analysing apparatus is employed, we may add 
(21) and (22), thus obtaining 

j\[(i(A‘-^ + B-+G0-AB-BG-GA-}. (24) 

When the particles are supposed to be of uniform cjuality, with a specific 
inductive capacity K' as compared with K for the undisturbed medium, and 
to be of ellipsoidal form with semi-axes a, h, c, we have 

1 4_ L .1+ i)f : 1 -f N, (25) 


A-^ : B~^ ; 


R. VI. 


35 
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where 


L = ^irahc 


dX 


0 (a^ + xf (¥ + X)^ (c- + X)^ ’ ‘ 

with similar expressions for M and N. 

If the ellipsoid be of revolution the case is simplified*', 
it be of the elongated or ovary form with eccentricity e, 

& = cV(l -«“);• 


a 


JV = 


For the sphere (e = 0) 



(26) 


For example, if 

( 27 ) 

(28) 

(29) 

(30) 


In the case of a very elongated ovoid, L and M approximate to the value 27 r, 
while N approximates to the form 

47r (log ^ - l) . (31) 

vanishing when e = 1. It appears that, when K' /K is finite, rnei’e elongation 
does not suffice to render A and B negligible in comparison with G. The 
limiting value of C : A is in fact ^(1 +K'/K). If, however, as for a perfectly 
conducting body, K' — co , then G becomes j)aramount, aaid the Biinp)lified 
values already given for this case acquire validity f. 

Another question which naturally presents itself is whether a want of 
equality among the coefficients A, B, G interferes with the relation between 
attenuation and refractive index, explained in my pajx-r of 1890J, The 
answer appears to be in the affirmative, since the attenuation (kqiends upon 
A^ + B^ + G\ while the refractive index depends upon A +■ B +■ C, so that no 
simple relation obtains in general. But it may well be that in cases of 
interest the disturbance thus arising is not great. 

The problem of an ellipsoidal particle of uniform dielectric (piality cam be 
no more than illustrative of what happens in the case of a, molecule ; but we 
may anticipate that the general form with suitable values of A, B, G still 
applies, except it may be under special circumstances where resonance occurs 
and where the effective values of the coefficients may vary greatly with the 
wave-length of the light. 


* See the paper of 1897. 

t But the particle must still be small relatively to the wave-length inithin the medium of which 
it is composed. 

t ^ equivalent formula was given by Lorenz in 1890, aiuvree Scienti/i,iueH, t. i. p. 406, 
Copenhagen, 1898. See also Schuster’s Theory of O^itics, ‘2nd. ed. p. 32(1 (I'JOli). 
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PBOPAGATION OF SOUND AND LIGHT IN AN IREEGULAR 

ATMOSPHERE. 

\_Nature, Vol. Cl. p. 284!, 1918.] 


I SUPPOSE that most of those who have listened to (single-engined) 
aeroplanes in flight must have noticed the highly uneven character of the 
sound, even at moderate distances. It would seem that the changes are to 
be attributed to atmospheric irregularities afifecting the propagation rather 
than to variable emission. This may require confirmation ; but, in any case, 
a comparison of what is to be expected in the analogous propagation of light 
and sound has a certain interest. 


One point of difference should first be noticed. The velocity of propaga- 
tion of sound through air varies indeed with temperature, but is independent 
of pressure (or density), while that of light depends upon pressure as well as 
upon temperature. In the atinospherc there is a variation of pressure with 
elevation, but this is scarcely material for our present purpose. And the kind 
of irregular local variations which can easily occur in temperature are ex- 
cluded in respect of pressure by the mechanical conditions, at least in the 
absence of strong winds, not here regarded. The question is thus reduced to 
refractions consequent upon temperature variations. 

The velocity of sound is as the square root of the absolute temperature. 
Accordingly for 1° C. difference of temperature the refmetivity (y. -- 1) is 
0-00183. In the case of light the corresponding value of (ya — 1) is 
0-000294 X 0-()()366, the pressure being atmospheric. The effect of tempera- 
ture upon sound is thus about 2000 times greater tlian upon light. If we 
suppose the system of temperature differences to be altered in this propor- 
tion, the course of raijs of light and of sound will be the same. 


When we consider mirage, and the twinkling of stars, and of terrestrial 
lights at no very great distances, we recognize how heterogeneous the atmo- 
sphere must often he for the propagation of sound, and we need no longer be 
surprised at the variations of intensity with which uniformly emitted sounds 
are received at moderate distances from their source. 


35—2 
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It is true, of course, that the question is not exhausted by a consideration 
of rays, and that we must remember the immense disproportion of wave- 
lengths, greatly affecting all phenomena of diffraction. A twinkling star, as 
seen with the naked eye, may disappear momentarily, which means that then 
little or no light from it falls upon the eye. When a telescope is employed 
the twinkling is very much reduced, showing that the effects are entirely 
different at points so near together as the parts of an object-glass. In the 
case of sound, such sensitiveness to position is not to he expected, and the 
reproduction of similar phenomena would require the linear scale of the atmo- 
spheric irregularities to be very much enlarged. 
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NOTE ON THE THEORY OF THE HOXTBLE RESONATOR. 

{^Philosophical Magazine, Vol xxxvi. pp. 231 — 234, 1918.] 

In’ my book on the Theory of Sound* I have considex'ed the case of a 
double resonator (Fig. 1), where two reservoirs of volumes S, S' communicate 



with each other and with the external atmosphere by narrow passages or 
necks. If we were to treat SS' as a single reservoir and apply the usual 
formula, we should be led to an erroneous result ; for that formula is founded 
on the assumption that within the reservoir the inertia of the air may be 
left out of account, whereas it is evident that the energy of the motion 
through the connecting passage may be as great as through the two others. 
However, an investigation on the same general plan meets the case perfectly. 
Denoting by Xy, X., X.^ the total transfers of fluid through the three passages, 
we have for the kinetic energy the expression 


T=kp 


1 (dX^Y 

Cl \ dt / 


*4" 


1 /dX»\- 1 /dXX- 


\ d^i ) 


+ 


C:, 


dt 


.( 1 ) 


and for the potential energy 

r P (h "T" J"* . 

Here p denotes the density of the fluid, a the velocity of sound, while Cj, Ca, C;, 
may be interpreted as the electrical conductivities of the passages. Thus for 

* § 310, first edition 187B, seoond edition 1896, Maemillan. Also FJiil. TraiiB- 1870 ; Scientijlc 
Pa/perSy Vol. i. p, 41. 
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R long' cylindiical neck of radius R and length L we should, have c = TrR'^j L. 

An application of Lagrange’s method gives as the differential equations of 
motion. 


Cl dt^ S 

1 d^X. 


Cz dt^ 

1 d^X, 

Cg dt^ 




S 


;o 


S' 


= 0, 


= 0 . 


.(3) 


By addition and integration 


h 

Cl 


+ 



^2 C 3 


0 , 



since in the case of free vibrations all the quantities X may be supposed 
proportional to so tha,t djdt may be replaced by p. 

From (3) and (4) by elimination of X^, 



whence as the equation for 


(5) 


a* 


*^2 , C 2 + Cg] , 1 

1 S~' S' J SS' 


{Ci (Ca + C 3 ) + CaC;,} = 0 ( 6 ) 


In the use of double resonance to secure an exalted effect, as in the 
experiments of Boys and of Callendar, we may suppress the direct communi- 
cation between the second resonator ;S^' and the external air. Then 0 ^ = 0, 
and (6) becomes 

^ 4 . ^ i' ^i + gg 

cd a? I S 

To interpret the c’s suppose first the passage between S and S' abolished, 
so that C 2 = 0. The first resonator then acts as a simple resonator, and if p^ 
be the corresponding p, we have p{^ja^ = - c,fS, as usual. Again, if S be 
infinite, we have for the second resonator acting alone, p.^^ j S' : and (7) 
may be written 

p^ ~ p^ {p,^ + = 0 (8) 

In (8) if S'jS be very small, approximates to p^^ or to p^^, and this is the 
case of greatest importance in experiment. 


4. J. 

S'l'^SS' 


0 . 


•(7) 
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1918 ] , 

If and pJ differ su6ficiently, we may pursue an approximation from (8) 
founded on the smallness of S'/S. But it is of more interest to suppose that 
p^^ and pi are absolutely equal, which nothing precludes. Then 


p-‘-j 

p‘- (2pi + ~ pi-'j + pp = 0, 

(9) 

whence 



Pl~ 

Pi" 

i4.s:+ 

2 S * V vs 4SV ’ 

(10) 

or, if 8'/ 8 be small enough. 

r= = i+ /a. 

V \ ^ / 

(11) 


I'a _ /fS\ 
Y, = + V W 


.( 12 ) 


differing but little from pi ox pi. 

Referring back to (5), we have 

Sf_f_ /m 

at " ~pi~-\/\ 8) ’ 

when we introduce the value ofp^ from (11). Thus 

X, 

A, 

We may now compai-e effects in the two component resonators, and here 
a certain choice presents itself. The condensations in the interiors are 
{X, - Xi)l8 and X./iS", and the ratio of condensations is 

X,.jS' '^{8l8') _ / [^\ Cig) 

(WXZ.P" T- W'M ■ V vsv ^ ^ 

approximately. It appears that the condensation in the second resonator 
may be made to exceed to any extent that in the first by making the second 
resonator small enough, which sufficiently explains the advantage found in 
experiment to attend the c<.)nibination. 

In some forms of the experiment we may have to do rather with the flow 
through the passages than with the condensations in the interiors. In (12) 
we have the ratio of the total flows already expressed. But we may be more 
concerned with a comparison of flows reckoned per iinit of area of the passages. 
In the case of passages which are mere circular apertures of radn .R and R' a 
simple result may be stated, for then Cj : Ca = R : R' I since pi = P 2 , 

Cj : Ci = 8 : 8'. Accordingly 

8^ 


X,IR‘^ 

X,IR^ 


8 ‘ 8 '^ ~ \8 


:y/ J 


.( 14 ) 


.ami the advantage of a small S' is even more pronounced than in (13). 
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A PROPOSED HYDRAULIC EXPERIMENT. 

[^Philosophioal Magazine, Yol. xxxvi. pp. 315 — 316, 1918.] 

In an early paper* Stokes showed “that in the case of a homogeneous 
incompressible fluid, whenever udix + vdy+ wdz is an exact differential, not 
only are the ordinary equations of fluid motion satisfied, but the equations 
obtained when friction is taken into account are satislied likewise. It is only 
the equations of condition which belong to the boundaries of the fluid that 
are violated.” In order to satisfy these also, it is only necessary to suppose 
that every part of the solid boundaries is made to move with the velocity 
which the fluid in irrotational motion would there assume. There is no 
difficulty in the supposition itself ; but the only case in which it could readily 
be carried into effect with tolerable completeness is for the two-dirnenaional 
motion of fluid between coaxal cylinders, themselves made to rotate in the 
same direction with circumferential velocities which ai-e inversely as the 
radii. Experiments upon these lines, but not I think quite satisfying the 
above conditions, have been made by Couette and Mallock. It would appear 
that, except at low velocities, the simple steady motion becomes unstable. 

But the point of greatest interest is not touched in the above example. 
It arises when fluid passing along a uniform or contracting pipe, or channel, 
arrives at a place.wliere the pipe expands. It is known that if the expansion 
be sufficiently gTadual, the fluid generally speaking follows the walls, or, as 
it is often expressed, the pipe full; and the loss of velocity accom- 

panying the increased section is represented by an augmentation of pi-essure, 
approximately according to Bernoulli’s law. On the other hand, if in order 
to effect the conversion of velocity into pressure more rapidly, the expansion 
be made too violently, the fluid refuses to follow the walls, eddies result, and 
mechanical energy is lost by fluid friction. According to W. Froude’s gener- 
ally accepted view, the explanation is to be sought in the loss of velocity 
near the walls in consequence of fluid friction, which is such that the fluid 


Oamb. Tram. Vol. ix. p. [8], 1850; Math, and Phys. Papers, Vol. in. p. 73. 
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in question is unable to penetrate into what should be the region of higher 
pressure beyond. 

It would be a difficult matter to satisfy the necessary conditions for the 
walls of an expanding channel, even in two dimensions. The travelling bands 
of which the walls would be constituted should assume different velocities at 
different parts of their course. But it is quite possible that a very rough 
approximation to theoretical requirements would throw interesting light 
upon the subject, and I write in the hope of persuading some one with the 
necessary facilities, such as are to be found in some hydraulic laboratories, to 
undertake a comparatively simple experiment. 

What I propose is the observation of the flow of liquid between two 
cylinders A, B (probably brass tubes), revolving about their axes in opposite 
directions. The diagram will sufficiently explain the idea. The circum- 



ferential velocity of the cylinders should not be less than that of irrotational 
fluid in contact with the walls at the narrowest place. The simple motion 
may be unstable ; but, as I have had occasion to remark before *, the critical 
situation would be so quickly traversed that perhaps the instability may be 
of little consequence. If no marked difference in the character of the flow 
could be detected by colour streaks, whether the cylinders were turning or 
not, the inference would be that Fronde’s explanation is inadequate. In the 
contrary event the question would arise wliether practical advantage could 
be taken by specially .stimulating the motion of fluid near the walls of ex- 
panding channels, e.g. with the aid of steam jets. 

* Phil Mag. Vol. xxvi. p. 776 (11)13). [This volume, Art. 376.] 
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ON THE DISPERSAL OF LIGHT BY A DIELECTRIC CYUNDER. 


[Philosophical Magazine, Vol. xxxvi. pp. 365—376, 1918.] 


The problem of the incidence of plane electric waves on an insulating 
dielectric cylinder was treated by me as long ago as 1881*. Further in- 
vestigations upon the same subject have been published by Seitz j- and by 
Ignatowskij; who corrects some of Seitz’s results. Neither of these authors 
appears to have been acquainted with my much earlier work. The purpose 
of the present paper is little more than numerical calculations from the 
expressions formerly given, but in order to make them intelligible it will 
be well to quote what was then said. The notation is for the most part 
Maxwell’s. 

“We will now return to the two- dimension problem with the view of 
determining the disturbance resulting from the impact of plane waves upon 
a cylindrical obstacle whose axis is parallel to the plane of the waves. There 
are, as in the problem of reflection from plane surfaces, two principal cases— 
(1) when the electric displacements are parallel to the axis of the cylinder 
taken as axis of z, (2) when the electric displacements are perpendicular to 
this direction. 


“Case 1. [From the general equation with conductivity (G) zero and 
magnetic permeability (p) constant], 


fdl 

[cL‘ (hfj K 


-f n‘[jbK 


h 

K 


0 



or if, as before, h = 





( 2 ) 


■ in which k is constant in each medium, but changes as we pass from one 
medium to another. From (2) wm see that the problem now before us is 


* Phil. Mag. Vol. xii. p. 81 (1881) ; Scientific Papers, Vol. i. p. 533. 

+ Ann. d. Physik, Vol. xvi. p. 746 (1905) ; Vol. xix. p. 554 (1906). 
t Ann. d. Physik, Vol. xvni. p. 495 (1905). 

§ The numbering of the equations is changed, h is the component of electric displacement 
parallel to z, K the specific inductive capacity, and X the wave-length. 
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analytically identical with that treated in my book on Sound*, § 343, to 
which I must refer for more detailed explanations. The incident plane waves 
are represented by 

Qint — Qint ^ihrco^O 

— e”*'* (Jo {kr) H- 2^ J] (A:r) cos ^ 4- . .. 

-1- (/or) cos md + . . ; (3) 

and we have to find for each value of m an internal motion finite at the 
centre, and an external motion rejiresenting a divergent wave, which shall in 
conjunction with (3) satisfy at the surface of the cylinder (r = c) the condition 
that the function [A/iC] and its differential coefficient with respect to r shall 
be continuous. The divergent wave is expressed by 

cos 6 -f cos 2^4-..., (4) 

where -x/to, x/tj, etc. are the functions of /or defined in § 341. The coefficients B 
are determined in accordance with 


(fc'c) - k'c^,,, J,„ (k'o) 

= [k'oJm (Icg) Jni {k'c) — kcJm (k'c) Jm {kc)}, (5) 

except in the case of m = 0, when 2/"*^ on the right-hand side is to be replaced 
by In working but the result we suppose /oc and k'c to be small; and 

we find approximately for the secondary disturbance corresponding to (3) 






[ntr-kv) 


7o"‘b- - k^d^ li^c^ (k'^c^ - k^d^) 


cos 0 


; ( 6 ) 


2 8 

showing, as was to be expected, that the leading term is independent of 0. 

“ For case 2, which is of greater interest, we have [from the general 
expiations] 


rfi +i).=o. 

V da; Ar da; ay Ar d y J 


.(7)1: 


This is of the same form as (2) within n uniform medium, but gives a different 
boundary condition at a surface of transition. In both cases the function 
itself is to be continuoua; but in that with which we are now concerned the 
second condition rexpiires the continuity of the differential coefficient after 
division by Id. The ecpiation for i/,„ [or Bf as we may write it for dis- 
tinctiveness] is therefore 


/ f/,.V T —hr\\r {k c) | 

■'kL 0 --i . J „i\h C) , ,/ 


d Jdo 'J 

2/"*- [kcJnt {kc) Jm {k'c) — k'cJni {k'c) Jm {kc)], 


.( 8 ) 


* Theory of Sound, Vol. ii. Macmillau, 1st ed. 1878, 2nd ed. 1896. 
t Here 7c' I’clates to the cylindrical obstacle and Ic to the external medium, 
t In (7) e. is the magnetic component, and not the radius of the cylinder. So many letters are 
employed in the electromagnetic theory, that it is difficult to hit upon a satisfactory notation. 
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with the understanding that the 2 is to be omitted when m = 0. Cor- 
responding to the primary wave we find as the [approximate] 

expression of the secondary wave at a great distance from the cylinder, 



01 (nt — kr] 


16 


- k'^<f) 


7./2 


( 9 ) 


The term in cos 6 is now the leading term ; so that the secondary disturbance 
approximately vanishes in the direction of the primary electrical displace- 
ments, agreeably with what has been proved before. It should be stated 
here that (9) is not complete to the order in the terms containing cos 6. 
The calculation of the part omitted is somewhat tedious in general ; but if 
we introduce the supposition that the difference between k'^ and is small, 
its effect is to bring in the factor (1 — \ kr(f). 


“ Extracting the factor (k''^ — /c‘9, we may conveniently write (9) 


h'i _ //-a / TT \ 2 

in which 


. + k'^c^ J<?d^ 

cos 6 :r-;j COS 26? 


16 


8 


cos 6 tTTi jr- cos 26 = cos 6 =- 7 ^ r- cos^a. 

16 8 16 4 


..( 10 ) 


.( 11 ) 


“In the directions cos ^ = 0, the secondary light is thus not only of high 
order in /<jc, bub is also of the second order in (k' — Ic). For the direction in 
which the secondary light vanishes to the next approximation, we have 


■TT 


6 




*c- - k-d^) 


k^c-K'-K 
16 K 


( 12 ) 


This... is true if he, h'c be small enough, whatever may be the relation of k' 
and h. For the cylinder, as for the sphere, the direction is such that the 
primary light would be bent through an angle greatei' than a right angle....” 

“If we suppose the cylinder to be extremely small, we may confine our- 
selves to the leading terms in (6) and (9). Let us compare the intensities 
of the secondary lights emitted in the two cases along 6 = 0, i.e. directly 
backwards. From (6) 

cc I- {k!'^d- - 

while from (9) 

oc - (/c'“ - 

The opposition of sign is apparent only, and relates to the different methods 
of measurement adopted in the two cases. In (6) the primary and secondary 
disturbances are represented by hjK, but in (9) by the magnetic function c... .” 

It may be remarked that Ignatowski’s equation agrees with (5) for this 
case, and that his corresponding equation (11) for the second case also agrees 
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with (8) after correction of some misprints. His function Q corresponds with 
my yfr, at least when we observe that the introduction of a constant multiplier, 
even if a function of m, does not influence the final result. 

In proceeding to numerical calculations we must choose a refractive index. 
I take for this index 1'5, as in similar work for a transparent spJiere*, so that 
h'jk = 1‘5. And before employing the more general formulae, I commence 
with the approximations of (6) and (9), assuming kc ~ '10, 1c c = ‘15. When 
we introduce these values into (6), we get 

^ ^ [-00625 - -156 X lO'* cos d], ..... .(13) 

in response to the incident wave hjK= Again, from (9) 

^ = c = ( 2 ^-"/ [10-" (-0781 + -0481 cos 26) - '00385 cos ^],...(14) 

corresponding with c = for the incident wave. 

In using the general formulae the next step is to express representing 
a divergent wave, by means of functions already tabulated. I am indebted 
to Prof Nicholson for valuable information under this head. It appears that 
we may take 

(^) = (^) - i (^), (15) 

where z is written for kr, and the real and imaginary parts are separated. 
When ^ is very great 

\ 3 

TT 


(^) 


2isJ 


-IS 


( 16 )t 


2 m j j 

^ ^ m w— '1 ) 

Z 

( 17 ) 

r r ■ 

1 ^ ^ m y* 

( 18 ) 


Jm(s) is the usual Bessel’s function; the 6/-functions are tabulated in 
Brit. Assoc. Reports*]:. The Bessel’s functions satisfy the relations 

'7 == 

r 

and relations of the same form are satisfied by functions 0. When m = 0, 
f' ~ — T G-' — — Q 

Writing z for kc and z for k'c and with use of (18), we have for the 
coeflicient of on the right-hand side of (5) 

X)m — J m (■^) J'm—I {^ ) ~ ^ ) J „j,_i (^) ; (19) 

and for the coefficient of on the left 

■* Froc. Roy. Soc. A, Vol. i/xxxiv. p. 25 (1910) ; Rcientijic Papers, Vol. v. p. 547, 

[t A correction has been made in this fornmla. In order to yield (15), («) must be deduced 

from i/'()(s) by (5) of § 341 of Theory of Sound, and not by (11) of that section, which gives a 
different law of signs; also \po {^) must be taken with the opposite sign from (18) of § 341. W. F. S.] 
t Reports for 1913, p. 115; 1914, p. 75. 
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where 


Thus 


]sr„, = zGJ ( a ) {z') — z'G,n {z\ Jm {.z) 

= A Gm-l {z)J ni (a') “ z' G,n {z) J'w-i (/). 


,( 20 ) 


.( 21 ) 


ivVA.+ itV’ 

where,. ho weverj the 2 is to be omitted when m — 0. Thus by (4) and (16) 
the divergent wave at a great distance r is expressed by 




hJK = ( eim-hr) ^ . + 5 

‘ \2%kr) LiV^/Do + l-'iTr i + I-z-tt 

Here D^, are given by (19), (20), and are real. 

In like manner (8) may be put into the form 


.( 22 ) 


where 




.(23) 


JSTm = Z'J,,^ (z') Gm (z) — zJm (z') G,n (z) 

= Z (^Z ) Gffi — 1 ( a ) (a ) G^i ( a ) 

“■ - J.) Jm (z') G.,ri (z), .(24) 

j)qii = y ~ ^ ^ni y i 


+ m 


z z 


/ ] ^'in J'm ) (^5) 


And, as in (22), the expression for the diverging wave at a distance is 


When we fix the refractive index at 1*5, the value of z'/z — zjz' in (24), (25) 
is 5/6- 

The values of ‘N-y, iV/, By, Dy may be deduced from the corresponding 
quantities, with ,m = 0 by means of the relations 

Ny = N:, Ny' = N„ -^Jy (z') Gy {z), (27) 

By =■ Bq , By = jDq + L (z ) Jy (^z) (28) - 

For numerical calculation we have also to specify the values of a, or ho. 
For this purpose' we take ,2 = '4, '8, 1-2, 1-6, 2*0, 2-4, where .s denotes the ratio 
of the circumference of the cylinder to the wave-length in air ; the cor- 
responding values of (iV/D + |i7r)~^ and of {N' j D ' may then he 
tabulated. 


2%kr 


0 % {nt—kr) 


1 ^2 (— !)”*■ cos mB 

M'TbTTJ^ T 


The next step is the calculation of the series included in the square 
brackets of (22) and (26) for various values of B from d = 0 in the direction 
backwards along the primary ray to ^ = 180° in the direction of the primary 



1918] ON THE DISPERSAL OF LIGHT BY A DIELECTRIC CYLINDER 


559 


TABLE I. 


z 

[No/Do + 

[NoVDo' + iiTT]-! 


•4 

•10624-1 X *01825 

•00202 -7 X *00001 


•8 

•29104- *18940 

•03397 -7 X *00182 


1-2 

•31827 -ix *32283 

•1.7667-7 X *05353 

0 

1-6 

•31745-^■x *34157 

•31764- 7 X *33892 

2*0 

■ *31565 - i X *35939 

•23337 - 7 X *53480 


2-4 

*26905-^x *48842 

•19953-7 X *56634 



[Ni/Di + iiV]-' 



•4 

•00202-^x *00001 

•03066-7X *00148 


•8 

*03397 ~?:x *00182 

•10872-7X *01914 


1-2 

•17667 - 6 X *05353 

•18711 -7 X *06080 

1 

1*6 

. *31764 -ix *33892 

•24560- 7 X *11581 

X 

2-0 

*23337 - 7 X *53480 

•30426 -7 X *22477 


2-4 

•19953 -tx *56634 

*27720 -7x *47478 


z 

[JVa/DoH-iiTr]-! 



■4 

•0000 l-ix 0 

•00061 -7 X 0 


•8 

*00084 -^x 0 

*00931 -7x *00014 


1-2 

*00946-tx *00014 

*04392 -7x *00304 

o 

1-6 

*05510 -tx *00481 

*12114- 7x *02395 

Zi 

2-0 

•21352- iX *08223 

*2*2506 -7x *09321 


2-4 

*28583-7 X *45838 

. *30204 -7 X *21784 


, z 


[NaVAl' + iiTT]-! 


*4 




•8 

*00001 -7x b 

*00025 -7x 0 


1*2 

•00027 - 7 X 0 

•00262 - 7 X *00001 

3 

1-C) 

■00259 - 7 X *00001 

•01346 -7x *00028 

2*0 

•01514 - 7X *00036 

*04636 -7x *00339 


2*4 

*06724 -7x *00718 

*12088 -7x *02384 


z 

[N4/D,i + iiVJ-> 

[xY47».7 + 


1*2 


*00008 -7x 0 


1*6 

*00008- 7x 0 

*00072 - 7 X 0 


2*0 

*00071 -7x 0 

*00388 - 7 X *00002 

Hb 

1 2*4 

*00415 - 7 X *00003 

*01482 -7x *00035 


s 

\Nc,llh + ki^r^ 



1-6 


*00002-7x0 


2*0 

*00002 - 7 X 0 

*00020-7x0 

5 

2-4 

*00019-7x0 

*00109-7x0 


z 

[iV,s/Ai+i/7r]-‘ 



2-0 

2-4 


*00001 - 7 X 0 

6 

*00001-7x0 • 

*00005 - 7 X 0 
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ray produced. If we add the terms due to even and odd values of m 
separately, we may include in one calculation the results for d and for 
180° — 6, since ( — l)™'cos m (180° — = cos ni9 simply. 

In illustration we may take the numerically simple case where (? = 0 and 
Q = 180°, choosing as an example z— 2*4 in (22). Thus 


m 


m 

- 

0 

•26905-tx *48842 

1 

•39906 - 4 X 1 *13268 

2 

■57166-4 X *91676 

3 

*13448- 4 X *01436 

4 

- 830-4 X * 6 

5 

38-4 0 

6 

2 0 



2(even) = *84903 - i X 1 *40524 

2(ocid)= *53392 - i X 1*14704 


Accordingly for ^ = 0, we have 

Sevea - Sodd = *31511 - -tx *25820, 

and for 6 = 180° 

Seven + Sodd = 1*38295 - t X 2*55228. 

These are the multipliers of 



in (22). For most purposes we need only the modulus. We find 

(*3151)2 + (-2582)2 = (-407 4)^ 


( 1 * 383)2 + ( 2 * 552)2 = ( 2 * 903 ) 2 . 
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As might have been expected, the modulus, representing the amplitude of 
vibration, is greater in the second case, that is in the direction of the primary 
ray produced. 

For other angles, except 90°, the calculation is longer on account of the 
factor cos m0. The angles chosen as about sufficient are 0, 30°, 60°, 90° and 
their supplements. For 2 or 3 of the larger if’s the angle 45° and its 
supplement were added. The results are embodied in Table II, and a plot 
of most of them is given in Fig. 1, where the abscissa is the angle 6 and the 
ordinate the corresponding modulus from the table. The curve marked N 
corresponds to (22) and that marked N' to (26). A few points have been 
derived from values not tabulated. From the nature of the functions re- 
presented both curves are horizontal at the limits 0° and 180°. 

When = -8, the curves show the characteristics of a very thin cylinder. 
At 90° N' nearly vanishes, indicating that in this direction little light is 
scattered whose vibrations are perpendicular to the axis. When 1*2, the 
maximum polarization is still pretty complete, but the direction in which it 
occurs is at a smaller angle 0. For ^ = 1-6 the polarization is reversed over 
most of the range between 45° and 90”. By the time z has risen to 2-4 
a good deal of complication enters, at any rate for the curve N. 


TABLE II. 


s = *4. 


0 

[ 1 in (22) 

Modulus 

C ]in (26) 

ModiiluB 

0 

-10222 -iX -01823 

-1038 

-•05808-1- AX -00295 

•0582 

30 

-10275 -.^•x -01 824 

•1044 

- -OtOtB -8 i X -00255 

-0505 

GO 

■10421 - i X -O LBS i 

•1058 

-•02925-8 AX -00147 

•0293 

90 

■10G22 - AX -01825 

•1078 

-8 -OGOSO - i X -00001 

•0008 

1 20 

■10825 - i X ■0182G 

•1098 

■03207 - AX -00149 

•0321 

150 

■10975 - i X -01826 

•1113 

•05574 - A X -00257 

-0558 

180 

■11030- AX -01827 

•1118 

■00456 - A X -00297 

•0646 


= - 8 . 


0 

[ ] in (22) 

Modulus 

[ ] in (26) 

Modulus 

0 

•22476 -AX -18576 

•2916 ■ 

- 16535 -8 A X -03618 

•1693 

30 

•23303 - A X -18625 

•2983 

- -14502 -8 AX -03119 

•1483 

60 

•25625- AX -18758 

•3176 

-•08356 -8 AX -01746 

•0854 

90 

■28936- AX -18940 

•3458 

-8-01535 - 7 X -00164 

•0154 

120 

•32415 - A X -19122 

•3763 

•13288- AX -02082 

•1 345 

150 

•35071 — AX -19255 

-4001 

•23 158- AX -03511 

■2342 

180 

•36068- AX -19304 

•4091 

•27053 - A X -04038 

•2735 


R. VI. 
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A =1*2. 


e 

* 1— ♦ 

1 — 1 

I t 

Modulus 

[ ]m(26) 

Modulus 

- 

0 

- -01669-1 X -21605 

•2167 

- -11469 +?:x -06201 

•1305 

30 

+ •02173-^ X -23024 

•2313 

- -10357 + 4 X -04872 

■1145 

60 

■132<58-i X -26916 

-3001 

- *04920 + 4 x -01029 

•0503 

90 

-29935 - t X -32255 

•4401 

+ -08899 -ix -04745 

•1009 

120 

•48494 X -37622 

•6138 

•31454 -?;x -11127 

•3337 

150 

-63373-4 X -41570 

•7579 

•54459-4 X -16188 

•5681 

180 

•69107 -4 X -43017 

•8141 

-64413-4 X -18123 

•6691 


^= 1 - 6 . 



[ ] in (22) 

Modulus 

[ ] in (20) 

Modulus 

0 

-•21265 + 4 X -32667 

•3898 

•04320-4 X -15464 

•1606 

30 

- -17770+4 X -24065 

•2991 

•01272 -4 X -16229 

•1628 

45 

- -12826+4 X -13772 

•1882 

- -01207 -4 X -17555 

•1760 

60 

- -05019+4 X -00214 

•0502 

- -02292- 4 X -19972 

•2010 

90 

+ -20741 -4 X -33195 

•3914 

+ *07680- 4 X -29102 

•3010 

120 

•67473-4 X -67566 

•8870 

-41448 -4X -43022 

•5974 

135 

•76284-4 X ■82086 

1-112 

-64445 -4 X -50229 

•8171 

150 

•92264-4 X -93341 

1-312 

•86340 -4 X -56345 

1-031 

180 

1 -06827- 4' X 1-02905 

1-483 

1-07952- 4 X -61900 

1 -244 


z = 2 * 0 . 


d 

[ ]in(22) 

Modulus 

[ ] ill (26) 

Modulus 

0 

•24705 +4 X -54647 

•5997 

- -01037- 4 X -26494 

•2651 

30 

•12429 + 4* X -48468 

■5004 

-•07211-4X -23868 

•2493 

60 

-•10169 +4 X -25692 

•2763 

- -20729 - 4 X -22358 

■3049 

90 

-•10997 -4 X -19493 

•2238 

- -20901 -4X -34842 

•4063 

120 

+ •30453-4 X -81124 

•8665 

+ -21619- 4 X -65956 

•6941 

150 

•93263 -/X 1-36792 

1-656 

•98119 - 4 X 1-01730 

1-413 

180 

1-24117-4x1-59417 

2-020 

1-39291- 4X 1-17758 

1 -824 


2 * 4 . 


0 

[ 3 in (-2-2) 

Modulus 

[ ] in (20) 

Modulus 

0 

•31611 -4 X -25820 

•4074 

•03501- 4 X -00548 

•0354 

30 

•20547 +4 X -03416 

■2083 

•00846 + 4 X -03851 

•0394 

45 

•07387 +4 X -30240 

■3113 

-•04963 + 4 X -07200 

•0875 

60 

-•08615 +4 X -52197 

■5290 

-•15376 + 4X -07895 

■1728 

90 

-•29433+ 4 X -42828 

•5196 

-•37501-4X -13136 

■3973 

120 

+ •04433 -4 X -58199 

•5837 

- -08070- 4 X -77525 

•7794 

135 

•44763-4x1-27912 

1-355 

+ -38943- 4X 1-20336 

1 -265 

150 

•89597-4X1-92770 

2-126 

•96494- 4 X 1-60617 

1-874 

180 

1-38295-4X2-55228 

2-903 

1-63169 -4 X 1-99996 

2-581 

j 


[434 
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In Fig. 2 are plotted curves showing the variation with z at given angles 


of 0 = 0°, 60°, and 90°. At 0° the polarization 
is all in one direction over the whole range 
from 0 to 2‘4. At 60° there are reversals of 
polarization at z — and ^ = 2*05. At 90° 
these reversals occur when .s; = 1*7 and 2'3, 

The curves stop at .s = 2*4. It would have 
been of interest to carry them further, but the 
calculations would soon become very laborious. 
As it is, they apply only to visible light dis- 
persed by the very finest fibres, inasmuch as z 
is the ratio of the cirowmferenGe of the cylinder 
to the wave-length of the light. 



N 

N' 

N 

N 

N' 


-4 -8 l-a 1-6 20 2-4 


Fig. 2. 


When or he, is greater than 2*4, we may get an idea of the course of 
events by falling back upon the case where the refractivity (/U. — 1) is very* 
small, treated in my 1881 paper. In our present notation the light dispersed 
in direction 6 depends upon 


TTC" 


Ji {2z cos ^0) (29) 


z cos -^0 

When 0 = 180 \ t.e. in the direction of primary propagation, 


Ji {2z cos ^0) = z cos 1 0, 

and (29) reduces to ttc**^. In this direction every element of the obstacle acts 
alike, and the dispersed light is a rnaximurn*. In leaving this direction the 
dispersed light first vanishes when 


cos P = 3*831 7/2.^, 

and afterwjirds when 


22r cos 1^ = 7*0156, 10*173, 13*324, etc. 

The factor (29) is applicable, whether the primary vibrations be parallel 
or perpendicular to the axis of the cylinder. The remaining factors may be 
d,educed by comparison with the case of an infinitely small cylinder. Thus 
for vibrations parallel to the axis, we obtain from (6) 

^ QMnt-hr) X - ho) Jy (2kG COS ^0) 

^ \MkrJ cos|-^ ’ 

applicable however large c may be, provided (k' — k) be small enough. 

In like manner for vibrations perpendicular to the axis we get from (9) 

^ X (fcc - Is' c) cos ^ ( 2ko co s ^0) 

\2ti/k7'J cos 0 

vanishing when 0 — 90°, whatever may be the value of kc. It will be seen 
that (30) and (31) differ only by the factor — cos 0, and that this is unity in 
the direction of the primary light. 

[* The succe.ssive maxima occur at the roots of J’ 2 ( 2 z cos i0) = O, viz. 2zco3^e = 0, 5*135, 8*417, 
11*()20, etc. W. P. S.] 

36-~2 
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THE PERCEPTION OF SOUND. 

[JSfatw'e, Yol. cii. p. 225, 1918.] 

I DO not think that Helmholtz’s theory of audition, whatever difficulties 
there may be in it, breaks down so completely as Hr Perrett represents*. 
According to him, one consequence of the theory would be that “when a 
tuning-fork is made to vibrate, no note can be heard, but only an unimagin- 
able din.” I cannot admit this inference. It is true that Helmholtz’s theory 
contemplates the response in greater or less degree of a rather large number 
of “ resonators ” with their associated nerves, the natural pitch of the 
resonators ranging over a certain interval. But there would be no dissoiiance, 
for in Blelmholtz’s view dissonance depends upon intermittent excitation of 
nerves, and this would not occur. So long as the vibration is maintained, 
every nerve would be imi,formly excited. Neither is there any difficulty in 
attributing a simple perception to a rather complicated nervous excitation. 
Something of this kind is involved in the simple perception of yellow, resulting 
from a combination of excitations which would severally cause perceptions of 
red and green. 

The fundamental question would appear to be the truth or otherwise of 
the theory associated with the name of J. Muller. Whatever may be the 
difficulty of deciding it, the issue itself is simple enough. Can more than 
one kind of message be conveyed by a single nerve ? Does the nature of the 
message depend upon how the nerve is excited? In the case of sound — say 
from a fork of frequency 256 — is there anything periodic of this frecpiency 
going on in the nerve, or nerves, which carry the message ? It is rather diffi- 
cult to believe it, especially when we remember that frequencies uy) to 1.0,000 
per second have to be reckoned with. Even if we could accept this, what are 
we to think when we come to nerves conveying the sensation of light ? Can 
we believe that there are processes in action along the nerve repeated 10^® 
times per second ? 

I do not touch upon the anatomical matters treated by Sir T. Wrightson 
and Prof. Keith, or upon the phonetic evidence brought forward with 
authority by Hr Perrett. 

* Nature, Yol. cii. p. 184, 1918. 
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ON THE LIGHT EMITTED EEOM A RANDOM DISTRIBUTION 

OF LUMINOUS SOURCES. 


[Fhilosophical Magazine, Vol. xxxvi. pp. 429 — 449, 1918.] 


Recent researches have emphasized the importance of a clear compre- 
hension of the operation under various conditions of a group of similar unit 
sources, or centres, of iso-periodic vibrations, e.g. of sound or of light. The 
sources, supposed to be concentrated in points, may he independently excited 
(as probably in a soda flame), or they may be constituted of similar small 
obstacles in an otherwise uniform medium, dispersing plane waves incident 
upon them. We in(|uire into an effect, such as the intensity, at a great 
distance from the cloud, either in a particular direction, or in the average of 
all directions. For convenience of calculation and statement we shall consider 
especially sonorous vibrations ; but most of the results are equally applicable 
to electric vibrations, as in light, the additional complication being merely 
such as arises from the vibrations being transverse to the direction of pro- 
pagation. 

If the centres, supposed to be distributed at random in a region whose 
three dimensions are all large, are spaced widely enough in relation to the 
wave-length (A.) to act independently, the question reduces itself to one 
formerly treated^, for it then becomes merely one of the composition of a 
large number (n) of unit vibrations of arbiti’ary phases. It is known that 
the “expectation” of intensity in any direction is n times that due to a single 
centre, or (as we may say) is equal to n. The word “ expectation ” is here 
used in the technical sense to represent the mean of a large number of 
independent trials, or combinations, in each of which the phases are re- 
distributed at random. It is important to remember that it is infinitely 
improbahle that the expectation will be confirmed in a single trial, however 
large n may be. Thus in a single combination of many vibrations of arbitrary 
phase there is about an even chance that the intensity will be less than Ta. 

* Fldl. Muij. Vol. X. p. 7ii (1880); Scimtific Papers, Yol. i. p. 491- For another method see 
TIuory of Sound, 2nd ed. § 42 a, and for a more complete theory K. Pearson’s Math. Contrihictions 
to the Theory of Evolution, xv, Dulau, London. 
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The general formula is that the probability of an amplitude between r and 
r + dr is 

— = ~ e~^l^^dT, /!') 

n ^ > 

if I denote the inteyisity^. 

A.S regcirds the expectation, of intensity merely ^ the C|U8stion is very 
simple. If 0, O', 9" ... be the n individual phases, the expectation is 

r^TT r^TT r^TT ^0^ (16'^ 

Jo. Jo Jo "•2^^‘^*--Kcos^+cos0'-l-...y+(sin^-l-sind'+...)^]. 

Effecting the integration with respect to 0, we have 

[2. f2n d&dd" 

Jo Jo Stt Stt ^ "h + (sin d'+ sin ; 

and when we continue the process over all the n phases we get finally 

Expectation of Intensity = n. 

The same result follows of course from (1). The " expectation ” is 

Q-ih^'I . dl/n =n ^2) 

But if we are not to expect any particular intensity when a large number 
of vibrations of unit amplitude and arbitrary phase are combined, what 
precisely is the significance to be attached to this result ? As has already 
been suggested, we must look to what is likely to happen when we have to 
do with a large number m of independent trials, in each of which the % phases 
are redistributed at random. By (1) the chance of the separate intensities 
Ji, 1 - 2 , ... Itn lying between +• dl-^, + dl^, etc. is 

... dl^,, ; 

and we may inquire what is altogether the chance of the sum of intensities, 
lepresented by lying between J and tT + dtf. Oveir the range concerned 
the factor e may be treated as constant, and so the question is reduced 
to finding the value of 

under the condition that H- /^ •+ .. . lies between J and J^dJ. This isf 

Tm—i 

so that the chance of . lying between J and J + dJ is 

— 1 )!’ 

* An interesting exanaple of variable intensity \vhen phases are at random is afforded by the 

^ f wsterdaffi Proceedings, VoL xx. p. 1278 (1918)) on the granular structure 

is formed from homogeneous light. The results of various combinations 
are exhibited to the eye simultaneously, 

t See for example Todhunter’s Int. Calc. § 272. 
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or, if we employ the mean value of the J’s instead of the sum, the chance of 
the mean, viz. (Ji + /2 + • • lying between K and K + clK is 

Q-mKIn J^m-1 



We may compare this with the corresponding expression when ?n. = l, where 
we have to do with a single I, to which K then reduces. The ratio 

^ ~ (m - 1) Kjn 4- 1 ni - 1 


R = (4) : (1) = 


n: 


m r* i 


m ! 


(5) 


.( 6 ) 


When we treat m as very large, we may take 

in ! —m'’*'’ f^(27rm) . 

so that (5) becomes 

e^Jm 

v/(2w) i n j 

If in (6) K = 71 absolutely, the second fimtor is unity, and since the first factor 
increases indefinitely with 7n, there is a concentration of probability upon the 
value n, as compared with what obtains for a single combination. 

In general we have to consider what becomes of 

/^7n . C^) 

when m = oo , and x, written for K/n, is positive. Here vanishes when 

X == 0 and when = oo , and it has but one ma.ximum when x = 1, = 1. 

We conclude that is a positive quantity, in general IckSS than unity. 

The ratio of consecutive values when rn in (7) increases to m +• 1 is 

+ l/m), 

and thus when ?W/ = oo , (7) diminishes without limit, unless x = 1 absolutely. 
Ultimately there is no probability of any mean value K which is not infinitel,y 
near the value n. 

Fig. 1 gives a plot of R in (o) as a function of x, or Kj’n, for m = 2, 4, 6. 
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It will be observed that for 711 > 2, dRIdcc — 0 when x — 0, but that for m = 2, 
dIi/d€B = ^. 


The corresponding question for J may be worth a moment’s notice. We 
have 


R = (3) : (1) 


. m 

1 _ J ’ 


( 8 ) 


so that R goes to zero as 7n increases, if J be comparable with n, as might 
have been expected. 

It must not be overlooked that when the random distribution of phases is 
due to a random spatial distribution of centres, it fails to satisfy strictly the 
requirement that all the centres act independently, for some of them will lie 
at distances from nearest neighbours less than the number of wave-lengths 
necessary for approximate independence. The simple conditions just discussed 
are thus an ideal, approached only when the spacing is very open. 

We have now to consider how the question is affected when we abandon 
the restriction that the spacing of the unit centres is very open. The work 
to be done at each centre then depends not only upon the pressure due to 
itself but also upon that due to not too distant neighbours. Beginning with 
a single source, we may take as the velocity-potential 



cos 7c ^at — r) 

‘if'Trr 


( 9 ) 


where a is the velocity of propagation, Ic = 27r/\., and r is the distance from 
the centre. The rate of passage of fluid across the sphere of radius r is 


47r7-^d(f>ldr — cos 7c (at — r) — 7cr sin 7c (a t — r), 


If Sp denote the variable part of the pressure at the same time 
and p be the density, 



pica sin k (at — 
47r9’ 


r) 


( 10 ) 


and place. 


(10 a) * 


The rate at which work ( W) has to be done is given bj^ 


dW 

dt 


. 4„rr4'^ = “ 

ar 47rr 


r) 


X \7cr sin 7c (at — r) — cos 7c (at — r)], ...(10b)* 

of which the mean value depends upon the first term only. In the long run 

Wlt= pTc^af^nr ..(10 c)* 

It is to be observed that although the pressure is infinite at the source, the 
work done there is nevertheless finite on account of the pressure being in 
quadrature with the principal part of the rate of total flow expressed in (10). 

[* 111 the original paper these equations were numbered ( 11 )— ( 13 ), as well as the three 
following equations; to avoid confusion, they have been renumbered,] 
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When there are two unit sources distant D from one another and in the 
same initial phase, the potentials may be taken to be 

cos k (at — r) cos k (at — r') 






4iTTT ’ ^ 4'7r?'^ 

At the first source where r = 0 

4i7r7'"dipldr= cos kat — sin kat, 

d(b . dyjr ka. sin kat ka ■ 

-jT- H — rr — 1- . sin k (at — D). 

at dt 47rr 47rZ) ^ ^ 

The work done by the source at ?• = 0 is accordingly proportional to 

sin kD 


.( 11 ) 


1 + 


kD 


.( 12 ) 


and an equal amount of work* is done by the source at r' = 0. If D be 
infinitely great, the sources act independently, and thus the scale of measure- 
ment in (12) is such that unity represents the work done by each source when 
isolated. If 1) = 0, the work done by each source is doubled, and the sources 
become equivalent to one of doubled magnitude. 

If D be equal to or to any multiple thereof, sin /cD = 0, and we see 
from (12) that the work done by each source is unaffected by the presence of 
the other. This conclusion may be generalized. If any number (n) of equal 
sources in the same phase be arranged in (say a vertical) line so that the 
distance between immediate neighbours is the work done by each is the 
same as if the others did not exist. The whole work accordingly is n, whereas 
the work to be done by a single source of magnitude 7i would be rd. Thus if 
sound be wanted only in the horizontal plane where there is agreement of 
phase, the distribution into parts effects an economy in the proportion 
of : 1 . 


A similar calculation would apply when the initial phases differ, but we 
will now take up the problem in a more general form where there are any 
number (n) of unit sources, and by another method*’. The various centres 
are situated at points finitely distant from the origin 0. The velocity- 
potential of one of these at (a;, y, z), estimated at any point is 




cos ( +■ €— kR) 


.(13) 


where R is the distance between Q and (oc, y, z). At a great distance from 
the origin we may identify J? in the denominator with OQ, or i?o; while under 
the cosine we write 

di = R>(j — (ItV -p v)hy 7 'lz'2) .(14) 

* “ On the Production and Distribution of Sound,” Phil. Mag. Vol. vi. p. 289 (1909) ; Scientific 
Pai>crs, Vol. v. p. 196. 
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I, m, n being the direction cosines of OQ. On the whole 

— 46TrRo<t> = 2 ; cos { + 6 — -+- k (lx + my 4- nz)], (15) 

in which jRq is a constant for all the sources, but e, x, y, z vary from one source 
to another. The intensity in the direction {I, m, n) is thus represented by 

[2 cos (e 4 k {lx 4 my 4 nz)}f 4 [S sin (e 4 k {lx 4 niy 4 nz)]]-, 

or by 

71 4 cos [e^ €2 4 [2 {xi — "h m {yx ■” 2/-) ”h {^1 ■^sa)}]) • ■ -{Id) 

the summation being for all the ^n{n — 1 ) pairs of sources. In order to find 
the work done we have now to integrate (16) over angular space. 


It will suffice if we effect the integration for the specimen term ; and we 
shall do this most easily if we take the line tlrrough the points (a’l, y^, Zx), 
(i» 2 , ya, as axis of reference, the distance between thern being denoted by i). 
If (I, m, n) make an angle with D whose cosine is fx, 

JDfi — l{xx~ x^ 4 m ( 2/1 — yo) 4 n {z^ — z. 2 ), (17)* 


and the value of the specimen term is 


that is- 



cos (61 — 62 4 kDjx) dy, 


2 sin kD cos (ei — eo) 

kJ^ 


(18) 


The mean value of (16) over angular space is thus 


71 


sin kD cos (ei — e«) 

4.^2. ^ , (IJ) 


where Cj, 63 refer to any pair of sources and D denotes the distance between 
them. If all the sources are in the same initial phase, cos (cj — e^) = 1 . If the 
distance between every pair of sources is a multiple of IX, sin kD — 0, and 
(19) reduces to its first term. 

We fall back upon a former particular case if we sup)poso that there are 
only two sources and that they are in the same phase. 

If the question of the phases of the two sources he left open, (19) gives 


c n / x sin kD 

2 4 2 cos (€1 — Co) - 


.( 20 ) 


If D be small, this reduces to 

242 cos (ei — 60 ), 

which is zero if the sources be in opposite phases, and is equal to 4 if the 
phases be the same. 

*■ In the paper referred to, equation (19), p, was inadvertently used in two senses. 
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If in (20) the phases are 90° apart, the cosine vanishes. The work done 
is then simply the double of what would be done by either source acting 
alone, and this whatever the distance D may be. If this conclusion appear 
paradoxical, it may be illustrated by considering the case where D is very 
small. Then 

— 47ri?o 0 = cos (pt + e~ JcRq) + cos (pt + 6 + Y TT — IcRo) = \/2 . cos (pt + e + ^ tt — kRo), 
representing a single source of strength \/2, giving intensity 2 simply. 

We have seen that the effect of a number n of unit sources depends upon 
the initial phases and the spatial distribution, and this not merely in a specified 
direction, but in the mean of all directions, representing the work done. We 
have now to consider what happens when the initial phases are at random, 
or when the spatial distribution is at random within a limited region. 
Obviously we cannot say what the effect will be in any particular case. 
But we may inquire what is the expectation of intensity, that is the mean 
intensity in a great number of separate trials, in each of which there is an 
independent random distribution. 

The question is simplest when the individual initial phases are at random 
in separate trials, and the result is then the same whether the spatial distri- 
bution be at random or prescribed. For the mean value of every single term 
under the sign of summation in (19) is then zero, B meanwhile being constant 
for a given pair of sources, while 



The mean intensity, whether reckoned in all directions, or even in a 
specified direction (10), reduces to n simply. 

If the sources are all in the same phase, or even if each individual source 
retains its phase, cos(6i- e.) in (19) remains constant in the various trials for 
each pair, and we have to deal with the mean value of sin kD -f- kD when the 
spatial distribution is at random. We may begin by supposing two sources 
constrained to lie upon a straight line of limited length I, where, however, 
I includes a very large number of wave-lengths (X). 

If the first source occupies a position sufficiently remote from the ends of 
the line, so that the two parts on either side and L) are large multiples of X, 
the mean required, represented by 

sin kDcW C^'^sinkD dD 

ij, nj T + iJo ki> 'k ^ ^ 

may be identified with tt/M, since both upper limits may be treated as infinite. 
Moreover, tt/IcI may be regarded as evanescent, Id being by supposition a large 
quantity. 
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So far positions of the first source near the ends of the line have been 
excluded. If the neglect of these positions can be justified, (20) reduces to 
2 simply. 

It is not difficult to see that the suggested simplification is admissible 
under the conditions contemplated. If oc, cc be the distances of the two 
sources from one end of the line, the question is as to the value of 

dec dec' sin k {x' — os) 

IoTJqT k{x'-x) ’ ^ ^ 


h I h I k{x' -x) ’ ^ ' 

where the integration with respect to x' may be taken first. Let X denote 
a length large in comparison with A., but at the same time small in comparison 
with 1. If X lie between X and I — X, the integral with respect to x may be 
identified with tt/A;?, and neglected, as we have seen. We have still to include 
the ranges from sc — 0 to x — X, and from x—l — X to x — I, of which it suffices 
to consider the former. The range for x may be divided into two pa,rts, from 
0 to X, and from x to 1. Tor the latter we may take 

dx' smk(x' -■ x) _ TT 
Ja; I k(x'—x) Ihl' 

so that this part yields finally after integration with respect to x, 

T-m 

As regards the former part, we observe that .since 6~^ sin 0 can never 
exceed unity, 

r^dx' sin A; (x' — x) x 

J 0 i k (x' — x) ^ I' 

in which again x < X. The result of the second integration leaves us with 
a quantity less than X^jP. The anomalous part, both ends included, is less than 


2X fX TT 

I \l 2kl 


.(25) 


which is small in comparison with the principal part*, of the order 'rrfkl and 
itself negligible. We conclude that here again the mean intensity in a great 
number of trials is 2 simply. It may he remarked that this would not apply 
to the mean intensity in a specified direction, as we may see from the case 
where the initial phases are the same. In a direction perpendicular to the 
line on which the sources lie, the phases on arrival are always in agreement, 
and the intensity is 4, wherever upon the line the sources may be situated. 
The conclusion involves the mean in all directions, as well as the mean of 
a large number of trials. 

Under a certain restriction this argument may be extended to a large 
number n of unit sources, since it applies to every term under the summation 

Provided that Xjl is small compared with XjX-, if these ratios are of the same order, (25) is 
comparable with tt/ZcL W. F. S.] 
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in (19). But inasmuch as the evanescence is but approximate, we have to 
consider what may happen when n is exceedingly great. The number of 
terms is of order so that the question arises whether n^'jrjkl can be neglected 
in comparison with 7i, The ratio is of the order nKjl, and it cannot be neglected 
unless the mean distance of consecutive sources is much greater than X. It 
is only under this restriction that we can assert the reduction of the mean 
intensity to the value n when the initial phases are not at random. 

The next problem proposed is the application of (19) when the n sources 
are distributed at random over the volume of a sphere of radius R. In this 
case the distinction between the mean in one direction and in the mean of 
all directions disappears. If for the moment we limit our attention to a single 
pair of sources, the chance of the first source lying in the element of volume dF 
is dVjV, and similarly of the second source lying in dV' is dV'jV. As the 
individual sources may be interchanged, the chance of the pair occupying the 
elements djV, dV' is 2dV dV' f V'^, so that from the second part of (19) we get 
for a single pair the expectation of intensity 

, fCsinkrdVdV' 

^JJ ' kr ~ ’ 


and for the (« — 1) pairs 

2n- (n — 1) 

’ F-* ’ 


sin ki 
hr 


'^dVdV'. 


(26) 


Here V is the whole volume of the spheie, viz. | 7rR-*, and r is written in 
place of jD. The function of r may be regardetl as a kind of potential, so that 
the integral in (26) represents the work required to separate thoroughly every 
X)air of elements. As in Theory of Somid, § 302, we may estimate this by 
successive removals to infinity of t)uter thin shells of thickness dR. The first 
step is tlie calculation of the potential at O, a point on the surface of the 
sphere. 

The polar element of volume at F is r'^ sin $ dcodOdr, where r = 0F, 
0 = angle GOP. The integration with respect to &> 
will merely introduce the factor 27 r. If or the integra- 

tion with regard to r, we have / Jp\ 

/■'■ sin kr ^ _ sin kr — kr cos kr ( C / | 

J 0 kr '' k' ’ \ j 

r now standing fiir OQ. In terms of fx (= cos 0), 
r = 2RfjL, and we have next to integrate with respect o"^ 

to ix. We get Fig. 2. 

sin kr — kr cos /rr , 1 — cos 2kR — kR sin 2kR 

J„ /,- ■ 

which, multiplied by 27 r, now expresses the potential at 0. 
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This potential is next to be multiplied by ^ttR^cIR and integrated from 0 
toR. We find 

1 1 ^l^dVd = ^ (sin kR - kR cos kRf (27 ) 

We have now to divide by or 167r^jR®/9 ; and finally we get 

(19) = n + ~~ kRf, (28)^ 


where kR will now be regarded as very large. When n is moderate, or at any 
rate does not exceed k^R^, the second term is relatively negligible, that is 
reduction occurs to n simply, provided n be not higher than of order 
corresponding to one source for each cubic w’ave-length'j'. But evidently n 
may be so great that this reduction fails, unless otherwise justified by a random 
distribution of initial phases. 

At the other extreme of an altogether preponderant n, the second term in 
(19) dominates the first, and we get in the case of constant initial phases and 


a very large kR, 


(19) = 


cos^ kR 
¥R^ 


(29) 


Under the suppositions hitherto made of a random spatial distribution 
within the sphere (R), and of uniformity of initial phases, there is no escape 
from the conclusion that the reduction to the simple value n fails when n is 
great enough. Nevertheless, there is a sense in which the reduction may 
take place, and the point is of importance, especially in the application to the 
dispersal of primary waves by a cloud of small obstacles. In order better to 
understand the significance of the term in n^, let us calculate the intensity 
due to an absolutely uniform distribution of source of total amount n over 
the spherical volume. Since there is complete symmetry, it suffices to con- 
sider a single specified direction which we take as axis of z. As in (15), we 
have 

yioiivt-kJRa) rrr 

-4>7rRo(f> = ^^—y I j^^^dccdtjdz, (30) 


as the symbolical expression for the velocity-potential, from which finally the 
imaginary part is to be rejected. The integral over the sphere is easily 
evaluated, either as it stands, or with introduction of polar coordinates (r, 6, a>) 
which will afterwards be required. Thus with /a written for cos 0, 


Jjj dxdydz = 27r j J r- dr dfji 


4|7T" C ^ id^»TT- 

j sin kr .rdr — (sin kR — kR cos kR) (31) 


* We may confirm (28) by supposing hB very small, when the right-hand member reduces 
to 

t The number of molecules per cubic wave-length in a gas under standard conditions is of the 
order of a million. 
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Accordingly 

~ 4i7rIio4> ~ ~~ kUyy (32) 

reducing to 7i simply when kR is very small. The intensity due to the 
uniform distribution is thus 

O AT 2 

(sin kR - kR cos kRf, (33) 


exactly the n- term of (28). The distinction between (28) and (32), at least 
when kR is very great, has its origin in the circumstance that in the first 
case the n separate centres, however numerous, are discrete and scattered at 
random, while in the second case the distribution of the same total is uniform 
and continuous. 

When we examine more attentively the composition of the velocity- 
potential <p in (30), we recognize that it may be regarded as originating at 
the sii7'face of the sphere R. Along any line parallel to z, the phase varies 
uniformly, so that every complete cycle occupying a length A contributes 
nothing. Any contribution which the entire chord may make depends upon 
the immediate neighbourhood of the ends, where incomplete cycles may stand 
over. And, since this is true of every chord parallel to z, we may infer that 
the total depends upon the manner in which the volume terminates, viz. upon 
the surface. At this rate the term in (28) must be regarded as due to the 
surface of the sphere, and if we limit attention to what originates in the 
interior this term disappears, and {kR being sufficiently large) (19) reduces 
to 71 . 

When we speak of an effect being due to the surface, we can only mean 
the discontinuity of distribution which occurs there, and the best test is the 
consideration of what happens when the discontinuity is eased off. Let us 
then in the integration with respect to r in (31) extend the range beyond 
R to R' with introduction of a factor decreasing from unity (the value from 
0 to R). as we pass outwards from R to R'. The form of the factor is largely 
a matter of mathematical convenience. 

As an example we may take or which is equal to unify 

when r = R and diminishes from R to R'. The complete integral (31) is now 

/Lrrr* C Jif f* , 

I sin kr . rdr + - 7 - I Jcq' . rdr .(34) 

k Jo k J jt 

From the second integral we may extract the constant factor and if 
we then treat sin kr as the imaginary part of we have to evaluate 
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We th-iis obtain for (34) 


Aiir 


jj- (sinhR — JcR cos JcR') 


[cos kR' {(h^ + 1) kR' + 2h] 4 sin kR' {(h^ + 1) hkR' + h^-l }] 


471 " 

+ [cos kR {{h^ -1- 1) /tfi? 4 2h] 4 sin kR {(h^ + 1) hkR 4 — 1}]. 

(35) 

When we combine the first and third parts, in which R' does not appear, 
we get 

4 * 77 * 

[cos kR {2h — h^ (h^ 4 1) kR] 4 sin kR [h^ 4 3/i^ 4 h (h^ 4 1) kR]], 


(36) 


The first part- of (35), representing the effect due to the sphere R suddenly- 
terminated, is of order kR ; and our object is to ascertain whether by suitable 
choice of h and R' we can secure the relative annulment of (35). As regards 
(36), it suffices to suppose h small enough. In the second part of (35) the 
principal term is of relative order and can be annulled by 

sufficiently increasing R', however small h may be. 

Suppose, to take a numerical example, that h = ^-^, and that 
is also * Then 


R' 


R 




27rh logio e 


1TX,_ 
h ~ 


llOOX.. 


With such a value of R -R the factor R'/R may be disregarded *. 

It appears then that it is quite legitimate to regard the intensity due to 
the simple sphere, expressed in (33), as a surface effect ; and this conclusion 
may be extended to the corresponding term involving in (28), relating to 
discrete centres scattered at random. 


This extension being important, it may be well to illustrate it further. 
Returning to the consideration of 7i sources in the same initial phase distributed 
at random along a limited straight line, let us inquire what is to be expected 
at a distant point along the line produced. The first question which suggests 
itself is — Are the phases on arrival distributed at random ? bTot in all cases, 
but only when the limited line contains exactly an integral number of wave- 
lengths. Then the phases on arrival are absolutely at random over the whole 
period, and accordingly the expectation of intensity is n precisely. If, however, 
there be a fractional part of a wave-length outstanding, the arrival phases are 
no longer absolutely at random, and the conclusion that the expectation of 
intensity is n simply cannot be maintained. Suppose further that n is so 
great that the average distance between consecutive sources is a very small 

* Tiie application to light is here especially in view. 
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fraction of a wave-length. The conclusion that when an exact number of 
wave-lengths is included the expectation is n remains undisturbed, and this 
although the effect due to any small part, supposed to act alone, is pro- 
portional to n-. But the influence of iin}^ outstanding fraction of a wave- 
length is now of increased importance. If we do not look too minutely, the 
distribution of sources is approximately uniform. If it were completely so, 
the whole intensity would be attributable to the fractions at the ends^, and 
would be proportional to In genei’al we may expect a part proportional 
to n- due to the ends and another part proportional to n due to incomplete 
uniformity of distribution over the whole length. When n is small the latter 
part preponderates, but when n is great the situation is reversed, unless the 
number of wave-lengths included be very nearly integral. And it is apparent 
that the n- part has its origin in the discontinuity involved in the sharp 
limitation of the line, and may be got rid of by a tapering away of the 
terminal distribution. 

Similar ideas are applicable to a random distribution in three dimensions 
over a volume, such as a sphere, which may be regarded as composed ot chords 
parallel to the direction in which the effect is to be estimated. The term 
corresponds to what would be due to a continuous uniform distribution over 
the volume of the same total source, and it may be regarded as due to the 
discontinuity at the surface. In addition there is a term in n, due to the 
lack of complete uniformity of distribution and issuing from every part of 
the interior. 


Thus far we have been considering the operation of given unit sources, 
by which in the case of sound is meant centres where a given periodic intro- 
duction (and abstraction) of fluid is imposed. We now pass to the problem 
of equal small obstacles distributed at random and under the influence of 
primary plane waves. It is easy to recognize that these obstacles act as 
secondary sources, but it is not so obvious that the strength of each source 
may be treated as given, without regard to the action of neighbouis. 
I apprehend, however, that this assumption is legitimate ; in the case of 
aerial waves it may be justified by a calculation upon the lines of Theory 
of Sound, I 335. For this purpose we may suppose the density <r of the gas 
to be unchanged at the obstacles, while the compressibility is altered from hi 
to m, so that the secondary disturbance issuing from each obstacle is sym- 
metrical, of zero order in spherical harmonics. The expressions for the 
primary waves and of the disturbance inside the spherical obstacle under 
consideration remain as if the obstacle were isolated. But for the secondary 
disturbance. external to the obstacle we must include also that due to neigh- 
bours. On forming the conditions to be satisfied at the surface of the sphere, 
expressing the e<|uality on the two sides of pressure (or potential) and of 

* It is indifferent how the fraction is divided between the two ends. 
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radial velocity, we find that when the radii are small enough, the obstacle 
acts as a source whose strength is independent of neighbours. 

The operation of a cloud of similar particles may now be deduced without 
much difficulty from what has already been proved. We suppose that the 
individual particles are so small that the cloud has no sensible effect upon 
the progress of the primary waves. Each particle then acts as a soui'ce of 
given strength. But the initial phase for the various particles is not constant, 
being dependent upon the situation along the primary rays. This is, in fact, 
the only new feature of which we have to take account. 

Perhaps the most important difference thence arising is that there is no 
longer equality of radiation in various directions, even from a spherical cloud, 
and that, whatever may he the shape of the cloud, the radiation in the 
direction of the primary rays produced is specially favoured- In this direction 
any retardation along the primary ray is exactly compensated by a corre- 
sponding acceleration along the secondary ray, so that on arrival at a distant 
point the phases due to all parts are the same. But, except in this direction 
and in others approximating to it, the argument that the effect may he 
attributed to the sm'face still applies. If in a continuous uniform distribution 
we take chords in the direction, for example, of either the incident or the 
scattered rays, we see as before that the effect of any chord depends entirely 
on how it terminates*. In forming an integral analogous to that of (30), in 
addition to the factor expressive of retardation along the secondary ray, 
we must include another in respect of the primary ray. If the direction 
cosines of the latter be a, jS, 7 , the factor in question is y being 

— 1 when the directions of the primary and secondary rays are the same. 
The complete exponent in the phase-factor is thus 


ik [ccx -4- /Sy -h (7 +• 1) = ik ^^(2 27) , 


ax 4 - ySy 4- (7 -H 1 ) 


4" 4“ (7 -l- 1 )“} 

The fraction on the right represents merely a new coordinate (^), measured 
in a direction bisecting the angle between the primary and secondary rays, 
so that the phase-factor may be written e® v(2-i-2v) ./cf y being the cosine of the 
angle (%) between the rays. In integrating for the sphere the only change 
required in the integrand is the substitution of 2k cos With this 

alteration equations (31), (32), (33) are still applicable. When the secondary 
ray is perpendicular to the primary, 

cos !■% = . A:, 

In order to find the mean intensity in all directions we have to integrate 
(33) over angular space and divide the result by 47 r. It may he remarked 


* It may be remarked, that the same argument applies to the particles of a crystal forming a 
regular space lattice- If the wave-length be large in oomparisdn with the molecular distance, no 
light can he scattered from the interior of such a body. For X. rays this condition is not satisfied, 
and regular reflexions from the interior are possible. Comparison may be made with the behaviour 
of a grating referred to below. 
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that although cos" appears in the denominator of (33), it is compensated 
when cos | = 0 by a similar factor in the numerator. In the integration 

with respect to x 

sin = — 4 cos ^ X • ^ I %)• 

If we write ^[r for 2A;jRcos the mean sought may be written 


9n“ 


2OT 


(sin yfr — yjr COS ^IrY 




.(37) 


the range for being from 0 to 2kR. The integration can be effected by 
“parts.” We have 


r (sin — cos 


dyjr 


sin*!// — 2!|r sin cos H” 


,..(38) 


AVhen •x/r is small, the expression on the right becomes 

1 !/r- 

4 ^ 18 ’ 

so that the integral between 0 and -x/r is simply. In general, the mean 

intensity is 

9a‘'‘ 2'x|r sin -xlr cos yfr — sin* yp' — + -xj!^** /.: 3 n\ 

’ 

in which stands for 2kR. 

That the intensity, whether in one direction or in the mean of all directions, 
should be proportional to n- is, of course, what was to be expected. And, since 
the effect is here a surface effect, it may be identified with the ordinary surface 
reflexion which occurs at a sudden transition between two media of slightly 
differing refrangibilities, and is proportional to the square of that difference. 
If, as in a former problem, we suppose the discontinuity of the transition to 
be eased off, this reflexion may be attenuated to any extent until finally there 
is no dispersed wave at all*. 

When we pass from the continuous uniform distribution to the random 
distribution of n discrete and very small obstacles, the term in n* representing 
reflexion from the surface remains, and is now supplemented by the term in n, 
due to irregular distribution in the interior. It is the latter part only with 
which we are concerned in a (piestion such as that of the blue of the sky. 

It must never be forgotten that it is the “ expectation” of intensity which 
is proved to be n. In any particular arrangement of .particles the intensity 
may be anything from 0 to 'ii\ But in the application to a gas dispersing 
light, the motion of the particles ensures that a random redistribution of 
phases takes place any number of times during an interval of time less than 
any which the eye could appi'eciate, so that in ordinary observation we are 
concerned only with what is called the expectation. 


Conf. Proc. Load. Math. Hoc. Vol. xi. p. 51 (1880) ; Scientific Papers, Vol. i. p. 460. 

37—2 
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It is hoped that the explanations and calculations here given may help 
to remove the difficulties -which have been felt in connexion with this subject. 
The main point would seem to be the interpretation of the term as repre- 
senting the surface reflexion when a cloud is supposed to be abruptly 
terminated. For myself, I have always regarded the light internally dispersed 
as proportional to n, even when ii is very great, though it may have been 
rather by instinct than on sufficiently reasoned grounds. Any other view 
would appear to be inconsistent with the results of my son’s recent laboratory 
experiments on dust-free air. 

The reader interested in optics may be reminded of the application of 
similar ideas to a grating on which fall plane waves of homogeneous light. 
If the spacing be quite uni form, the light behind is limited to special directions. 
Seen from other directions the interior of the grating appears dark. But if 
the ruling be irregular, light is emitted in all directions and the interior of 
the grating, previously dark, becomes luminous. 


In the problems considered above the space occupied by a source, whether 
primary or secondary, has been supposed infinitely small. Probably it would 
be premature to try to include sources of finite extension, but merely as an 
illustration of what is to be expected we may take the question of ii phases 
distributed at random over a complete period (Stt), but under the limitation 
that the distance between neighbours is never to be less than a fixed quantity S. 
All other situations along the range are to be regarded as equally probable. 

As we have seen, the expectation of intensity may be equated to 

n -h 2 jjj . .. X cos (&a- - <^r) ddi dda . . . ■ • -( 40 ) 


and the question turns upon the limits of the integrals. 

The case where there are only two phases (n=2) is simple. Taking 0^, 
02 as coordinates of a representative point, Pig. 3, 
the sides of the square OACJS are 27 r. Along 
the diagonal OO, 6i and 02 are equal. If DE, 

FQ be drawn parallel to 00, so that OD, OF are 
equal to 8, the prohibited region is that part of 
the square lying between these lines. Our inte- 
grations are to be extended over the remainder, 
viz. the triangles F£G, FAF, and every point, 
or rather every infinitely small region of given 
area, is to be regarded as equally probable. Evidently it suffices to consider 
one triangle, say the upper one, where 03 > 0 i. 



For the denominator in (40) we have 



d 0 id 02 — srea of triangle F£G 




1918] 


RANDOM DISTRIBUTION OP LUMINOUS SOURCES 


581 


In the double integral containing the cosine, let us take first the integration 
with respect to 0^, for which the limits are + S and %rnr. We have 


*2Tr 

cos (02 — 0i) d 03 ~ — sin 0i — 

$l-tS 


sin S ; 


and since the limits for 0^ are 0 and 27r — 8, we get as the expectation of 
intensity 


2 


1 — cos S 4- (27r — S) sin S 

4 


(41) 


If be neglected, this reduces to 

2 (1 - S/tt) (42) 


If S = TT, we have 2(1— 4/^^); and if 8 = 27r, we have 4, the only available 
situations being 0i = 0, 02 — 27r, equivalent to phase identity. 


This treatment might perhaps be extended to a greater value, or even to 
the general (integral) value, of n ; but I content myself with the simplifying 
supposition that 8 is very small. 

In (40) the integration with respect to 0^^ supposes 0i, 02... 0n-% already 
fixed. If 8 = 0, every term such as 


J cos (0r— do) d0i ... d0n Jj'J ... d0i ... ddn 

= JJ cos (0T — 0ir) d0ad0T -r- jj dd^ddr 


r^TT 

I d0a {sin (27r 
J 0 


0a) + sin 0a] -5- 47r^ = 0, 


and the expectation is n simply, as we have already seen. In the next 
approximation the correction to n will be of order 8, and we neglect 8“^. 

In evaluating (40) there are |?r(n — 1) terms under the sign of summation, 
but these are all equal, since there is really nothing to distinguish one pair 
from another. If we put cr = 1, t = 2, we have to consider 


J jj . . . cos ( 0.2 — 0t) d 0 xd 0.2 . . . 



d0xd02 ... d0n (43) 


The integration with respect to 0n extends over the range from 0 to 27r with 
avoidance of the neighbourhood of 0.., ... 0n-i- For each of these there is 
usually a range 28 to be omitted, but this does not apply when any of them 
happen to be too near the ends of the range or too near one another. This 
complication, however, may be neglected in the present approximation. Then 


J cos (02 — 0 i) ddn = cos (02 — 0 i) . {2'tt — 28 (n — 1)}, 
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and in like manner 

ldd„.= 2'!r-2S(n-l), 

SO that this factor disappears. Continuing the process, we get approximately 

[Jcos (^ 2 ^i) ddj "j" 

as when there were only two phases to he regarded. 

Accordingly, the expectation of intensity for n phases is 

7i{l-(n-l)S/7r}, ( 44 ) 

less than when S = 0, as was to be expected, since the cases excluded are 
specially favourable. But in order that this formula may be applicable, not 
merely S, but also nS, must be small relatively to Stt. 

A similar calculation is admissible when the whole range is 2m7r, instead 
of 27r, where m is an integer. 
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THE PERCEPTION OF SOUND. 

[N'ature, Vol. OIL p. 304, 1918.] 


I REGRET that I overlooked Prof. Bayliss’s letter in Nature of October 17, 
in which he made an appeal for my opinion. But, if I rightly understand, 
the question at issue seem.s to be mainly one of words. Gan we properly 
speak of the propagation of sound through an incompressible fluid? I should 
answer. Yes. * There may be periodic motion and periodic variation of pres- 
sure: the fxct that there are no variations of density seems immaterial. 
Consider plane waves, corresponding with a pure tone, travelling through air. 
In every thin layer of air— and thin means thin relatively to the wave- 
length— there are periodic motion and periodic compression, approximately 
uniform throughout the layer. But the compression is not essential to the 
travelling of the sound. The substitution of an incompressible fluid of the 
same density for the gas within the layer would be no hindrance. Although 
there is no compression, there remain a periodic pressure and a periodic 
motion, and these suffice to carry on the sound. 

The case is even simpler if we are prepared to contemplate an incom- 
pressible fluid without mass, for then the layer need not be thin. The 
interposition of such a laycu' Ims absolutely no effect, the motion and pressure 
;it the further side being the same as if the thickness of the layer were 
reduced to jiero. To all intents and purposes the sound is propagated through 
the layer, though perhaps exception might be taken to the use of the word 
propagation. 

As regards the ear, we have to consider the behaviour of water. From 
some points of view the difference between air and water is much more one 
of density than of compre.ssibility. The velocities of propagation are only as 
4 or 5 to 1, while the densities are as 800 to 1. Within the cavities of the ear, 
which are small in comparison with the wave-lengths of musical sounds, the 
water may certainly be treated as incompressible; but the fact does not seem 
to be of fundamental importance in theories of audition. 
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ON THE OPTICAL CHAEACTER OF SOME BRILLIANT 

ANIMAL COLOURS. 

\^Philoso 2 :>hical Magazim, Vol. xxxvii. pp. 98 — 111, 1919.] 

It is singular that tlie explanation of some of the most striking and 
heautifiil of optical phenomena should be still matters of controversy. 
I allude to the brilliant colours displayed by many birds (e.g. humming- 
birds), butterflies, and beetles, colours ■which vary greatly with the incidence 
of the light, and so cannot well be referred to the ordinary operation of dyes. 
In an early paper^, being occupied at the time with the remarkable coloured 
reflexions from certain crystals of chlorate of potash described by Stokes, and 
which I attributed to a periodic twinning f, I accepted, perhaps too hastily, the 
view generally current among naturalists that these colours were “ structure- 
colours,” more or less like those of thin plates, as in the soap-bubble. Among 
the supporters of this viewj in more recent times maybe especially mentioned 
Poulton and Hodgkinson. In Poul ton’s paper § the main purpose was to 
examine the history of the very remarkable connexion between the metallic 
colours of certain pupas (especially Vanessa iirtioce) and the character of the 
light to which the larvae are exposed before pupation. In a passage describing 
the metallic colour itself he remarks : 

“ The Tfature of JEffeots Produced. — The gilded appearance is one of the 
most metal-like appearances in any non-metallic substance. The optical 
explanation has never been understood. It has, however, been long known 
that it depends upon the cuticle, and needs the presence of moisture, and 
that it can he renewed when the dry cuticle is moistened. Hence it can be 
preserved for any time in spirit. If a piece of dry cuticle is moistened on its 
upper surface the colour is not renewed, hut almost instantly follows the 
application of spirit to the lower surface. Sections of the cuticle resemble 
those of Papilio machaori described in a previous paper (Bog. Soc. Proc. 
Vol. xxxviiT. p. 2Y9, 1885), and show an upper thin layer and a lower, much 

Phil. Mag. Vol. xxrv. p. 145 (1887 ) ; Scientific Papers, Vol. in. p. 13, see footnote, 
t Phil. Mag. Vol xxvr. p. 256 (1888) ; Scientific Papers, Vol. in. p. 204. 
t Distinctly suggested by Hooke in his Micrographia (166.5). 

§ Boy. Soc. Proc. Vol. xlii. p. 94 (1887). 
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thicker, finely laminated layer which is also striated vertically to the surface. 
With Prof. Clifton’s kind assistance I have been able to show that the 
appearances follow from interference of light, "due to the presence of films 
of liquid between the lamellae of the lower layer. The microscope shows 
brilliant red and green tints by reflected light, while in transmitted light the 
complementary colours are distinct, but without brilliancy. The latter colours 
are seen to change when pressure is applied to the surface of the cuticle, and 
when the process of drying is watched under the microscope, owing in both 
cases to the liquid films becoming thinner. In the dry cuticle the solid 
lamellae probably come into contact, and prevent the admission of air, which, 
if present, would cause even greater brilliancy than liquid. The spectroscope 
shows broad interference-bands in the transmitted light, which change their 
position on altering the angle of incidence of the light which passes through 
the cuticle. Precisely similar colours, metallic on reflexion, non-metallic and 
with complementary tints on transmission, with the same spectroscope appear- 
ances and changes induced by the same means, are seen in the surface films 
which are formed on bottle-glass after prolonged exposure to earth and 
moisture. In the alternating layers of the pupa the chitinous lamellae are of 
higher, the liquid films of lower refractive index ; hence water or alcohol 
produces brilliant appearances, while liquids of higher refractive indices 
produce less effect.” 

I owe to Prof. Poulton the opportunity of repeating some of these observa- 
tions, such as the loss of metallic appearance on drying and of recovery under 
alcohol. On substitution of benzol with a little bisulphide of carbon for 
alcohol, the surface became very dark, but regained the golden glitter on 
going back to alcohol. 

Of a specimen of another kind Prof. Poulton writes that the bug has 
been in the Oxford Museum Collection for 30 or 40 years, judged by the pin. 
It is brown when dry, but when soaked in water becomes green like a leaf 
with bright iridescent green stripes on. the under side. This observation also 
I have been able to repeat. All of which, it need hardly be said, is strongly 
suggestive of interference. 

Dr A. Hodgkinson also has described interesting observations. In his 
early papers* he distinctly refers the colours to Newton’s scale, which in 
strictness would imply a limitation to a single thin plate. He emphasizes 
the importance, for purposes of identification, of recording the colours of 
feathers etc. as seen by pei'pendicular reflexion, a condition best secured by 
illumination from a small perforated mirror, behind which the eye is placed. 
When daylight is used, it often suffices to examine the object with one’s back 
to the window and at some distance from it. I shall have occasion later to 
refer again to Hodgkinson’s work. 

* Manchester Memoirs, 1889 ; 1892, p. 149. 
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The first, so far as I know, to challenge the “ structure ” theory was 
Dr B. Walter, whose tract* includes an elaborate discussion, accompanied by 
original observations, of the colours which may arise in the act of reflexion, 
and decides unequivocally that the colours now in question, with one or two 
possible exceptions, are due to surface, or quasi- metal lie, reflexion as described 
by Haidinger, Brewster, and Stokes. The first of these writers formulated a 
law, named after him, which identifies the surface-colour with those rays 
which would be most intensely absorbed within the substance. The theory 
of anomalous dispersion” since developed shows, however, that the matter 
does not stop there, and Walter emphasizes that much of the surface-colour 
may be ascribed to rays which are not themselves intensely absorbed, but 
being situated near an absorption-band, are abnormally refracted, and hence 
in accordance with Fresnel’s laws are abnormally reflected. On the red side 
of the band the refractive index is increased and on the blue side diminished, 
so that when the substance is in air the surface reflexion is redder than 
according to Haidinger’s law ; but this conclusion may need to be modified 
when the substance is in contact with a strongly refractive solid, as when 
a dye spread upon a glass plate is examined from the glass side. In some 
cases it appears that the surface-colour is due as much, or even more, to 
these rays excessively refracted (and consequently reflected) as to those 
which would be intensely absorbed and are reflected in accordance with 
Haidinger’s rule. 

The departure from Haidinger’s rule is specially important when we 
consider what happens at oblique incidences and with polarized light. The 
rays reflected in virtue of the extreme opacity of the substance to them are 
comparatively unaffected, and are indeed rendered more prominent by the 
appropriate use of a nicol. As Stokes says*f : “In the case of the substances 
at present considered, the reflected light does not vanish, but at a consider- 
able angle of incidence the pencil polarized perpendicularljr to the plane of 
incidence becomes usually of a richer colour, in consequence of the removal, 
in a great measure, of that portion of the reflected light which is independent 
of the metallic properties of the medium ; it commonly becomes, also, more 
strictly related to that light which is absorbed with such great intensity.” 
But, as Walter appears to have been the first to explain, there is a further 
important change of colour with the angle of incidence, when the light- 
vibrations are in the plane of incidence, in virtue of the abnormal refraction 
with its accompanying abnormal polarizing angle. In the usual case, where 
the dye is in contact with air, the polarizing angle for the rays lying on 
the red side of the absorption-band is unusually high, so that these rays, 
which at moderate angles of incidence contribute largely to the resultant 
.colour, are extiuguished at incidences of from 60® to 70°. In consequence, 

* Die Oberjlaehen Oder Scliiller/arben, Brauusehweig, 1895. 

t Phil. Mag. Yol. vi. Dee. 1853, p. 393; Math. andPhys. Papers, Vol. iv. p. 42. 
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the colour of the reflected light moves towards the blue with increasing 
obliquity. 

As an example, fuchsin may be referred to, a dye specially studied by 
Walter, who thus (p. 52) describes the surface-colour as seen from the air 
side : 

“ (a) For light polarized in the plane of incidence : 

“ At small angles of incidence the reflexion is yellow- green, and at in- 
creasing angles becomes ever yellower and brighter. 

“ (6) For light polarized perpendicularly to the plane of incidence (that 
is, vibrating in this plane) : 

“ At perpendicular incidence the reflexion is the same as under (ct), and 
remains approximately so up to incidences of 60®. At about 60° it becomes 
rapidly blue-green and at 70° an almost pure blue, attaining its greatest 
purity at about 72°. At still greater angles the colour passes rapidly into a 
bright violet, and at 85° into white. 

“ When ordinary unpolarized light is employed, the colour of the reflexion 
is intermediate between (a) and (5), but always nearer to (a) than to (6) on 
account of the greater intensity of reflexion under {((>)” 

It is this movement of surface-reflexions towards the blue with increasing 
obliquity which is regarded by Walter and Michelson* as annulling the 
presumption in favour of the structure theory of the animal colours, which 
also move in this direction ; and it must, of course, be admitted that the 
criterion is somewhat blurred thereby. Walter, indeed, maintains that thin 
plate colours change too much with angle to meet the requirements of the 
case. To this point I will return presently ; but what I wish to remark at 
the moment is that with ordinary unpolarized light the surface-colours appear 
to change too little. ISTeither in the case of fuchsin nor of diamond green G — 
the second dye specially discussed by Walter, — or with any other dye hitherto 
examined f, have I seen an adequate change of colour without the use of the 
nicol to eliminate vibrations in the plane perpendicular to that of incidence. 
In the absence of a nicol there is little sign of the blue seen with it from 
fuchsin at 70° incidence. Much greater changes with more saturated colour 
are exhibited by the wing-cases of beetles when so examined. 

As to the adetpiacy of the surface-colours Michelson himself remarks : — 
“indeed, it may perhaps be objected that the (animal) colours are far more 
vivid than any of the reflexion hues of the aniline dyes, or of any other case 

* FhlL Mag. Vol. xxi. p. 5r54 (1911). “ On Metallic Colonring in Birds and Insects.'” 

i' Through the kindness of Sir J. Dewar I have had the opportunity of experimenting with a 
good many dyes from the Badische Anilin-Fabrik. Following Walter, I have nsed warm alcoholic 
solutions spread upon previously warmed glass plates. Lattexdy I have examined some more 
dyes, for which I am indebted to Prof. Green, In no case have I seen any considerable change 
of welh;leveloped colour unless the light was polarized. 
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of ‘ surface-colour ’ hitherto observed.” But perhaps this objection should 
not be very much insisted on in our ignorance of nature’s operations and 
with regard to the known existence of powerful dyes, e.g. in feathers. It is 
rather the rapid loss of purity with obliquity in surface-colour which appears 
significant. 

If a dye capable of surface-reflexion is present, there are still alternatives 
open. The pure or nearly pure dye may be on the outside so as to be in 
contact with air, or it may be overlaid by a colourless skin of horny material 
(chi tin) in optical contact with it. The former case would be the more 
favourable for vivid and variable colour, but then one would expect to be 
able to remove the dye by solvents. So far as I am aware this has not been 
done, and my own trials with various solvents upon the wing-cases of beetles 
have not succeeded. The most satisfactory demonstration of the surface- 
colour theory would indeed be the extraction of the dye and its exhibition as 
a thin layer spread upon glass. 

If, on the other hand, the dye is imprisoned within a layer of colourless 
chitin, the range of obliquities available in ordinary observation would be 
restricted and the difficulty of accounting for the variety of nearly saturated 
hues actually seen would be increased, more especially when we remember 
the dilution with white light reflected at the external surface. 

There is still another view, which indeed is that actually maintained by 
Walter, whose argument and conclusion* it may be well to quote ; 

“A further striking and- at the same time more instructive proof of the 
equivalence of the lustre of butterfly-scales and the surface-colours of strongly 
absorbing dyes is to be found in the changes which the colours of these 
organs exhibit when immersed in fluids of varied refrangibility. These 
experiments are instructive because they disclose the manner in which the 
dye is contained in animal substances. 

“The experiments show that, except when it is deep blue or violet, the 
lustre moves one or two colour-intervals in the direction from the blue 
towards the red end of the spectrum with increasing refrangibility of the 
surrounding medium, but at the same time becomes weaker. For example, 
the scales oi Morpho menelaus, L., which glitter green-blue in air, become in 
ether (n = 1*36) a pure green, shining less strongly, again in chloroform 
(« = 1’45) a yellowish green and now decidedly weaker than in ether. In 
benzol (n= 1-52) and in bisulphide of carbon (% = 1-64) the weak yellow-green 
lustre is perceptible only with direct sunshine in a dark room. In a similar 
manner the scales of Urania ripkeas shining green in air, in ether, alcohol 
or water become golden yellow, the yellow red and the red blue, while in 
benzol and bisulphide of carbon scarcely a trace of glitter remains. 


Loc. cit. p. 96. 
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“■ Where we know that the cause of the lustre is a dye, the latter facts 
admit of but one interpretation — that in the case of butterfly-scales we have 
to do with solutions of the dyes in chitm, solutions whose refractivity for most 
of the spectrum colours is nearly equal to those of benzol and bisulphide 
ol carbon, so that these colours, unless they are very strongly absorbed by 
the solution, are practically not reflected in their passage from the colourless 
liquids. Accordingly, the dyes which give rise to lustre in the chitin-skin of 
insects, and, as we shall see presently, in the horny skin in birds, are dissolved 
in the same fashion as cobalt oxide in blue glass or organic dyes in a layer of 
solid gelatine, a conception suggested in the simple observation of the scales 
by transmitted light and confirmed by the facts above adduced.” 

If Waltei'’s argument and conclusion are accepted, the difficulty, already 
considerable, of explaining the richness of the animal colours is enhanced by 
the supposed dilution of the dyes, and one can hardly fail to observe that 
a simpler explanation is to reject the dye theory and refer the colours to 
interference. The facts recorded agree pretty closely with what happens in 
the case of films of old decomposed glass. 

Indeed, Walter, in a later passage, very candidly admits a difficulty. He 
says (p. 98) ; 

“ Finally, it must not be passed over in silence that there is a circumstance 
which makes a difficulty for the view here propounded of the lustre colours 
of butterflies. This is the fact that the lustre practically disappears in benzol 
and bisulphide of carbon, whereas in treating the theory of surface-colours we 
have several times insisted that a ray strongly absorbed must under all 
circumstances be vigorously reflected.” 

Before leaving the question of the colours it may be well to consider an 
objection strongly urged by Walter against the interference theory, viz., that 
the colours of thin plates change too much with obliquity. As regards a 
single thin plate, which alone Walter seems to have contemplated, it is true, 
I think, that the more pronounced colours of the 2nd and 3rd order in 
Newton’s scale change more rapidly with the retardation* than could well be 
harmonized with what is observed of the animal colours. But the difficulty 
disappears when we admit a structure several times repeated with approximate 
periodicity. The changes in chlorate of potash crystals with obliquity seem 
to agree well enough with what is required, and this form of the interference 
theory has the advantage of greater elasticity, e.g. meeting Walter’s objection 
that the colours of a single thin plate constitute a simple series with but one 
independent variable. Indeed, the purity of the reds often to be observed 
from beetles’ wing-cases seems to exclude an interference theory limite to a 
single thin plate,"inasmuch as the reds from such a plate are distinctly inferior, 

* See a diagram of the Colours of Thin Plates. Ed. Trans. Vol. xxxxir. p. 157 (1886) ; 

Scientific Paj[)ei's, YoL ii, p, 498. 
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especially when diluted with white light reflected from an outer surface not 
forming part of the boundary of the thin plate 

Michelson, who with his great authority supports the surhxce-colour theory, 
mentions several tests under four headings (p. 561). To my mind these tests 
are as well, if not better, home hy an interference theory. But reliance 
seems to be chiefly placed upon “ the more rigorous optical test of the 
measurement of the phase-difference and amplitude-ratios ” when polarized 
light is reflected. I agree that this is a cogent argument, and. unless it can 
be met the balance of evidence derived from simple observation would 
perhaps incline to the surface -colour theory. It is, I think, the fact that 
many beetles exhibit a less well-marked polarizing-angle than could be 
reconciled with the usual theory of thin plates constituted of non-absorbent 
material. An escape from the difficulty might perhaps be found in imagining 
a stratification composed of more than two materials, so that, for instance, the 
polarizing-angle for the first and second might differ considerably from that 
corresponding to the second and third. But such a structure seems rather 
improbable, and any combination of thin plates composed of two transparent 
materials only should give a definite polarizing-angle, abstraction being made 
from the minor deviations observed by Airy and Jamin. 

At this point it may be recalled that a well-marked polarizing-angle and 
a sudden change of relative phase through two right angles are more closely 
connected than is sometimes realized. The latter without the former would 
involve a physical discontinuity. Michelson considers that in practice the 
phase-change affords the more delicate criterion']', and that in most cases it 
is decisive in favour of surface- colour. 


A circumstance which may perhaps be regarded as telling upon the other 
side is afforded by the variety of colouring at different parts, but at the same 
angle (e.g. at perpendicular incidence) seen in certain beetles — Dr Hodgkinson 
mentions Ghrysooliroa fidminans. The “ colours vary in an indescribable 
manner when attentively examined at different angles of incident light with 
the eye alone ; with the mirror (viz., at perpendicular incidence) the wing- 
cases are seen to be coloured successively from base to tip iridescent greciii, 
yellow, orange, and red, and these tints remain unaltered by change of 
position of the object.” I have confirmed generally this observation, and 
other beetles show something similar. The explanation makes large demands 
upon the surface-colour theory; hut a moderate change of structure is all 
that would be required hy interference. 

A caution is perhaps required against regarding the two theories as 
mutually exclusive. Both Walter and Michelson admit exceptions, and 

* Ed^ Trans, loc, eit. 


of confusing in that they suggest a phase-difference 

tinction hetwPfin tl. + components reflected per^pendimlarly , when evidently the dis- 

tincfcion befcween the two components disappears. . . ^ 
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certainly there is no improbability in surface-reflexion playing a part. It 
may be that both causes are operative in a single specimen and even at the 
same part of it. 

The next contribution to the discussion is an important one by Mallock*, 
who brings to bear the instinct and experience of a naturalist as well as of a 
physicist. His observations were mainly on the feathers of birds and the 
scales of insects, and they lead him to regard interference rather than 
selective reflexion as the origin of the iridescent colours. “ The transparency 
or, at any rate, the vanishing of the characteristic transmitted colour in the 
case of all animal tissues when immersed and permeated by a fluid of the 
same i-efractive index is strongly in favour of interference being the source 
of the colour, but even stronger evidence is given by the behaviour of the 
structures under mechanical pressure. 

“ If the grain or peculiarities which favour the reflexion or transmission 
of particular colours is of molecular size, there is no reason to suppose that 
pressure insufficient to cause molecular disruption would alter the action 
of the material on light. On the other hand, if the colours are due to 
interference, that is, to cavities or strata of diffei*ent optical properties, 
compression would alter the spacing of these, and thus give rise either to 
different colours or, with more than a very slight compression, to the trans- 
mission and reflexion of white light. 

“ In every experiment of this kind which I have made either on feathers or 
insect scales the effect of pressure has been to destroy the colour altogether — 

“ AVith many feathers the colour returns when the pressure is taken off, but 
with insect scales the structure seems to be permanently injured by com- 
pression, and though when allowed to expand again the material is not 
colourless the brilliancy which belonged to the uninjured scale is gone, and 
the colour in general changed. 

“ The facts above mentioned seem to offer stronger reasons in favour 
of interference than the polai’ization phenomena referred to by Michelson 
and Walter do against it.” 

I have already commented on the importance of the evidence afforded by 
observations with polarized light ; and if we have to choo.se between selective 
reflexion and thin plates of the type usually considered in theoretical writings, 
we may find ourselves in a position of mncli difficulty. The question then 
arises. Is there any loopliole for escape ? I think there may be. The polar- 
izing angle, as given by Brewster’s law, depends much upon what we may 
call the smoothness of the reflecting surface. A moderate curvature is of no 
significance in this connexion, hut when the radius of curvature becomes 
comparable with the wave-length of the light it is another matter. Thus in 
the case of smooth glass the polarizing angle is about 57 ° — that is, light 

* Froc. Eoy. Soc. A, Vol. lxxxv. p. 598 (1911). 
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incident at this angle with the normal and vibrating in the plane of incidence 
is not reflected. In this observation the reflected light (if there were any) would 
he deviated from its original direction through an angle of 2 (90° — 57°) = 66°, 
and this is the direction in which light initially unpolarized would appear 
completely polarized. Now replace the flat glass by a sphere of the same 
material, whose diameter is small in comparison with the wave-length. Light 
is now scattered in various directions, but the direction in which light origin- 
ally unpolarized becomes completely polarized is at 90° with the original 
direction, instead of 66°. As the sphere grows, the polarization ceases to be 
complete, and the direction of best polarization moves oppositely to what 
would he expected — that is, still further away from 66°. When the circum- 
ference of the sphere is equal to twice the wave-length, the polarization, still 
pretty good, occurs at an angle of 135° with the original direction of the 
light*. In order to carry out the suggestion, we must abandon the supposi- 
tion of uniform plane strata, inapplicable anyhow in its integrity to the case 
where one of the alternate plates is of air, and substitute a structure in which 
one of the alternatives takes a form such as the spherical. A layer of equal 
spheres, with centres disposed upon a plane, would give a specular reflexion 
and a polarizing angle dependent upon the diameter of the spheres and upon 
the intervals between them. In certain cases, e.g. when the circumference of 
the sphere (of glass) is equal to l'T5 x wave-length, the polarization is very 
imperfect. To explain a brilliant and highly-coloured reflexion there would 
need to be several layers of spheres, and it might be supposed that the 
diameter varied in different layers. In this way it would seem possible 
to combine a specular and highly-coloured reflexion with a very imperfectly 
developed polarization, and thus to evade the difficulty which meets us when we 
confine ourselves to “ thin plates.” Spheres have been spoken of for simplicity 
and because some of the effects have been calculated in this case, but it is 
evident that similar phenomena would he produced by obstacles of other and 
perhaps more probable forms. The obstacles must have a different index 
from that of the medium in which they are embedded, and thei’e is no need 
for absorption. 

It may perhaps he objected that though a layer of spheres may give 
a specular reflexion there would be an accompaniment of light dispersed at 
other angles, forming in the case of a regular pattern “ diffraction spectra.”^ 
It is uncertain whether or not this occurs. If it does not, the explanation 
may he that the pattern is too fine. 

The above remarks are intended merely to attenuate the difficulty arising 

* PfeiL Mag. Vol. xri. p. 81 (1881) ; JProc. Roy. Soc. A, Yol. mxxiy. p. 25 (1910) j ScUntUla 
Papers, Vol. i. p. 518; Vol. t. p, 564. 

[It would appear that for » 135° ” we should read “ 120°.” According to the diagram on p. 564 
of Vol. V. the maximum polarization for ^=2 tP/X= 2 occurs when +-5, where /u is the cosine 

0 e Mg e e ween t e secondary (or scattered) ray and the backward direction of the incident 
ray. W. P. S.] 
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from the absence of a well-marked polarizing-angle, and the details need not 
be insisted on. No surprise is felt at the deficiency of polarization in the 
light reflected from impressed and unglazed paper, of which the fibres are 
quite large enough to be the seat of interference effects. In illustration the 
transverse reflexion from glass rods and fibres may be mentioned. When we 
examine with a nicol the reflexion from a rod ^ inch (6 mm.) in diameter, we 
can verify the extinction at a suitable angle of the light reflected from the 
first surface, although abundance of other light still reaches the eye. When 
we replace the rod by a fine fibre, this discrimination is lost, and the rotation 
of the nicol may make no difference, or even a difference in the wrong direction. 

The greater part of the preceding discussion was written about a year and 
a half ago. I am now able to supplement it with further observations of my 
own and of others who have been kind enough to help me. Most of my 
experiments have been made on wing-cases of beetles found in my garden 
(June and July 191*7). Usually attention is first attracted by the display of 
a vivid green coloration, but on indoor examination the variation with angle 
is found to be about the same as is observed with brilliant specimens from 
abroad. At perpendicular incidence the colour is an orange with approach 
to red, passing with increasing obliquity through yellow and green to a blue- 
green. Ordinary solvents such as water even at the boiling-point, ether, 
alcohol, benzol, bisulphide of carbon, acetic acid, etc., seem to be without 
effect, even when the precaution is taken to separate a wing-case into two 
parts so as to allow access to the interior of the cuticle. A treatment with 
hot caustic potash has more effect, in one experiment shifting the colour at 
perpendicular incidence from orange to a brilliant scarlet. By the action of 
hot somewhat diluted nitric acid the black underlying pigment may be 
removed without much affecting the dye, or the structure, which is the seat 
of the coloration. 

Several experiments were made to test whether air-cavities existed. Bor 
this purpose the wing-case was exposed for some time to the action of vacuum, 
into which afterwards water or benzol was admitted. But no distinct evidence 
of the penetration of liquid could be recorded. I undei’stand that Prof. Poulton 
has had a similar experience. 

Again, it has been noticed by Mr H. Onslow and myself that considerable 
pressure fails to alter the colour of beetles and of the wings of some iridescent 
dragon-flies, though (Poulton, Mallock) effective in some other cases. It 
would seem that the hypothesis of air-cavities must be abandoned. 

In the absence of air-cavities the alternating structure demanded by the 
interference theory would icquire two kinds of inatter capable of resisting 
pressure and of sensibly different refractive indices. Probably both would be 
solids ; and since the range of relative index is then much restricted, the 

38 
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brightness of the reflected light could hardly he explained without supposing 
more than the two or three alternations which might suffice were air in question. 
Mr Onslow thinks that there may then be a difficulty in finding room for the 
alternating structure and the protective covering. 

An important question is whether the change of colour with angle is such 
as can plausibly be attributed to a periodic structure. As Walter points out, 
a good deal depends upon whether, or not, there is a limitation upon the 
obliquity of the rays within the thin plate, or plates. In the ordinary 
arrangement for Newton’s rings there is no limitation, the direction in the 
air-film being parallel to that of the rays before incidence upon the first 
plate. The optical retardation may then vary from its maximum at perpen- 
dicular incidence to zero at 90° obliquity. According to this, it should always 
be possible to push the colour out of the spectrum at the blue end by 
sufficiently increasing the obliquity, but it must be remembered that unless 
special provision is made the colour effects would be overlaid by the white 
light reflected at these angles from the first glass surface encountered. 

From what we have seen in the case of the beetle colours where we must 
suppose that the refractive index does not differ greatly from that (1‘6) of 
the chitin, there is a limit to the obliquity within the thin films even when 
externally the incidence is grazing. If 6 be the angle in the thin film and ya 
the refractive index, the retardation is proportional to cos 6, and in the limiting 
case 

COS0=V(^2-l)/ya. 

If we take /x, = l'5, the minimum retardation is represented by '746, the 
maximum retardation at perpendicularity being taken as unity. It may be 
remarked that the minimum retardation may practically be secured without 
pushing very far the obliquity outside. If we suppose the maximum retarda- 
tion to give a coloration corresponding to the Fraunhofer line C (X = 6563), 
the minimum will correspond to X = 4896, pretty close to the line F. 
According to the interference theory, then, the range of coloration should 
be from the full red of C to the blue-green of F, and this is just about what 
is observed. The agreement must be admitted to be a strong argument in 
favour of the theory. So far as I have seen, so great a range cannot be found 
in. the surface-colour of any dye, even with the aid of polarized light. 

I have already mentioned that the opaque backing behind the seat of 
coloration can be attacked, and for the most part removed, with nitric acid, 
so as to allow the transmission colour to be observed. But a much superior 
effect has been obtained by Br Eltringham, using eciu de jobvelle (hypochlorite)*. 

* Hr Eltringham’s label runs : 

Mimela led. Elytron after prolonged eau-de-javelle. Only surface-film left. Transmits 
complementary colours to those it reflects, and reflects same colours from both sides (1917). 
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After removal of the backing, the wing-case was mounted with balsam in a 
slide, which Dr Eltringham has kindly left in my possession. Close observa- 
tion of this specimen has yielded results which I think interesting and telling. 
Seen by transmitted light with the aid of a Coddington lens, the' slide shows 
a pale green over the larger part of the area, which by perpendicular reflexion 
is a full red. The green is fairly uniform except where it appears perforated 
with small circular spots, which look reddish, but perhaps only by contrast. 
Especially to be noted is the fact that there is no colour seen by transmission 
at all comparable in saturation with those e.Khibited by reflexion. For obser- 
vation of the reflected light it is advantageous, though not necessary, to renew 
the opacpie backing, which was done by coating the under surface of the glass 
with gelatine darkened with ink. A good deal depends upon the source of 
light. In the first detailed examination, the source (a gas-mantle) happened 
to be highly localized, and I was puzzled to reconcile the highly spotty 
character of the reflexion, varying from red to green or green-blue according 
to the incidence, with the uniformity of the transmission tint. Similar 
appearances could of course be observed in direct sunlight. But when the 
slide was held very close to a large window facing a nearly uniform sky, the 
intervals between the spots filled up with colour, for the most part of 
appro.ximately the same hue, and the re^flexion was nearly uniform except for 
the small round hokis already mentioned. Evidently the reflexion of the 
gas-mantle had failed to reach the t>ye, except from a relatively small area 
presenting the pro|)er angle, thus explaining the spotty appearance observed 
with this illumination. 

The colours reflected at moderate angles seem highly saturated. At 
perpendicular incidence the prism shows next to nothing beyond the un- 
interrupted red and red-orangii, and on inclination the green region appeal's 
well isolated. The impression left upon my mind is that the phenomena 
cannot plausibly be explained as due to surface-colour, which in my expei'lence 
is always less aaturiited than the transmission colour, and that, on the other 
hand, the- interference theory presents no particular difficulty, unless it be 
that of finding sufficient room within the thickness of the cuticle. Bub the 
altei'iiations cannot be those of plane strata, extending without interruption 
over the whole area of the colour. 

As regards the ditticulty of finding room sufficient for an optical structure 
of the kind contemplated, Mr Onslow estimates the available thickness at 
from to 2/x in tlie case of many liutterfly scales, and this is little 

enough. Even the larger esbinuite wouhl amount to only about 9 or 10 half 
wave-lengths, even when allowance is made for the wave-length being loss 
than in air, and the lower limit would apparently not suffice. But these 
measurements are not cxisy, and iiuiy perhaps be disturbed by refraction 

* inho aim. 


3H— 2 
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effects. Mr -Onslow has shown me many drawings of sections in planes 
perpendicular to the surface from many butterfly scales and from two or 
three beetle wing-cases. Most of these exhibit structures approximately 
periodic along the surface, hut in no case a structure periodic in going 
inwards along the normal But a structure of the latter kind adequate 
to the- purpose may probably lie close upon the microscopic limit, unless, 
indeed, it could be made evident in a section cut very obliquely. 

It must be confessed that much still remains to be effected towards 
a complete demonstration of the origin of these colours. Even if we admit 
an interference character, questions arise as to the particular manner, and 
there are perhaps possibilities not hitherto contemplated. 
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ON THE POSSIBLE DISTURBANCE OP A RANGE-FINDER BY 
ATMOSPHERIC REFRACTION DUE TO THE MOTION OF 
THE SHIP WHICH CARRIES IT. 

[TTansiictions of the Optical Society, YoL xx. pp. 125 129, 1919.] 

The suggestion has been put forward (as I understand by Lt.-Col. A. C. 
Williams) that the action of a range-finder, adjusted for a quiescent atmo- 
sphere, may be liable to disturbance when employed upon a ship in motion, 
as a result of the variable densities in the air due to such motion and con- 
sequent refraction of the light. That this is vevo/ ciiusci must be admitted , 
but the question arises as to the direction }ind magnitude of the effect, and 
whether or not it would be neglipble in practice. It is not to be supposed 
that any precise calculation is feasible hr the actual circumstances of a ship ; 
btit I havtj thought that a simplified form of tlie problem may afford sufficient 
information to warrant a practical conclusion. I or this purpose I take the 
case of an infinite cylinder moving transversely through an otherwise un- 
disturbed atmosphere, and displacing it in the manner easily specified on 
the principles of ordinary hydrodynamics. When tin? motion of the fluid is 
known, the, corresponding pressures and densities follow, and the refraction 
of the my of light, travelling from a distance in ii direction parallel to the 
ship’s motion, may be caicvdat<Ml as in th<‘, case of asti’onomical and prismatic 
dispersion or of mirage. It is doubtless the tact that in the real of the 
disturbing body the motion differs greatly from that assumed ; but in front 
of it the ditferencM', is much less, and not such a,s to nullify the conclusions 
that may be drawn. The first step is accordingly to specify the motion, 
and to determine the scpiare of the total vt.'locity (q) on which depends the 
reduction of pr(‘ssure. 

ddie motion of the fluid, due to that of the cylinder of radius c and 
moving parallel to a’ with velocity II, is well known^. The problem may 
conveniently be reduced to one of ‘‘steady motion” by supposing the cylinder 
to be at rest while the fluid flows past it — a change which can make no 

* Seo Lainlj’s Hijdrodijnamicti, § 08. 
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difference to 'the refraction. The velocity-potential is then expressed in poLar 
coordinates by 

</> = (r -f- cos (9, (1) 

where r is measured from the centre ; whence 



d<^ __ 
rdO 



sin 6, 


-( 2 ) 


Here dcpidr vanishes when r = c at the surface of the cylinder, and at a great 
distance the resultant velocity is U, parallel to og . In general 


f 2 9,^2 M 0^2 

p = 1 + ^ + 0=1+^ + ^- (.t - =0“). 


As will be stated more at length presently, the reduction of pressure and 
density is proportional to q^— U^, so that the (abnormal) optical retardation of 
a ray parallel to x is proportional to f {q^ — U^') doo, in which the upper limit for x 
may be treated as infinite. The difference of retardations for two infinitely 
near rays parallel to cc, divided by the distance het'ween them, gives the 

angle of refraction, which is thus represented by 
since the limits of x are the same for both. Now 



and, since 


dy \m 

d / 1 
dy 


20^^) ^ ^ 

dy \r^/ 

dr/dy = y/r, 


+ 2c® ^ 
dy \ 


_ 4y d /y^\ _ 2y (iv^ — y^) 
r® ’ dy \T*J r® 


I; (^) = ^ y> - c“) (4) 

In the integration with respect to x, y is constant, say /3, and if a, /3 be the 
rectangular coordinates of the point F in the figure at which the refraction 
is to be estimated, the limits for x are ct and oo . Thus 


- 4c®/3(y9^-f- c®) 


12c®/d 


x-dx 
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At this point it is convenient to re-introduce 6, where x = j3 cot B, and 

dx =■ — /3 sin“® ddO. 


Wo h 


a.v(.‘ 


r d.x 

r j 3 sin-" 6 d 6 _ 1 1 

1 “iT = - 

/ 3 ‘’ (1 -h cot= 0 )=^ / 3 ® j 


sin^6?f7/6?. 


Tlic upper limit co for w corresponds to ^ = 0; the lower limit a corresponds 
to what after the integration we may still denote by where a = /Scot^. 
llius 

i^6d6 — (f ^ — sin 26 + \ sin 40) (6) 


Also 

aiul 


r d-f' 

1 


J 7-'' 

a ' 

” 

' 0 

■ .f-dx 


1 


“ 




cos^ 6 sin- dd6 
1 


8/3^ 


- (0 - i sin 40), 


,“i* = §;8A^ - i 

0 now referring, as above, to the point for which x — a. Using (6) and (7) 
in (5), we hav(‘ 

1 ' ( ;A) ,1:.: = - + i sin 4^) + || - i sin 40 

= (sin 20 - ^ sin 40) - -w, (| ^ - sin 20 4-^ sin 40), (8) 

P- ' " P 

in which, if wt‘ please, we may substitute r sin 0 for so that r, 0 are the 
polar erMvrdiiiates of the point ot observation. 

'I'linH 

f d / <f \ c- sin 20 — ^ sin 40 _ ^ f 0 — sin 2 0 ^ sin 40 

I ,, (iy V (/"/ "" >•" ” sir0 0 ' ~ sin^ 0 

= W 

as \vc writf it. fur liravity. Ib now remains to discuss (9) as a function of ? 
and 0, un<h*r the limitation, however, that r>c. 

/(0) = 40, i^(0) = t0: 

4,0 ('£! _ -<=1^ (10) 


so that. (9) lavMimcH 


When 0 is Hinall, 

7'- 5rh 

vanisliinK wlu-n = 0, as was to be expected, since this is a line of symmetry. 
Iimsinuc'li as r>c, (10) takes its sign from ff. 

'I'he l.able gives val.ics of / and f for certain angles of In the fourth 
culiu.m ar.' entered th<' values of (9) when r = c, that is on the surface o e 
eylindr.r. So far as » = .50“ these .are the highest admissible. For example at 50 

(9) == -8173 (2-4098cVr'= - c^r^) 

-8173 {(1*2049)= - (1*2049 - c=/r=)=]. 

Ho lotig as r > c. the vjxlue of (9) increases as r diminishes and the greatest 

, . ihf. limit r=c This state of things continues so 

viilviii occuts at liiniu ? o. 
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long as / > 2F. At 60° this condition has ceased to hold, and the maximum 
value of (9) occurs when r > c. We may write generally 

(9 ) = - (fi2F - cv>'=)1- 


e 

f{e) 

F{9) 

(9) when r = c 

(9) max. 

0“ 

0 

0 



10 

■6840 

•1404 

•5436 

— 

20 

1 -2866 

•2859 

•9997 

— 

30 

1-7320 

•4419 

1-2901 

— 

36 1 

1-9021 

•5436 

1-3585 


40 

1-9292 

•6159 

1-3133 

1 

50 

1-9696 

•8173 

1-1523 

• 

60 

1-7320 

1-0605 

•6716 

•7072 

70 

1-2855 

1-3680 

- -0825 

— 


The maximum of (9) occurs when c^fr^ =fl2F, and the maximum value is 
pj^iF. For 6 = Q0°, the maximum is *7072. When (9 = 70°, (9) itself has* 
changed sign, the transition occurring when F —f. 

For our present purpose we may take the highest value of (9) as 1*36. 

The general dynamical equation connecting pressure (^) and density (p) 
with velocity (^) in steady motion is 

( 11 ) 

It will suffice if we employ Boyle's law for the connexion of p and p, that is 
p=F^p, where F is the velocity of sound*. Thus 

if po correspond with O' = 77, as at a distance from the cylinder. Or, since the 
variations of density here contemplated are very small, 


p-p,_U^-q 

Po 



( 12 ) 


Passing now to the optical side of the question, we have to consider the 
retardation experienced by a ray parallel to cc, due to the variable density*. 
In accordance with a general principle, this when small enough may be 
calculated along the original ray, although the actual ray now follows a 
somewhat different course f. Thus if Sp, be the change of refractive index 

due to q, the retardation may be taken to be f hpudoo, and the angle % 


through which the ray at P is turned is 

^ } a dy 


dsG. 


(13) 


[* I.e. the “ Newtonian” velocity of sound, =280 metres per second. W. F. S.] 

+ For an application to the resolving power of prisms, reference may be made to Phil. Mag. 
Vol. viii. p. 269 (1879) ; Scientific Pa,pers, Yol. i. p. 425. 
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Now for air at 0° C. and 760 mm. pressure ya = 1*000292, so that 


Accordingly 


SfM = -000292 (p - po)/po = - *000146 (q^ - U^)/ (14) 


•000146 C7- r” d f q-\ 

J a 


dx. 


(15) 


and the integral is the quantity already calculated under (9). It will he 
observed that the effect is independent of the absolute size of the obstacle, 
and is proportional to the square of the fluid velocity TJ. As regards the 
sign of the effect, we see that, so long as (9) is positive, the retardation 
diminishes as y increases, and thus a ray originally parallel to x is bent 
inwards. This action in a range-finder leads to an over-estimate of the 
distance. 


We may now consider the actual magnitude of x- If we take the highest 
value of (9), viz. 1*36, we have 

^ = -•000199 cry (i6) 

To take a numerical example, let us suppose that 

cr=25 = 1120 , 

hours sec. 


and F(0^ C., 760 min.) = 33100 

sec. 

The angle is then — X — 2-28* x 10“^ 

This is in circular measure, and it corresponds to -0470^ second. An error of 
a twentieth part of a second may be considered negligible. 

Tlu^ corresponding problem with a sphere in place of the cylinder could 
be treatc'd, but it is rather more complicated. It does not appear necessary 
to enter vqxai it hero. 

Th(> objection may present itself that the motion in two dimensions 
round a cylinder does not well represent the case of a ship. This must 
be admitted; buti it semna clear tliat a range-finder, carried well above the 
d(K*.k of a ship, would much less lifible to be disturlied in the manner 
di.scussed. 


Addendimi . — In answer to a criticism tin; author wrote: 

Tli(‘re may be <IifiVtrent opinions as to how far conclusions for an infinite 
cylinder tlirow light on the case of tin? shij). Certainly my own impression 
is that tile cutting away of the further parts of the cylinder would diminish 
the disturbance under discussion. 


[* Apparently we Hhould take 1'™ 28,000 cm. per sec. (see footnote * on p. GOO). We then find 
-X = G-18 X 10~” in circular measure —•06~>Q second, or about one- fifteentli of a second. W.F.S.] 
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EEMARKS ON MAJOR G. 1. TAYLOR’S PAPERS ON THE 
DISTRIBUTION OF AIR PRESSURE. 

T. 646. T. 1277. 

[Advisory Committee for Aeronautics, T. 1296, 1919.] 

In response to the request for comments on this work, I may say that 
I have read these papers with interest. 

The experiments recorded relate directly to the air pressures at various 
distances in the close neighbourhood of the surface of a long board parallel to 
the current of air in a wind channel. Three series of such pressures, and 
deduced air velocities, were obtained at different distances (A, B, G) from the 
leading edge. Major Taylor suggests that these experiments should be 
repeated and extended at the National Physical Laboratory, and in this 
recommendation I fully concur, as it is of importance to improve our imperfefct 
comprehension of the character of “ skin-friction.” 

From the air pressure measurements the author deduces by calculation 
the actual force exercised upon the board, and in the second paper corrects, 
as far as possible, some deficiencies in the first. These calculations are a 
little dilB&cult to follow as approximations are introduced whose validity is 
difficult to estimate, at any rate, without the instinct which familiarity with 
* the subject matter may bring with it. For example, at some points, the 
problem is treated as if it were two-dimensional, which the actual dimensions 
of the board do not seem to justify. 

Without undervaluing the interest of connecting the forces experienced 
by the various parts of the board with the air pressures in its neighbourhood, 
I am inclined to prefer — or at any rate to recommend as alternative — direct 
measurements of the forces on the board, more as in Zahm’s experiments. 

The objection made in T. 646, p. 7, that in Zahm’s shorter boards the 
influence of the end pieces is too important, could, I think, be met by sus- 
pending the end pieces separately from the rest of the board, on the principle 
of the “ guard ring ” in electrometers. In the case of short boards the two 
end pieces could be rigidly connected together by rods passing freely through 
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the thickness of the hoard. The suspension both of the end piece and of the 
hoard in a vertical plane would he hy four wires reducing the original six 
degrees of freedom to two. (Compai'e Tkory of Sound, § 62 ; FMl ifdf 
Vol. XI. p. 121 (1906), Sd. Papers, Vol. v. p. 283.) Of the remaining two, 
one relates to the motion parallel to the wind, which is the subject of obser- 
vation, and the other (rotation about the up})er edge of the board) would be 
controlled by gravity. When the board is long, there is less objection to the 
rigid attachment of the end pieces to it. 

This method would doubtless require care in execution and would involve 
the measurement of very small displacements along the wind, but for this 
optical resources should be adequate. It might also be applied to various 
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OK THE PROBLEM OF EAKDOM YIBRATIONS, AND OF RANDOM 
FLIGHTS IN ONE, TWO, OR THREE DIMENSIONS. 


\Philoso;phiGal Magazine, Yol. xxxvii. pp. 321—347, 1919.] 


When a number (n) of isoperiodie vibrations of unit amplitude are 
combined, tbe resultant depends upon the values assigned to the individual 
phases. When the phases are at random, the resultant amplitude is inde- 
terminate, and all that can he said relates to the j^obability of various 
amplitudes (r), or more strictly to the probability that the amplitude lies 
within the limits r and r 4- dr. The important case where n is very great 
I considered a long time ago* with the conclusion that the probability in 
question is simply 

-e-^^/^rdr. (1> 

n 


The phase (6) of the resultant is of course indeterminate, and all values are 
equally probable. 

The method then followed began with the supposition that the phases of 
the unit components were limited to 0° and 180°, taken at random, so that 
the points (r, 6), representative of the vibrations, lie on the axis 6 — 0, and 
indifferently on both sides of the origin. The resultant oo, being the difference 
bet^veen the number of positive and negative components, is found from 
Bernoullis theorem to have the probability 


1 

\7 (Jl'jrn) 




(2)t 


The next step was to admit also phases of 90° and 270°, the choice between 
these two being again at random. If we suppose components at random 
along ± 00, and also at random along + y, the chance of the represciiitative 
point of the resultant lying within the area docdy is evidently 

e~^^^'^y^'>/'^dxdy, ( 3 ) 


* Fhil. Mag. Yol. x. p. 73 (1880); Scientijic Pajgers, Yol. i. p. 491. 
+ See below. 
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or in terms of r, 6, 


irn 


e ~ r dr (16 (4) 


Thus all phases are equally probable, and the chance that the resultant 
amplitude lies between r and r + d?* is 


2 

n 





This is the same as was before stated, but at present the conditions are 
limited to a distribution of precisely components along a; and a like 
number along 2/- It concerns us to remove this restriction, and to show that 
the result is the same when the distribution is perfectly arbitrary in respect 
to all four directions. 


For this purpose let us suppose that a + are distributed along ± (o 
and 1 71 — m along ± y, and inquire how far the result is influenced by the 
value of m. The chance of the representative point lying in rdrdd is now 
expressed by 

1 

g-'rtr2/(M3-4»i-) g+2wr-cos‘20/(u2-4H»*) rdrdO* 

TT \/(«.- — 4m2) 


Since r is of order isjn, and m/r< is small, the exponential containing 6 may 
be expanded. Retaining the first four terms, we have on integration with 
respect to d, 


2rcZr 

V (ii- — 4m“) 










as the chance of the amplitude lying between r and r + dr. Now if the 
distribution be entirely at random along the four directions, all the values 
of 7)1 of which there is si finite probability are of order not higher than Vw, 
n being treated as infinite. But if 7ii is of this order, the above expression 
becomes the same as if 7)h were zei'O ; and thus it makes no difierence whether 
tlui number of components along + x and along + y are liniited to be equal, 
or not. The previous result is jiccordingly jipplicable to a thoroughly arbitrary 
distribution along the four rcictangular directions. 


The next point to notice is that the result is symmetrical and independent 
of the directions of the rectangular axes, from which we may conclude that it 
has a still higher generality. If a total of n conq)onents, to be distributed 
along one set of rectangular axes, be divided into any number of large groups, 
it makes no difference whether we first obtain the j)robabilities of various 
resultants of the gi‘oups separately and afterwards of the final resultants, or 
whether we regard the whole n as one group. But the probability in each 
group is the same, notwithstanding a change in the system of rectangular 
axes ; so that the probabilities of various resultants are unaltered, whether 

[* A correction of sign here made, viz. “ + 2mr-’ cos ” for “ — 27 m'- cos 2£>,” applies also to 
Vol. I. p. 41)4, lines 10 and 12. W. F. S.j 
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we suppose the whole number of components restricted to one set of rect- 
angular axes or divided in any manner between any number of sets of axes. 
This last state of things is equivalent to no restriction at all ; and we conclude 
that if n unit vibrations of equal pitch and of thoroughly arbitrary phases be 
compounded, then when n is very great the probability of various resultant 
amplitudes is given by (1). ® 

If the amplitude of each component be I, instead of unity, as we have 
hitherto supposed for brevity, the probability of a resultant amplitude 
betweeen r and r + cZr is 

( 5 ) 

In Theory of Sound, 2nd edition, § 42 a (1894), I indicated another method 
depending upon a transition from an equation in finite differences to a partial 
differential equation and the use of a Fourier solution. This method has the 
advantage of bringing out an important analogy betwe.en the present problems 
and those of gaseous diffusion, but the demonstration, though somew'hat 
improved later* * * § , was incomplete, especially in respect to the determination 
of a constant multiplier. At the present time it is hardly worth while to 
pursue it further, in view of the important improvements effected by Kluyver 
and Pearson. The latter was interested in the “ Problem of the Random 
Walk,” which he thus formulated : — “ A man starts from a point 0 and walks 
Z yards in a straight line ; he then turns through any angle whatever and walks 
another I yards in a second straight line. He repeats this process n times. 
I require the probability that after these n stretches he is at a distance 
between r and r + dr from his starting point 0. 

“The problem is one of considerable interest, but I have only succeeded 
in obtaining an integrated solution for two stretches. I think, however, that 
a solution ought to be found, if only in the form of a series in powers of 1 /n, 
when n is large f.” In response, I pointed out that this question is mathe- 
matically identical with that of the unit vibrations with phases at random, 
of which I had already given the solution for the case of n infinite the 
identity depending of course upon the vector character of the components. 

In the present paper I propose to consider the question further with 
extension to three dimensions, and with a comparison of results for one, two, 
and three dimensions §. The last case has no application to random vibrations 
but only to random fights. 

* Phil. Mag. Vol. xlvii. p. 246 (1899) ; Scientific Papers, Vol. rv. p. 370. 

t Nature, Vol. lxxii. p. 294 (1905). 

$ Nature, Vol. lxxii. p. 318 (1905) ; Scientific Papers, Vol. v. p. 256. 

§ It will b© undoi Btood tlidit w© LbiV© notliiiig liGr© to do. witli tli© dii'sction iiii wliich. tli© 
Tibrations take place, or ar© supposed to take place. If that is variable, there must first be a 
resolution in fixed directions, and it is only after this operation that our present problems arise. 
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0 n e Dimension. 


In this case the required information for any finite n is afforded by 
Bernoulli’s theorem. There are n + 1 possible resultants, and if we suppose 
the component amj)litudes, or stretches, to be unity, they proceed by intervals 
of two from + n to — 7i, values which are the largest possible. The probabilities 
of the various resultants are expressed by the corresponding terms in the 
expansion of For instance the probabilities of the extreme values 

+ are (1/2)’^ And the probability of a combination of a positive and 
h negative components is 




71 \ 

a\hV 


( 6 ). 


in which a + & = 71, making the resultant a — h. The largest values of (6) 
occur in the middle of the series, and here a distinction arises according as n 
is even or odd. In the former alternative there is a unique middle term when 
a—h~^n\ but in the latter a and h cannot be equated, and there are two 
equal middle terms corresponding to a — ^7i + and to a = ^71 — 

b= l7i + -l-. The values of the second fraction in (6) are the series of integers 
in what is known as the “ arithmetical triangle.” 

We have now to consider the values of 


uiTi 

to be found in the neighbourhood of the middle of the series. If 71 be even, 
the value of the term counted a* on wards from tire uni(|ue maximum is 

fh ! 

i^n — s)l (hn -f- .s‘) ! 

If 71 be odd, we have to choose IxdAveen the two middle terms. Taking for 
instance, a = ■+ | , b= k-n — ^ ^ the .vth term onwards is 

n ! 

I k7i, — {s— 4 )1 ! + (s — 4)} ! ^ 

The expressions (8) and (9) are brouglit into tire same form when we rephice 
s by the resultant amplitude w. When ?/< is even, £o= — 2s; when 7i is odd, 
so is — 2(.‘i— 4), so that in both cases we have on restoration of the factor (4)'*' 

// ! 

2'' . < 4 a - Jw) ! ( A a + 4 «) ! 

The difference is that wlreii n is (wen, .r has the (n + 1) values 

0, i i 4*, i 6, • • • i 5 


and when n is odd, the (n -h 1) values 

± 1 , + 3 , ± 5 , ± 

The expression (10) may be regaixled as affording the complete solution 
•of the problem proposed ; it exprc 'ssirs the probability of any one of the possible 
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resultants, but for practical purposes it requires transformation when we con- 
template a very great n. 

The necessary transformation can be obtained after Laplace with the aid 
of Stirling’s theorem. The process is detailed in Todhunter’s Sistory of the 
Theory of Probability, p. 548, but the corrections to the principal term there 
exhibited (of the first order in od) do not appear here where the probabilities 
of the flus and minus alternatives are equal. On account of the symmetry, 
no odd powers of x can occur. I have calculated the resulting expression with 
retention of the terms which are of the order \jn^ in comparison with the 
principal term. The resultant x itself may be considered to be of order not 
higher than fn. ■ 


By Stirling’s theorem 


where 


n 

G. 


7i^+ie-^ G,„ (11) 


n 


1 + 


+ 




.( 12 ) 


12n 288^2 

with similar expressions for {^n — ^x)\ and (|-n-4- Jaj)! For the moment we 
Omit the correcting factors O. Thus 

1 i1 — X I 

T ■+• x]n) 


{\n—^x)\{^n + ^x)\ 27rV2 




For the logarithm of the product of the last two factors, we have 


n + \ [x 
2 \rv 


or 




2 + H- . • - r — 




or 

71 


x^ 


x'^ 


Sn^ 5n^ 


x^ 


-t 


x^ 


a 

1 ) 

x^ 

/I 

.1) 

2rd 

_ 

4i71^ 

(3 

nj 

6 a'’ 

[5- 

nJ 


and for the product itself 

The principal term in (10) is 
V(27r). e^ 


f-. 1 1 

(x^ 

oT ^ 

k 1 1 

^Sx^ 

Sx^ 

x^ 


b- 

6a''; 

1 + 8 ^ 5 ' 


4- 

367ivJ 


(2) 


xy-m _ f ( p—xy-i 

v \nir) ^ 


■ 27r 

There are still the factors O to be considered. We have 


m 


.(13) 


= il + -J- 1 ^ ] 

Gi,n-x) C^^n+x) r 12a ^ 288n^J 

f 1__ 1 1 1 ) 

[ Q {71 — x)"^ *72(n — xfj I a (n + x)~^ 72 (n -i- x)-^ 

_ |l 4. _1_ + —2 — I ji L_j_ Jl. ('I _.^^l 

. 1 12a ^ 288a"j ( 3a ^ V6 71 J) 

4a^32n2V 3w j , 


(14) 
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y( 


H’lr 




1 

Sri 


2 £ 1 !“ X 

n 3/i 


^-0 


1 / 38a;^ 

■^32riA 3^^ 


12it;® ai 
bn? 


(15) 


ns tht‘ protiability when n is large of the resultant amplitude £c. It is to be 
ri’nn*!iil>ered that x is limited to a series of discrete values with a common 
ilitlcrence e(|iial to 2, and that our approximation has proceeded upon the 
supj josition that x is not of higher order than ^/n. 

I t t lie eoniponent amplitudes or stretches be I, in place of unity, we have 
mi*rely to write xjL in place of ic. 

d'lie special value of the series (15) is realized only when h is very great. 
Ihd. it. ntfoixls a closer approximation to the true value than might be expected 
wIm ‘11 h is only moderate. I have calculated the case of n = 10, both directly 
fr«»m ihc^ ctxact exjiression (10) and from the series (15) for all the admissible 
valu<‘K <»f X. 

TABLE I. 

ri- — 10. 


X 

From (10) 

From (15) 

0 

•24609 

•24608 


•20508 

•20509 

4 

•11719 

•11722 

(> 

•04394 

•04392 

8 

•00977 

•00975 

10 

•00098 

•00102 


'File 


values for = 0 and twice those belonging to higher values of x 
slnmld total unity. Those, aliove. from (10) give I'OOOOl and those from (15) 
oive I-00t)0H. It will be secui tliab except in the extreme case of x= 10, the 
M s,*'!"* •< ' 1 m * n ti IteliWM'en tlie two forninhe is very close. JBut, even for much higher 
valtn-s of t.lie a.cl.ual crdculation is simpler from the exact formula (10). 

W'hen I is very sma, 11, while a is very great, we may be able for some 
|,urpos<-s to disregard the discontinuous character of the probability as a 
funetion <.f .r. r(‘p'la.cing the isolated points by a continuous representative 
eurvc. 'I'lm <iifhu'ence betwtien the abscissae of consecutive isolated points 
is 2/ ; .so that if d.r be a, large multiple of I, we may take 





as the apiuo-ximati-. cxx)ression of the probability that the resultant amplitude 
lies bftAveen x and x-]rdx. 

39 

n. V I. 
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Two Dimensions. 

If there is hut one stretch of length I, the only possible value of r is of 
course, 1. 

When there are two stretches of lengths and l^, r may vary from h— lx 
to l^'+lx, and then if 6 he the angle between them 


r2^Zr’ + Z2=^-2^i?2Cos (17) 

and BuiddO = rdrlLxl^ (18) 


Since all angles 6 between 0 and tt are deemed equally probable, the chance 
of an angle between 6 and 6 -{■ d6 is ddl'rr. Accordingly the chance that the 
resultant r lies between r and 7' + dr is 


rdr 

ttIxIh sin 6 


(19) 


or if with Prof. Pearson* we refer the probability to unit of area in the plane 
of representation, 


<^,(r=) = 


1 

27r^/j, I 2 sin d 


1 

TT^ V - (^1' “ W} ’ 


( 20 ) 


denoting the chance of the representative point lying in a small 
area dA at distance r from the origin. 

If the stretches lx and k are equal, (20) reduces to 




1 

^ - r^y 


( 21 ) 


Prof. Pearson’s expression, applicable when r < 21. When ?' > 21, (562 (»^’'") = 0- 

When there are three equal stretches (n = 3), <ps(7’^) is expressible by 
elliptic functionsf with a discontinuity in form as r passes through 1. 

For values of n from 4 to 7 inclusive, Pearson’s work is founded upon the 


general functional relation J 

<^^+1 (r^) = — [ (j)n(r^ + l^ — 2rl 00 s 6) d& (22) 

wJo 

Putting r = 0, he deduces the special conclusion that 

4^n+x {0) = ( 23 ) 


as is indeed evident a, priori. 


Drapers'^ Company HeBearcli Biometric Series III., London, 1906. 

t Pearson (Zoo. cit,) attributes this evaluation to G, T. Bennett. 

X Compare Theory of Sounds § 42 a. 
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I* rom (22) the successive forms are determined graphically. For values 
ot ti higher than 7 an analytical expression proceeding by powers of 1/n is 
available, and will be further referred to later. 

A nunarkable ;idvaiice in the theory of random vibrations and of flights 
in two dinu-nsions, when the number (tz.) is finite, is due to J. C. Kluyver*, 
wlio has discovered an expression for the probability of various resultants in 
the form of a definite integral involving; Bessel’s functions. His exposition 
is rather comnse, and I think I shall be doing a service in reproducing it with 
some < levelo}>ments and slight changes of notation. It depends upon the use 
of a discontinuous integral evaluated by "Weber, viz. 


r ao 

(hx) i/,, (ttir) dx == u (say). 

Jo 

To examine this we substitute from 

TT . Ji (bx) = 2 cos O sin (hx cos 6) d6\, 

J 0 

and tak(i first tin? integration with respect to x. We havej 

i '* f/JJ 

dx sin (b:v cos d) J,, (cix) = 0, if cos® 6, 

. 0 

or = (6® cos® 0 — a®)“^, if 6® cos® 0 > a-. 

Thnn, if a® > u = 0. If 6® > a®, 

• 27 d0 cos 6 2 . , 6 sin G 


” jv(/j‘dx)s® ^ -^) V(6®-a®)‘ 

T}u‘ low«‘r limit for 6 is 0, and the upper limit is given by cos® ^ = (X®/6®. 
lletu'e « = ijb, ami thus 

b J J\ (bx) (ax) da;=l, (h^ >o?) (' 24 ) 

or =0, (a^>h^)^ 

A second lemma r<‘(|uir(‘d is included in bTeumann’s theorem, and may be 
very simply urriv<‘d at. In 1- ig. I, 6r and E being ^ 

fixt'd points, tile fimction at F denoted "by 

./„(//). or J.^ie^+p-'iefoo^G), \ 

is a poti'iitial satisfying e/verywhore tliG equation 

V® 4- 1 = O, and accordingly may be expanded ^ ^ 
round ii in the Fonrie.r series ^ ^ 

T d yJo (®) 2(r+ ... , 

the coofiicient.H d lioing imh^iendcnt of e and G. Thus 

^ do +/■ ■“ 2^ cos G) dG = AqJq (e). 


f 

Fig. 1. 


* Ki.ninklijk.- Akadomio van Wetcnsohappen te Amsterdam, Yerslag van de gewone verga- 
d.-ring..n .tv Wis-iin-Natmirkundige Afdeeling, Deel xiv, 1st Gedeelte, 30 September, 190d, 

t {tiiiV and MathewH, Hei^aeVs Functions, j). 18, equation (46). X Cl. and P' 

39 — 2 
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By parity of reasoning when E and F are interchanged, the same integral 
is proportional to and may therefore be equated to Jc, {/), 

where is now an absolute constant, whose value is at once determined to 
be unity by making e, or f, vanish. The lemma 



^0 V(e^ -I/" - 2e/cos Q) d& = 27r Jo (e) Jo (/) 


(25) 


is thus established'®'^. 


We are now prepared to investigate the probability 

P'thij'l liy ^ 2 > ^n) 

that after n stretches 4, --‘In taken in directions at random the distance 
from the starting-point 0 (Fig. 2) shall be 
less than an assigned magnitude r. The 
direction of the first stretch is plainly 
a matter of indifference. On the other 
hand the probability that the angles 6 lie 
within the limits 6y and -f- 0.^ and 

^2 + dda, - . . and -f dSn^i is 

(^27j.^n— 1 d0id02 • • • , .. .(26) 

which is now to be integrated under the condition that the '/ith radius vector 
shall be less than o\ 

Let us commence with the case of two stretches 4 and L. Then 

•^2 ('>' I 4} 4) = 2^ J 

the integration being taken within such limits that s.^ < r, where 

-f- — 2^1 ^2 cos 01 , 

The required condition as to the limits can be secured by the introduction 
of the discontinuous function afforded by Weber s integral. For 

V Ji {roc) Jo {s^co) dx 

vanishes when > r, and is equal to unity when .s, < r. After the introduction 
o this factor, the integration with respect to may be taken over the com- 
plete range from 0 to 27 r. Thus 



-^ 2(^5 (’"^0 *^o(’^‘2^')- 

Similar reasoning shows that if (g) represent a symmetrical purely divergent wave 

/ Stt 

^ ■Dov'(«2H-/2_2e/cos (?) d!(? = 27rJ’o (e) Dq (/), 

proviaea mat e. 
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Taking first the integration with respect to we have hy (26) 


ITT .1 0 


(t9«>^) — J 5 (^1*^) ^ 0 (^ 2^)5 


and thus 


-Z o (7* , Zj ) Zo) ’ — 7* I dst) ^ (7 <77) fj " j (ZjcT) 5 (Zq^)* - • 

Jo 


.(27) 


The method can be extended to any number ( 7 ?) of stretches. Beginning 
with the integration with respect to dn-x in (26), we have as before 


ih—iii: 


d^n-i dxj^ (7'i7;) Jo 


= r fZa; Ji {rx) Jo ( In^^) J » (Sw-i^r). 

j 0 


The next integration gives 


dOqi — 'j,diO )i — X — 7 ’ I J I ( 7 ’ 777 ) Jo (Zxj. 77 ) Jo (Z.jj — 1 ir) Jo (< 9 /i — 2 ®) Jt), 

0 


(2-7r)“ j f 

and so on. Finally 


1\ {r I I, J,, ... L) = p-ypi ) ) . . . . . . dOqq., 


pCJO 

I ’d'i (7*’7') '/ 0 (Zj < 77 ) ./ 0 (ZoiTj) ... J ;) (Zji,.77) dx, • • • . . .(28) 

jo' 


— the expression for P„, discovered by Kluyver. 

It will be obsei'ved that (28) is syrnmetriciil with respect to the Z’s; the 
order in which l)h(7y {ire l.jrken is immaterial. 

When all the Z's arc (‘(jiuil, 


p.,^ (r ; D = 7- ■ J. (7V7-) [Jo (Z.r)]» dx. 


If in (29) we sup|)os(‘ r— I, 

Pnil] Z): 


\Jo{lx)YdJo{lx) 


[Jo(ZjOV"'- 

n + I 


so that after n e(jual com jxaiu'nts lia.v(7 l)een coml)iiied the chance that the 
i-csulta,nt shall Ix' less thanOne of th(^ components is 1/(77 4-1), jvn interesting 
result due to Klnyver. ^fhe sinm^ iruthor notices .some of the discontinuities 
which {)res( 7 nt tln 7 ms< 7 lves, but it will be more convenient to consider this in 
a, modifi(7(l form of the probhun. 

The mo(lifi( 7 ation consists in dealing, not with the chance of a resiiltant 
less than i’, but with the chance that it lio.s bc^tween v <uid t dv. It may 



614 


ON THE PROBLEM OF RANDOM VIBRATIONS, AND 


[441 


seem easy to pass from the one to the other, as it involves merely a differentia- 
tion with respect to r. We have 

A |r^. (rx)] = - ^ Irj; (ro:)! 

== — ./o' ('?^^•) — (rx) — rxJo (rx), 

in virtue of the differential equation satisfied by Jq. Thus, if the differentia- 
tion under the integral sign is legitimate, 

iiF r* 

= 27rr^,^ (?•“) = i'j xdx^la (3‘«) Jo{IxOc)Jq { l^x) . . . Jo{lnx ) . . . , . . .(31) 
and, if all the Ts arcs e(|U!il, 


n ( /•* ) 


ZTTJ 0 


xdxJ(,{rx^ (Jo (/!£(?)]’*■, (32) 


the form employed by Pearson, whose investigation is by a different method. 
If we put n — 1 in (32), 

1 r°° 

^^(^.a)_ xdxJt^{rx') Ja{lx), (33) 

J 4 IT J {) 

and this is in fact the ecpiation trom which Pearson starts. But it should be 
rcniarked that the integral. (33), as it stands, is not convergent. For when 
s is very great, 

• A. (A = ^(|-) 00 s (I ,r - , (34) 


BO that (r ()) 


s- f xdxJtx (rai) (liti) = — —i— -j- [ dx [sin {r+l)x + cos (r — 1) x], 
JtTTj JiTT" Y J 


V(.rl) 

and this is not convci‘g(vnt when x = 00 . 

Idle criticism does not a|q)ly to (29) itself when n = l, but it leads back 
to the (juestion of differentiation under the sign of integration. It appears 
at any rate that any number of such operations can be justified, provided that 
the integrals, resulting from these and the next following operation, are finite 
for the vsdues of r in question. But this condition is not satisfied in the 
differ! aitiation under tlie integral sign of (29) when n = 1. For the next 
(q)era,tion upon (32) then yields 

afdxJj {rx) (ix). 

J 0 

Wlum wo substitute for J\,(lx) from (34) and for Ji{rx) from 

/ 2 \ /Stt 

/ 1 o;OS --r- 


WzJ V 4 


wo get 


•/. O ) = 

j' xdx cos cos ^ — Ixj , 


which becomes infinite with x, even for general values of r and 1. 
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So much by way of explanation ; but of course we do not really need to 
discuss the cases ??,= !, = 2, or even n= 3, for which exact solutions can be 

expressed in terms of functions which may be regarded as known. 

For higher values of n it would be of interest to know how many differentia- 
tions with respect to r may be made under the sign of integration. It may 
be remarked that since all J’s and their derivatives to any order are less than 
unity, the integral can become infinite only in virtue of that part of the range 
where a- is very great, and that there we may introduce the asymptotic values. 

We have thus to consider 


dP 


= A r 


*5 <#>» [./-.(U)!'* (35) 

For the leading term when .3 is very. great, we have 


-4^' (^) 


dzv 



2 

TTZ 


cos \ -TT — Z 

4 


l./'.Wl’ 


\/ yrrzj 
2 
TT. 


a 1 

'cos{|7r-3r-5p7r 


.(36) 





so that witli omission of constant f‘actors our integral becomes 


p (X) 


-|w. 


1 1 
cos I TT — I'X — H PTT 




'IT — lx 


.(38) 


In this cos"(;| 7r~te) can be expanded in a series of cosines of multiples 
of (,| 7r— /.r), commencing with cos n{^'Tr — liic) and ending when rt is odd with 
cos (] TT — lx), and when n is even with a con.stant term. The various products 
of cosines sire then to he replaced l)y cosines of suras and differences. The 
most unfavourable case occurs when this operation leaves a constant term, 
w'hich can hn,pp(m only for va.lues of which are multiples of 1. We are then 
left with 

5 ,>.n+3— pt 

p 4- .j, _ I n 

The integnil is thus finite or infinite according as 

p< or > | («'-‘0- 

If, however, there arise no constant term, we have to consider 




dxaf cos mx = sin mx 
m 


.s* 

m 


XhAj k Aj 


Bin 7 nx, 


where m. is finite ; and this is finite if .v, that is p 4- 1 — | n, be negative. The 
differentiations are then valid, if 

p<\ {yi - 1). 

W e may now consider more especially the cases n — 4, etc. When n — 4, 
s=p-^\-^n=^p-l. 
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If p = 1, s — and the cosine factors in (38) become 

cos (;|7r -t- rx) COS^ (;t7r — lx), 

yielding finally 

/OTT 


cos 


+ rx— 4!lo^ , cos — rx— 4)10^ , 
-4- rx — , cos — rx — 2lx 


TT 

4 


+ r A' , 


so that there is no constant term unless r = 41, or 21. With these exceptions, 
the original differentiation under the integral sign is justified. 

We fall back upon <564 itself by putting _p = 0, making s= — f. The 
integral is then finite in all cases (r 0), in agreement with Pearson’s curve. 

N ext for n = 5, s — p — 2. 

When p = 1 , s = — 1 , and we find that the cosine factors yield a constant 
term only when r BL Pearson’s curve does not suggest anything special 
at t=Sl ; it may be remarked that the integral with p = 1 is there only 
logarithmically infiinite. 

If n. = 5, p — 0, .9 = — 2 ; and the integral for 4*^ is finite for all values of r. 

When n = Q, s =p — 2|. In this case, whether p = 1, or 0, no question 
can arise. The integrals are finite for all values of r. 

A fortiori is this so, when n > 6. 

If we suppose p = 2, s = ^ (5 —n). Thus n = 7 makes s = — 1, and infinities 
might occur for special values of r. But if 91 >7, — and infinities are 

excluded whatever may be the value of r. 

Similarly if p = 3, infinities are excluded if 71 > 9, and so on. 

Our discussion has not yet yielded all that could he wished; the subject 
iotiay he commended to those better versed in pure mathematics. Probably 
what is required is a better criterion as to the differentiation under the 
integral sign 

We may now pass on to consider what becomes of Kluyver’s integral when 
71 is made infinite. As already remarked, Pearson has developed for it a series 
proceeding by powers of 1/n, and it may he convenient to give a version of 
his derivation, without, however, carrying the process so far. 


[■^ The criterion enunciated on p. 614 appears to have been devised to meet the case when ,s^=0 
and the integral, though finite, does not converge to a definite value when .r==co. If, however, 
.s*< “ 1, or < 0, respectively, according as the cosine factors in (38) do or do not produce a constant 
term, the integral (38) has been, shown to be finite; it is also convergent; and the integrals 
obtained by omitting before each successive differentiation the factor to be differentiated, viz. : 
cos (Jtt — 7':r — ^^tt) where f/cp, are also finite (cf. Todhunter’s Integral Calculus, 1880, A.rts. 214, 
284). In these circumstances it would appear that (38) is itself valid, and that it is unneceBsary 
to consider the integral obtained by ‘Hhe next following operation’’ . It would 

seem then, that the above considerations are sufficient to justify the differentiation by which <j>,i is 
obtained {jp = 0, — f), and a fortiori that for <j>^ (jp = 0, 5== - 2), etc. W. F. S.] 
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The evaluation of the principal term depends upon a formula due, I think, 
to Weber*, viz. 

= J Jo (39) 

making*f- 

J'o' (rx) J' {rx ) « 

^ rco „ 

= — iT-:; I /fl = — 7 ^ u 

2p“ J 0 zp- 

Hence w=:Oe-W 

To determine G we have merely to make r = 0. Thus 

G = «,.„o = [ e~P'^“xdx = 5“ , 

J () ^p" 

by which (39) is established. 

Unless lx is small, the factor {,/o(te)}”' in (32) diminishes rapidly as n 
increases, inasmuch as {lx) is less than unity for any finite lx. Thus Avhen 
is very great, the import;int part of the range of integration corresponds to 
a small lx. 

Writing s for af-, we have 

log j;, ( lx) - log 1 4 - 288 ^., + . . . j 

sid~ fiKt^ .vV 

= _ 4 . . . . ; 

so that [J. (Ixr = (l - - 72 ;,? + srb) ' 

r 00 / o 3 /kib V 

voaklng 2,r^„(r=)=j^^ „.(40) 

Calling the four integrals on t,he right J,, /o, and. .C, we have by (39) 
/, = I"" xdxJ, (rx) = ~ (41) 

_ /., == /'i , (42) 

4n (l.r 4k (h- \ s J ^ 

J. = — .AL. Q-r-l'^A (' 48 ') 

=. . (i (44) 

32/(,^ J,v‘ 32/r dv* \ s J ^ ^ 

Gray and MathewB, Zoc. p, 77, 

t I approhcnd that tliero can be no dilliculty here aB to the differentiation, the Bituation being 
dominated by tlie exponential factor. 



618 


ON THE PROBLEM OP RANDOM VIBRATIONS, AND 


[441 


Thus 

27r^„ (r^) = |l — 






in agreement (so far as it goes) with Pearson, whose cr^ is equal to oui s 
The leading term is that given in 1880. 


Three Dimensions. 


We may now pass on to the corresponding problem when flights take 
place in three dimensions, where we shall find, as might have been expected, 
that the mathematics are simpler. And first for two flights of length k h- 
li fM be the cosine of the angle between and and r the resultant, 


giving rdr — — (46) 

The chance of r lying between 7 ' and r + dr is the same as the chance of fx 
lying between /x and /x + d/x, that is — ^dfx, since all directions in space aie 
to be treated as equally probable. Accordingly the chance of a resultant 
between r and r + dr is 


rdr 

2774 * 




The corresponding volume is 47rr''dr, so that in the former notation 


{r ; 1) - 


and being supposed equal. It will be seen that this is simpler than (21). 
It applies, of course, only when r < 21. When r > 21, <^0 = 0. 

In like manner when l-i and 4 differ, the chance of a resultant less than 
r is zero, when r falls short of the diff^erence between and say Zj. 
Between and la, + the chance is 


p’ rdr _ 

When r has its greatest value + 4), (4*9) becomes 

(4 + 4 )^ — (4 4 )^ _ -1 

444 

The chance ” is then a certainty, as also when r > 4 + 4 * 


..(4f)) 


( 50 ) 
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In proceeding to the general vahie of n, we may conveniently follow the 
analogy of the two-dimensional investigation of Kluyver, for which purpose 
we require a function that shall be unity when s < r, and zero when s > r. 
Such a function is 

2 , sin soi sin rx — rx cos rx 


da. 

TT J 0 SU* 

for it may be written 


X 


,(61) 


2r f . /sin 'rx\ 2 f sin rx , 

— I sins-irci - coh sxdx 

rrs J \ rx J ttJo x 

1 l"^‘ sin (s -f- r) x ~ sin (.? — r) x ^ 

J (t 


TT 


X 


dx = 1 or 0, 


accoi-ding as s is less or greater than r. 

In like manner for a second lemma, corresponding with (25), we may 
reason again from the triangle (f FK (Fig. 1). -/o ((y) is replaced by Bingjg, 

a potential function symmetrical in tliree dimensions about B and satisfying 
everywhere + 1 == 0. It may be expanded about G in Tjegendre’s series' 




sin e 


V 


do + dlyU, 

ja being writtmi for cos G, and accordingly 

r H 

1-^ 


/snui cos e\ 


e J 




I f ^ ; sin +f‘^ “ 2efy>) _ , 


Bill e 

e 


1 V(e‘-*+/“-2c/g,) 

Wlien B and F are intm’changed, the same integral is seen to be propor- 
tional to ain J'/f, a,nd may therefore be eipiated to 

, /Sintfsin/' 

" c " 7 ’ 

whei’c A^' is now an absohit,e consta,nt, whose va.hie is determined to be unity 
l)y putting c, or /’ (M|ual to zm'o. We may tlierefore W'rite 


1 r' ’ 7 «iD ■— 2efjM) _ sin e sin/’ 

2 J I ' V («•*’ - 2ef'y) e / 

As in the case of l,wo dimensions, similar reasoning shows that 

I /■ ' ’ , cos \/(c” -f 2c;/’//,) sin c; cos /■ 

' (ifa • ’ — 


..(52) 


^ . , (58) 

provided e <: f. 

With a|>i)ropriato changes, we may now follow Kluyvers argument for 
tw'o dimensions. 'The same, diagram (Fig. 2) will serve, only the successive 
triangles a,r(; no longer limited to lie in one plane. Instead of the angles 6, 
we ha,ve now t.o di>al witli their cosines, of which all values are to be regarded 


Thfori/ of l^ound, § 330. 
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as equally probable. The probability that these cosines shall lie within the 
interval [j^ and H- dfXa, and fx, 2 -^d}x^, ... and 4- djxn—i is 

1 

1 - . . d[jjn—x, 

which is now to be integrated under the condition that the nth radius s„, shall 
be less than r. 

We begin with two stretches and Then, in the same notation as 
before, we have 

_P.j \ li , Z2) ~ 2 J" djjf, 

the integration being within such limits as make Sa < r, where 

4 —■ 2Z1Z2/U.. 

Hence, by introduction of the discontinuous function (51), 

sin s,yX sin rx — roc co^ rx 


dx 


s^x 


But by (52) 

1 r+i , sinso^ sin sin Z.>.u 


X 


2 r" 

and thus JP ^ (r ; 1^,1^ — — dx 

w .1 0 


^ 2 ^ h'^X l(^X 

“ sin rx — rx cos rx sin l^x sin t/x 


X 


Ly X J/i-^x> 


.(55) 


Thus 


A simpler form is available for dP<iJdr, since 

dr 

dP^ 2r 


(sin rx — rx cos rod) = rx^ sin rx. 
dx 


0 X 


sin rx sin l^x sin Zg.-r, 


.(56) 


dj') Vi j 

in which we replace the product of sines by means of 
4 sin rx sin liX sin l^x ~ sin (r 4 Z3 — Ij) x 

4 sin (r — Z2 4 ^i) x — sin (r 4 li) x — sin (r — L — li) x. 

If r, Z2, k are sides of a real triangle, any two of them togethe^r are in 
general greater than the third, and thus when the integration is effected l)_y 


the formula 


/: 


sin ti 


du = 4-7r, 


0 n 

we obtain three positive and one negative term. Finally 

dPs _ r 
dr 

in agreement with (47). The expression is applicable only when the triangl 
is possible. In the contrary case we find dPjdr equal to ziero when r is less 
than the difference and greater than the sum of k and 


e 
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This argument must appear very roundabout, if the object were merely 
to obtain the result for n = 2. The advantage is that it admits of easy 
extension to the general value of n. To this end we take the last stretch 
and the immediately preceding radius Sn-x in place of and respectively, 
and then repeat the operation with Sn~«, and so on, until we reach l^. and 
*'i(= ^i)- Tke result is evidently 

(sr) 

or if we suppose, as for the future we shall do, that the ^’s are all equal, 

7 j , 2 r” , sin ra; — cos ?vr /sin 

0 = clx ^ (58) 

This is the chance that the resultant is less than r. For the chance that 
the resultant lies between r and r + dr, we have, as the coefficient of cZr, 


^ 2-7 

n ^ ^ 


dr TrZ'^Jn x‘^~^ 


dx . . , 

- sin rx sin'"' lx. 


.(59) 


Let us now consider tlic; particular case of n = S, when 

dl^:f 2r r" dx . 7 


d r J 0 x'-^ 


sin rx sin’* lx. 


.(60) 


In tills we have 


sin rx sin” /a* = ^ {3 cos ('/' — Z) x — S cos (r + 1) x — cos (r — 3/) x -}- cos {r + SI) a.]. 
/■"” dx 

And I - {cos ('7' — ir ~ cos (r 4- ir;} 

J 0 w 

r"° dx ( . .. (»• + Z) X . {r — 1) ip] 

“ 2 r 1 sirr - - — sin- - ^ 


J 0 X- 


= |7r {?• + ~ 1 r — Z |}; 

and in like manner for the second pair of cosines. 


Thus 


dr 8 / 


^^|2r--3|r-^| + |r-3<!j} (61) 


exjiressc's the complete soliition. When 

r < I, dFxildr — 7-“/2//”, 

3Z > r > I, dl\jdr = {Sir - r-)l4>V\ 
r>Sl, d,F:,/(A- = 0. 

It will be observed that dl^.^jdr is itself continuous ; but the next derivative 
changes suddenly at r = I and r = SI from one finite value to another. 

Next take n —4. From (59) 

dP^ 2r r“® dx . . , , 

V “ = I sin 7'x sirr lx, 

dr Trr J o rir 


0 
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/IdTA 2 f°° dec . . 

dr^ \r dr J ’ttL* J q x 

A f ^ [sin. (r + 41) x + sin (r — 41) x 
07TX J 0 X 

4 sin (r 4- 2^) x — 4 sin (r — 21) x + G sin 'rx] 
: i [1 + 1 -4 + 4 +6) = i (3 ± 1 T 4}. 


= r^T^l ± 1 -4 T 4 +6)= 13 ± 1 + 4} 


the alternatives depending upon the signs of r — 41 and r — 2l. 


When 


< 2L - 161^ 


/I dP. 


4l>r>2l, -IGl^ 


dP \r dr 

d^ /I dP^ 


= - 2 . 


d7'^Vr dr ) 

and when r > 41, the value is zero. In no case can the value he infinite, from 
which we may infer that 

d /I cZPA , 1 

dr Vr ~dF) r ~dr~ 

must he continuous throughout. 

From these data we can determine the form of dP^/dr, working backwards 
from the large value of r, where all derivatives vanish. 

(2Z > r) - lei-* ~ = 6 (r - 21) + 4Z = (>)• -SI, 


giving continuity at r = 41 and r = 2,1. Again 


1 dP 

<■41 >r >21) 

\ / r dr 


1 dP 


(P^~13P) + Sl (r-4Z) 
(r — 41Y, 


(21 > r) - lU* ^ = 3 (r^ - 4¥) - SI (r -21)- 4l~ 

— SP — Sri. 

dPi . r^(SZ — 3r) . . \ 

Finally =4.7rr*-(^4(^* ; 0 = — ^ peP O' < 21) j 


r (4/ — ry 

iw 


(41 > r > 21) 


.(62) 


and vanishes, of course, when r > 4L 

From (61), (62) we may verify Pearson’s i-elation*, </) 4 ,(o ; 1) = (p.,t(l', 0- 

[* This implies that Pearson’s relation (p. 610) holds for three dimensions. Wo have in fact , 
for flights in three dimensioaa, 

^n+i (^’ ; 0 = i J^4>n d -t- - 2ri cos 6 ; 1) sin 0 <1 6, 

whence {o', l) = (pn{^ d)- W. E. S.] 
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From these examples the procedure will be understood. When n is even, 
we ditFereiitiate (59) {n — 2) times, thus obtaining 

^n-2 cZP,^^ , ^ 2 dco . .. 

J sin rcc sin’*' lx, (63) 


dr 




d7' 


n 2 


in which sin”'te is replaced by the series containing cos nix, cos(n — 2) lx, ... 
and ending with a constant term. When this is multiplied by sin ?-a 7 , we 
get sines of (r + nV) x, (r ± (n — 2) 1] x, ... sin ra, and the integration can be 
effected. Over the various ranges of 21 the values are constant, but they 
change discontinuously when r is an ev&n multiple of 1. The actual forms 
for dPnjd^' can then be found, as already exemplified, by working backwards 
from 7 ^>nl, where all derivatives vanish, and so determining the constants of 
integration as to maintain continuity throughout. These forms are in all 
cases algebraic. 

When n is odd, we differentiate ( 71 . — 3) times, thus obtaining a form 
similar to (60) where n = 3. A similar procedure then shows that the result 
assumes constant values over finite ranges with discontinuities”^ when r is an 
odd multiple of 1. On integration the forms for dPnIdr are again algebraic. 

I have carried out the detailed calculation for n = 6. It will suffice to 
record the principal results. For the values of 


d* / I dP 
— 2H^ ~ ( -- 
"" d7’“‘ V?" d7' 

we find for the various ranges : 

(r<20. -20; (2l<r<4l), -plO 

(4^ < r < 60, - 2 ; (61 < r), 0. 

And on integration for 


6/r' + 30/,=‘r‘'‘ - 56Pr 4* 20^, 



- 2 "^'' ( 

(0 - 20 

\ 

4 - 4‘l7'-' 

(> 

(2i - 40 

1 

+ 

(4/ - (i/)t 

- ^ * + 217'^ 
12 

(,■ > (iZ) 

0. 


[* Tliere ar(», bowcsver, no diHcoutinuitien in the value of 


/IdP, 


/I 

[rlirj’ 


since the integrals 


. ,(r f , „ { r - fn - 2) / 1 ^ ^ 

I Bin- ' , I ,, Bin- , etc,, which appear m the roBult when n is odd, 

J 0 .r- J I 0 2 

are contdnnons for all values of r (cf. thei solution for on p. 621).. 

i" The result for (4/ (>/) may ho written - And in general, when (a- - 2) l<r'<,nly 

WG find that 2^*^*-^;^ whether n ho even or odd, W. 1^. S.] 
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"We may now seek the form approximated to when n is very great, 
for brevity Z = 1 in (59), we have 


Setting 


log (^)’‘ = « 1 + A,*. + , 


where 

and 

so that 




Aft — 


/smai 

V CG 


ISO’ 35. SI’ 

) n 

— {1 -f 4- nhgX^ 4- 4- - • j 


.(65) 


1 dJP^i 


r dr 


9 r‘“ 

= — xdx sinrire~”^“''®(l 4- nh^x'^ 4- nh^x^ + . ..(66) 

TT J 0 


The expression for the principal term is a known definite integral, and we 
obtain for it 

dPn 3 -v/B . 


dr 


2?l 


\j'jr . 


.(67) 


which may be regarded as the approximate value when n is very large. To 
restore I, we have merely to write rjl for r throughout. 

In pursuing the approximation we have to consider the relative order of 
the various terms. Taking ntP as standard, so that £c^ is regarded as of the 
order Ijn, nx^ is of order n~'^ and is omitted. But is of order '/i~“ and is 
retained. The terms written down in (66) thus suffice for an approximation 
to the order n~‘ inclusive. 


The evaluation of the auxiliary terms in (66) can be effected by differ- 
entiating the principal term with respect to n. Each such differentiation 
brings in — xrj 6 as a factor, and thus four operations suffice for the inclusion 
of the term containing os®. We get 


dPn sve.r® 


dr 

where 

Finally 


\/7r . 


N 4- nh 4 , . 6- -T“ — n/«.(i . 6'* -j-r. -f t • 6 r 7 
dn- d'rd dn-^ 


iV = 72, 3rV2»P_ 


\Jtt . P . 1 SO-H, V nP‘ rtHv 

1 f29 69r^ 981r^ 1341r« Slr«M 

40^^ V 4 nl^ IOjW-* 35w¥ j ' ‘ ' 

Here dPnjdr .dr is the chance that the resultant of a large number n of 
flights shall lie between r and r 4 dr. In Pearson’s notation, 

= dPn Jdr. 

The maximum value of the principal term (67) occurs when r/Z= ^/{2nj3). 
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It is some check upon the formuljB to compare the exact results for n — 6 
in (64) with those derived for the case of n great in (70), although with such 
a moderate value of n no precise agreement could be expected. The following 
table gives the numerical results for IdP^ldr in the two cases : 


TABLE II. 

n = 6. 


rjl 

From (61) 

From (70) 

0 

■2b00ryi^ 

■24:83 

■5 ... 

■05900 

•05886 

1 

C} 

•2005 

•2007 

.31 /{O 

3 

<^4 1 V) / 

•2930 

i, v>« 3 

•2922 

4 

•0833 

•1055 

5 

•oo()r»2 

•00716 

6 

•00000 



So far as the principal term in (70) is concerned, the maximum value 
occurs when ■?■/ L — 2,. 

It will be seen that the agreement of the two formuhe is in fact very good, 
so long as rjl d()e.s not much exceed As the maximum value of rfl for 

wliich the true result differs from zero, is a|)proachod, the agreement neces- 
sarily falls otf. Ihjyond rfl = n, when the true value is zero, (70) yields finite, 
though sma.ll, values. 


P.S. March 3rd. — In (45) we have the expression for the probability of a 
resultant (r) when a la.rge iiumber (w.) of isoperiotlic vibrations are combined, 
wliosc represontativtj points a, re distributed at random along the circumference 
of a circle of ra,dius I, so tha,t the component amplitudes are all equal. It is of 
interest to extend the in vestigation to cover tlio cases of a number of groups in 
which the amplitudes arc^ different, say a group of components of amplitude 
/i, a grouj) c<»ntaining po of a.mplitnde 1., and so on to any number of groups, 
])ut always undm- tin*, restriction that every p is very large. The total mimber 
iSp) may still be denoted by n. The result will be applied to a case where 
the number of groups is infinite, the reprexsentative points of the components 
beirux dist.ributed a,t I'andora over the areci of circle of radius .Z/. "We start 
from (31), now taking the form 


rjD 

xdx»1 0 (?vr) \tT I) (^t'c)] (»Z()(^i3 

0 

* Idle derivation of the limiting form procc'.eds as before, where only one I 
was considered. Writing .Vj = av — titc., wo have 


logC(,/„(^,.X-)}’M'^o(L.'^-)]^“---] 


a. 




af' ^ 


16 


/S‘^\ _ /6"‘\ 

72 " \jpV 


B. VI. 


40 
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and thus 

2‘7r6^i (r^) — f xdxJ^ {rx) (®) 

J 0 


_ T 
16^ \p. 


72 \p 

As before, the leading term on the right is 

-^1 ^ 


^ fs\ ^ fs 

^ Uv 612 r 


,2\^ 2 


V 


...(72) 


1 e-l>-Y2W (73) 


(s) 

and the other integrals can be derived from it by differentiations with respect 
to 2 (s). So far as the first two terms mcliisive, we find 


27 r <l>n (r^) = ^ 1 


M^lp)f 2 


2,-2 




Y 


,...(74) 


2(s) (- 4 (,(S(s)}* ISTsTp’^ffSWV, 

from which we may fallback upon (45) by dropping the 2 and making j) = w. 
In general % (p) — 7i. The approximation conld be pursued. 

Let us now suppose that the representative points are distributed over 
the area of a circle of radius L, all infinitesimal equal areas being equally 
probable. Of the total n the number (p) which fall between I and I + dl 
should be n,,(2ldlJL^), and thus 

2(s) = J2(piO= = 


nij 


2 (s'/p) = iS (pp) = m = — 

Introducing these values in (74), we get 


.(76) 


27r<^>^(r‘-*) = -^^- jl 


_2 / ^ ^ 2r^ 


■av) 




A similar extension may be made in the problem where the component 
vectors are drawn in three dimensions. 


* The applicability of the second term (in 1/n) to the case of an entirely randoui distribution 
over the area of the circle L is not over secure. 
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ON THE RESULTANT OF A NUMBER OF UNIT VIBRATIONS, 
WHOSE PHASES ARE AT RANDOM OVER A RANGE NOT 
LIMITED TO AN INTEGRAL NUMBER OF PERIODS. 

[Philosopldad Magamie, Vol xxxvii. pp. 498—515, 1919.] 


•amnlt 


.( 1 ) 


A NUMBER ('/!,) of points is distributed at random on a straight line of 
length a. When 7i is very great, the centre of gravity of the points tends to 
coincidence with the middle point of the line, which is taken as origin of 
coordinates. What is the probability that the error of position, that is its 
deviation from the origin, lies between x and x + dx ? 

Divide the length a into a large odd number (2.s- + 1) of parts, each equal 
to h. Till', nuniber of points to Ixi e.xp(:‘,cted on each h is iihld. This expecta- 
tion would be fulfilled in th(5 mean of a large number of independent trials, 
but in a single trial it is sulqect to error. If the actual number he nh/a + 
the chance that f lic'.s between f and f is by Bernoulli’s theorem 

V(27r/;/Vn) 

in which it is jissumed tluit while h/a is very small, nhja is nevertlieless very 
great*. In the langna,g(! of the Tluiory of Errors, the modulus, proportional 
to “ probable error,” i‘S a/(2/(6/o,). 

Tlie points whicli fall on any small part b maybe treated as acting at the 
middle (»f tlu! part. For instance, tliose which fall on the |)art which includes 
the origin are supposed to ac.l. at i.lie origin and so make no contribution to 
the sum of the moments; while on other parts the moment is proportional 
to the distance between the middle of the part and the origin. Thus if 

^-8 1 2) ••• f-i) Is 

be the valiK^s of the various f’s, tin? coordinate x of the centre of gravity is 
given by 

, . ^ (|i ■” l-i) + 25 - l-a) + - .• + d) /2v 

n + |.-« + + ...+!« 

* Compare Phil Mag. Vol. xuvii. p. 24C (1899) ; tidentijic Papers, Vol. iv. p. 370. 

40—2 
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If tlie whole number of the points be n exactly, the sum of the f’s in the 
denominator of (2) must vanish exactly; but if we assume this beforehand, 
the various |^’s are not independent, as is required by the rules of the Theory 
of Errors. We may evade the difficulty by supposing; the -value of ^ on any 
part to he the result of an independent distribution of n points over the whole 
length. The total of the |^’s is then not necessarily zero, but if we select those 
cases in which the totalis zero, or nearly enough zero, the original requirement 
is fulfilled. In point of fact no selection is required, inasmuch as the probable 
error of the sum of ^’s is a/(2-s + 1) times the probable error of each and 
therefore proportional to \/(25 -+■ 1) . A/(27?2>/a), or V(2n), so that no error of 
which there is a finite probability is comparable with n. We may accordingly 
take (2) in the simplified form 

^~n ~ ^ (^2 — 1 ^— 2 ) + . . • H- 5 (^s — I -C^) 


and the (modulus)^ for the composite error cc is given by 

Mod^^r 26 ^.-,„ 

Mbd^f ~ ... 4-S'). 

For our purpose the sum of the series may be identified with / s'^ds, or 5^/3, 

J 0 

or if we prefer it, (2s + 1)3/24, that is and thus 


IMod^ for x= a^jQn, (4) 

s, as well as n, being regarded as infinitely great. 

The probability of an error between x and x - 1 - dx in the position of the 
centre of gravity of the n points is accordingly 

\/ (^^ (5)> 


showing in what manner the probability of a finite x becomes infinitely small 
as n increases without limit. 


The method hitherto employed requires that the total number (?^) of 
points he very great. It is of interest also to inquire what are the various 
probabilities when n is small or moderate. In dealing with this problem it 
seems more convenient to reckon the distances from one end of the line a, 
and to calculate in the first instance the chances for the sum (cr) of the 
distances. W e take (cr) d(j[ a to represent the chance that for n points 
this sum lies between a- and o--fdcr, and we commence with a sequence 
formula connecting with <Pn- If for the moment we suppose known 
and consider the inclusion of an additional point, we see that 

4>n+i(o-) = j 4>n{cr)dcrla ( 6 ) 

J (T-Cl 

By means of (6) the various functions may be built up in order. 
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We start from This is zero, unless 0<cr< a, and then is unity. 

Hence between 0 and a 

02 (cr) = I cf>i{cr) d(Tfa= a-ja. 

J 0 

If (T lies between a and 2 a, 

02 (cr) = [ 01 (<^) da-/ a = . 

Thus 

02(cr)==O, (cr<0); (j>.2(a-) = cr/a, (0 < o- < a) ; ] 

(cr) = ( 2 a — cr)/a, (a< cr < 2 a) ; 02 (a) = 0 , ( 2 a < cr) J 

by which 02 is completely determined ; and it will be seen that there is no 
breach of continuity in the values of 02 itself at the critical places. These 
values are symmetrical on the two sides of a — a, and can be represented on 
a diagram by two straight lines passing through cr — 0 and cr= 2 a, and meeting 
at cr — a. (See Fig. 1.) 

In like manner we can deduce 02 from 0a. If cr < 0, 03 == 0, and indeed 
generally <p,i = 0. If 0 < cr < a. 

If a < <T < 2 a; 

. . /*“ adcr , f^’' 2 a — cr 

02 (<t) = I y +1 2 — ( 2^*^ "h dao* a-)/ a . 

J (T—a J a 

From tlio symmetry it follows tha,t when 2 a < a < Sa, 

02 (cr) = (8(Y. — cr)‘-^/2a‘^. 

When a- > rlo., 02 (cr) = 0. 

It may Ix' remarked that in tins ca,se not only is 02 continuous, but also 
the first (kirivative ''I'he i-epr<>senta,tive curves for all three portions are 

parabelic. Tin? maximum of c/ia, occurring at a—‘la/ 2 , is . 

lliese. pi-ol)lems miglit also be ati.ackcxl in another a,nd peiliaps more 
ilirect manner by expressing tlie probabilities as multiple definite integrals. 
Thus in tlii' case of two point.s 1-lie chance of distances x a,nd '// inim the 
clmsen imd is dxdi//(i:\ a,nd wha.t \v(^ rerpiire is the integral of this taken 
IxvtiVVUH'n tlu' |)ro|)ei‘ limits, it w<' tprc'at x and i/ as rectia.ngular cooidin«ites oi 
a point lying witlrin tins s(piare who, sc .side is a., the probability we seek is 
rej»rcsenlied by tin? lengtli of l-he line within the s<piare which is drawn 
peT-pendieular to tin? diagonal t.lirough tin? origin, cr itself corresponding to 
the ][:)osition of the lirn? as m(?a,sured along tin? diagonal*. 

For tln'(?(? points wc? have to consid<‘r a cuba (d side cf-, when the chance is 
repres(?nt,ed in like manner by the area within the cube of a plane drawn 
p(?r]>endicvd<irrly to the diagomil through tlie origin. At first, that is neai, the 
[* = X HhorteHt dirttanco of the line from tlie oviKin. For the cube (next imragraph of text) 

o- = Ndi X Hliortewt diatance of tlio area from the origin. W. F. S. J 
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origin, the area is triangular and increases as cr^; afterwards it becomes 
hexagonal, and after passing through the form of a regular hexagon, when 
its area is a maximum, returns backwards through the same phases. 

The calculations by the sequence formula present no difficulty of principle. 
When -n = 4, I find 

(0 < cr < a), <f>i (cr) = cr^jQa ^ ; 

(a < cr < 2a), ^4 (cr) = {cr® — 4 (cr — a)®}/6a® ; 

when 2a < cr < 4a, the above values are repeated symmetrically. In this case 
there is no discontinuity either in (jf> 4 , or or When <r = 2a, that is in 

the middle of the range, 

~ ■§•» 4^i — 0. 

The calculations might be pursued to higher values of n without much 
trouble. In all cases there is symmetry with respect to the middle of the 
range. The functions c^^ are algebraic and rise in degree by a unit at each 
step. At the beginning of the range (^,^.1 (cr) == (cr/ayya !, so that the contact 
at both ends of the representative curves with the line of abscissEB becomes 
of high order. 

Again, since cr must lie somewhere between 0 and ?ia, we must have 

7ta 

cf>n(<r)dcrla = 1 ; ( 8 ) 

0 

from the above expressions we may test this in the cases of n = 2, 3, 4. 

A plot of the curves for these cases is given in Fig. 1. The ordinate 
represents <p (cr) and the abscissa represents cr itself with a taken as unity, so 
that the area of each curve is unity. 


O / O / 2 3 ^ 

n=z/ n - ^ 




In order to pass from these curves in which cr is the siooti of the distances 
from one end to the representative curves for the mecin distance, which must 
lie between 0 and a, we have merely to reduce the scale of the abscissm in 
the ratio n : 1, and to increase the scale of the ordinates in the same ratio, so 
that the area is preserved. For instance, when n = 4, the middle ordinate 
will be increased from f to f . 
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The sequence formula (6) serves well enough for the derivation of the 
facility curves appropriate to moderate values of n, but it does not lend itself 
readily to examination of the passage towards the final form w'^hen n is great. 
This purpose is better attained by an adaptation of a remarkable method due 
to Laplace*, and employed by him and by Airy]' for the derivation of the 
usual exponential formula for the facility of error. Here again it will be the 
sum of the distances of the points, now reckoned from the middle of the line, 
that we consider in the first instance. 


The distances, instead of being continuously distributed, are supposed to 
be limited to definite values, all equally probable, 

— sh, (—5 + 1)6, (- 5 + 2) 6, ... — 6, 0, 6, 26, ... sh, 

where 2.^6 = a, and ultimately .9 will be made infinite. The question is — 
What is the chance that the sum of the distances of n points shall be equal 
to lb, where I is a pijsitive or negative integer ? On examination it appears 
that the combination follows the same laws “ as the addition of indices in 
the successive multiplications of the polynomial 

Q-mO ^ ^ q. gUs— i)fl q. g*0 


by itself, supposing the operation repeated n - 1 times. And therefore the 
number of combinations re(|uired will be the coefficient of (which is also 
the same as the coefficient of in the expansion of 

■ q g“''(K-i)0 q __ q q 

“ The numl)er of condnnations required is therefore the same as the term 
independent of 6 in the expansion of 

q q Q-iM-i)9 q ... q gi(»-i)0 q g*0jM 

or the same iis the term independent of when 

cos W (1 + 2 cos ^ + 2 cos 2d + . .. + 2 cos sd]"' 

is expanded and arranged according to cosines of multiples of d. By summing 
the series and application of Fourier’s theorem this term is found to be 


i f’c« W 


pn i Ci' + 1) I’O 

( sm |d j 



This is the number of combinations which gives rise to a sum equal to I, 
and in order to obtain the probability of I it must bo divided by the whole 
number of coml)inations ecpially jn'obable, that is (2s + 1)"'. What we have 
to consider is accordingly the value of 


1 

TT (2.9 + 1) '* 



W 


(sin I (2.9 + 1) d] ” , . 
I ■ sin |d"“ J 


( 10 ) 


* See Todlmntor’a llistorii of the Theorij of P robtibility , p. .521. 

t Theory of B'/rrorr of Obnervatiom, Macmillan, 18(51, p. 8. In a comparison of the present 
notation with that of Laplace and Airy, the symbols n and k will be seen to bo interchanged. 
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In their discussion, Laplace and Airy regard 'both n and s as infinite. 
Here it is proposed to make s infinite, so as to attain a continuous distribu- 
tion of the points, hut without limitation upon the value of n, which may be 
any integer. If, as before, <t denote the sum of the distances, 

cr — lb — la/2s. 


When s is very great, sin s6 alternates with great rapidity, so that the 
integral conies to depend upon that part of the range where 6 is very small. 
We may then replace sin ^<9 by ^6, and taking n/r = (9^, we find 


1 

— cos 
sttI 0 


2cr-\jr sin”' '\p' 
a 


d-yjr 


( 11 ) 


as the equivalent of (10) when s becomes infinite. This is the probability 
which attaches to a single integral value of I, or to a change dcr, where 
dcr = a/.2s. Thus the probability that cr lies bet'ween a- and cr +■ da- may be 
written 


2da- 
aTT Jo 


cos 


2<T'\|r sin” -yfr 

a 




( 12 ) 


which is the required result for a continuous distribution and is applicable to 
any value of n.. In our former notation, 




r CO 


TT Jo 


cos 


2a-\fr sin” -ijr 
a 


d-xjr, 


(13) 


in which, however, cr now represents the sum of the distances from the centre 
of the line, instead of from one enc? of it. 


If n = 1, (13) reduces to 


w J 0 


sin (1 -H 2cr/a) -f sin (1 — 2cr/a) -xfr 


d^r, 


0 

which is unity when cr lies between ±\(l, but otherwise vanishes. 


Again, if w = 2, we find that <^ 2 ^ (cr) = ± 1/a, if cr lies between ± a, and 
otherwise vanishes, and so on. 


More generally, the sequence formula may be deduced from (13), hut to 
obtain it in the original form (6), where the distances are measured from the 
end of the line, we must write cr — ^na for <r in (13). Then we have 


2 

TT 


f” 2-f sin>* . , 

j 0 J — dird,./a. 


in which 


C<r 2"Jr 

cos (cr — I'U.a) d> 

J cr^a ^ 

so that (6) is verified. 


2 -\lr ( ■n -f 1 \ sin iZr 

a- = a cos — ^ cr — a . — ^ , 

a \ 2 / ip' 
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We may now examine the form assumed by <pn in (13), when n is very 
lai’ge. The process is almost the same as that followed in a recent paper*. 
By taking logarithms we find 


sin'"' •x//' 


. 1^1 4- 4- (14^) 

A.,= -odoT ( 15 ) 


where 

Retaining for the moment only the leading term, we get 

r /YT 

<f>H (o') dcr/a = — "• I cos (2cr'\|r/a) 

Cl nr J Q 

— /^/(G/^i.Tr) 6“ cZcr/a (Id) 

In comparing this with. (5), we must observe that there oc denotes the 
mean of the distances of which <r is the sum, so that cr — nx, and thus the 
two results are in agreement. 

If we denote the leading term in Tt>y d>, we obtain from (13) and (11) 




clnr 


/ ... r , ,, , _ 14/ 'il' 

<> "/'» + i ,,-T . ■ 


...(17) 


by means of which the appro xiimition in powers of l.//i can be pursued. The 
terms written would stiffice for a result correct to l/'a." inclusive, luit wc may 
content ourselves with the term whicli is of l.he order '\.jn in comparison with 
the leading term. We have 


<1> 


rZ-><r> 

dn~ 


6 

V(‘^7r 


y Cl) 

.M .. (3 IK 

0 ( nr-j u a ^ J _ 


1* 


a~ 3f)cr9 
— h r 


and accordingly 



() 

mr 


- itir'-'ind 


f 

i 


3 f l Gcr'-^ 12a-‘\) 

' “ball - + 7r«/01 ^ ^ 


Here 0„, (<t) f/cr/a (‘xpresK<.^s tlie ] )roba,bi 1 i ty tliat tlie sum of the distances, 
measured from t.he cent.re of the line, shall lie lietween cr and cr + dcr. 

In tm-ms of the mea,n (a') of tlie dista.nces, we should ha,ve 

fra 






(iivf Cl 


,.(19) 


3 /I _ ()/(.«“ 12a;“.'ir‘'' 

5'iif- \4i a*" ^ fd 

as the Y)rol)ability tliat x sliall lie betweem a; and x •+■ dx. It should be 
observed that in virtue of the exponential factor only moderate values of 
nx^lct- need considerati on. 


* Fkil. Mag. Vol. xxxvri. p. 344 (1910), equations (65), (GO), etc. [This Volume, p. 624.] 
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As a check upon (19) we may verify that it becomes unity when integrated 
with respect to x between — co and +■ oo . Starting from 


y©/ 


4- x 




dx 


and dififerentiating- with respect to u, we get 


2i6*‘ r+" 

7j-^ i — oo 

5 


afe-^i^-dx = 1 , 


( x‘^e~‘^'‘'^^dx —1. 

J — CO 


4iU^ r+co 

and differentiating again — r 

^ ^ STri 

Using these integrals in (19) with cl — 1, u~6n, the required verification 
follows. 

The ahove verification suggests a remark which may have a somewhat 
wide application. In many cases we can foresee that a facility function will 
have a form such as Ae~'^^^dx, and then, since 

r+oo 

A = 1, 


— CO 


it follows that A = According to this law, the expectation of x is 

zero, but the expectation of is finite. If we know this latter expectation, 
we may use the knowledge to determine zt. For 

Expectation of iZ!® = 2 A/(zi/7r) [ — If^u. 

Jo 

We may take an example from the problem, just considered, of the position 
of the centre of gravity of points distributed along a line. If .•»!, x^, ... Xn be 
the coordinates of these points reckoned from the middle and x that of the 
centre of gravity, 

Mean x^= fff dxn (xj + x^ -h . . . -i- x,J)- 

JJJ 

the integrations being in each case from — to +-|-a. Taking fir.st the 
integration with respect to Xn, we find that 

q 2 

Mean x^= + corresponding expression with Xn omitted, 

so that Mean x^ = ayi2n. 

Accordingly u = Qnja?, as in (19). 

A similar argument might be employed for the law of facility of various 
resultants {r) of n unit vibrations with phases entirely arbitrary, starting 
with Ae-’^^'Vdr, and assuming that the mean value of is n. 

My principal aim in attacking the above problem was an introduction to 
the question of xaudom vibrations when the phases of the unit components 
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are distributed along a circular arc not constituting an entire circle. When 
the circle is complete the solution has already been given*, and the same 
solution obviously applies when the circular arc covers any number of complete 
revolutions. All phases of the resultant are then equally probable, and the 
only question relates to the probability of various amplitudes, or intensities. 
But if the arc over wliich the representative points are distributed is not a 
multiple of ^tt, all values of the resultant phase are not equally probable and 
the question is in many respects more complicated. 

There is an obvious relation between the question of the resultant of 
random vibrations and that of the- position of tlie centre of gravity of the 
representative points of the components. For if B denote the phase of a unit 
conqionont, the intensity of the resultant is given by 

cos 61)“ +(5: sin 

If we supj)ose unit masses placed at angles 9 round the circular arc of 
radius unity, the n'ctangiilar coordinates of the centre of gravity are 

it = cos y — (S sin $)j'ri ; 

jxnd r, ttie distancax of the centre of gravity from tlie centre of the circle, is 
related t.o R according to r — Rjii. And in like manner tlie phase of the 
nxsultant corrcs|)onds with the angular position of the centj’o of gravity. 

''.riu! a.na,logy suggests that a mechanical arrangement might bo employed 
to cjfh'ct vector addition. A disk, supported after the manner of a compass- 
cai’d, would carry tlie loads, and the resulting defle.vion from the horizontal 
would be determined by mirror reading. Perhaps tlierc would be a difficulty 
in securing ade<{uate delicacy. 

To return to the theoretical (piestion, if we suppose the circular arc to be 
very small, we see that the probability of various |)hases of the resultant, 
witliin tlie narrow limits imposed, follows the laws determined for the centre 
of gravity of |)ointH distributed at random along a, straight line. In this 
case the amjilitude. of the resultant is n to a high degree of approximation, 
n being the number of unit components. 

But wlien tlie circular arc (a) is so largo that sin a deviates appreciably 
from a, the (piestion is materially altered. We may, however, frame an 
argument on the linos followed in c(piations (1) and (2). Thus with a 
replacang a. and (3 replacing b, we liave for the resultant whose amplitude is 
H and pliase ( reckoned from the middle) 0, 

R sin (d = sin j3 — ^-i) +■ sin 2/3,. — |^_ 2 ) + . . . + sin sf3 . . . .(20) 

R cos C( )S /9 . -|- . . . -p cos ^ -p (21) 

» Phil. Mill/. Vol. X. p. 73 (1880); Scientific Pcipen, Vol. i. p. 401. See also Phil. Muq. 
VoL xKxvn, p, H21 (1915))- [Thin Volume, p- 604.] 
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Here @ is a small angle, whose probability is under consideration, hut JR, 
is in general large and may then he reckoned as if the distribution were 
uniform. Thus 

jR=^ cos/9d/S = (2n/a)sm-t}a, (22) 

a j 0 


O = 


2% sin i- a 


(sin /3 (f, - f_i) H- . .. + sin (f, - 


.(23) 


.(24) 


By the rules of the Theory of Errors, we have 
Mod^ (H) 

^ ^ {sin^ /6 + sin^ 2/3 4- .. . + sin^ s/S} (24) 

In (24) Mod® f = 2n/3/a, as before, and the series of (sin)^ may be replaced by 

sin a 

rni i\/r„j 9 /cv a (a sin a) /ok\ 


a — sin a 


Thus 


Mod® @ 


4?^ sin® ^ a 


.(25) 


If a is small, this reduces to a®/6n, as in (4). If ol — tt, that is if the 
distribution be over a semicircle, we get ir^/^n. If we make a = ‘‘Itt in (25), 
the result is indeterminate, since, although sin:^c(= 0, 7i is infinite. There is 
a like indeterminateness when a is any multiple of Stt, and this was to be 
expected. When the are of distribution consists of entire revolutions, the 
phase of the resultant is arbitrary. But if the arc differs, even a little, from 
an integral number of revolutions, there is a definite phase favoured for the 
resultant, and Mod^ @ diminishes as n increases. 


The case where the arc consists of entire revolutions is exceptional also 
as regards the amplitude, or intensity, of the resultant. As we know, in that 
case no definite value is approached, however great oi may be, and the 
expectatio7% of intensity is ??.. But if there be a fractional part of a revolution 
outstanding, the intensity does tend to a definite value, that naonely which 
corresponds to a uniform distribution over the arc, and this value is pro- 
portional to the square of n. 

We may go further and calculate what exactly is the expectation of 
intensity. We have to evaluate 


dOdB'dd" 


a a OL 


. . . [(cos 6 -H cos 9'+ cos 0''+ . ..)- + (sin ^-4- sin 6' +-sin 4 . ..)- 


= i IJJ... ddd&de'' ... [72 4 2 cos (^-6>') 

4 2cos(^-^") 4 ... 4 2cos(<9'-<9") 4 ...]. ■.-(2(5) 

the integration being in each case from — |-a to 4 | a. Taking first the 
integration with respect to 6, we have 

1 f “f Ja 

d6'[n. 4 2 cos (9-^') + 2 cos (9 -9") 4 ... 4 2 cos (9' - 9')-+ ...] 
= 4a“®- sin 4 a [cos 9' 4 cos 4 .. .} 4 w 4 2 cos (9' — 9") 4 — 
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On continuing the integration the first part yields finally 

8 {n — 1) a~“ sin^ -la ; 

while the remaining parts give the original terms over again with omission 
of those containing d. Thus 

Expectation of intensity = n + 8 a"*-* sin*^ a [w — 1 + — 2 + — 3 + . . . + 1 } 

= n + 4n (?? — 1 ) a“‘^ sin- (27) 

If a = 0, this becomes n‘^ as was to be expected. If a = 27 r, or any multiple 
of 27r, the expectation is n, as we knew. In general, when a becomes great, 
so as to include many complete revolutions, the importance of the part, 
decreases. In (27) n may have any integral value. 


In the case of ??. = 2, we may go further and find the expression for tl,ie' 
probability of a given amplitude (r) taken always positive, and phase (d).. 
The amplitude of the components is unity, and the phases, measured from 
the centre of the arc, (9^ and d.j. The probability that these phases shall lie 
between and dj + dd, , d., and 9,,+ dd^ is cr'^d.QidO^. We have now to- 
T-eplace tlie two variables 9., by r, 6, where 

r = 2 cos (di — 6.^, ^ (di ■+• d.j), 

or 6 1 — 9 ± cos“^ do = d + co.s“^ (•> '’^’)> 

, . dSy , d9, ± 1 d9, + 1 d9, 

making ^ ^ .. 


Accordingly 


ddxdd.^ __ ±2dQdr 

or c9 V(4 - ’■“) ' 



''rhe interchange of dj and 
may take 


do makes no difference to ?■ and d, so that we 


4<d9d/r 
d“ V(li) — ?■■“) 


(29) 


as the cliance that the amplitude of the resultant shall lie between r and 
7 * 4- dr and tlic j)hase between d and 0 + d9. In (29) a is supposed not to. 
exceed 27r. 


As a check, we nuiy revert to the case where a = 27r. ddie limits for d' 
are th(;n in(lei)endent of the value of 'r, and are taken to be -- tt and + tt. 
And 

4d7’ r^^dd __2 dr __ ^Tr^’dr 
\/(4 ~ 7--) J - „ a" TT V(4 — 7’-) TT-r — '/■".) 

represents the chance that r shall lie between ?• and r + dr independently of 
what d may be, in agreement with Pearson’s expression*. Integrating again 
with respect to r, we find 

2dr 


,) TT V(4 — 7’-) 


I, 


as should be, all cases being now covered. 


* Compare P//i7. Mafi. Vol. xxxvii. p. 3‘28 (1919), equation (21). [This Volume, p. 610.] 
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In the general case the limits for r and 6 are interdependent. Tlie 
possible range for 0 is from — to -l--|a (a < tt), but we requii’e the range 
when r is prescribed. In virtue of the symmetry it suffices to consider a 
positive 6, and we begin by supposing a less than tt, so that the extreme 
values of r are 2 cos ^ a and 2. We proceed to consider the relations by 
which the limiting values of r and 9 are connected. 

For a given (positive) 0 less than ^cc the upper limit of ?' is 2 and the 
lower limit is 2 cos a — d). When 0 >^cc, there are no corresponding values 
of r. In Fig. 2, where a is taken to be the shaded area gives the possible 
values of r corresponding to any 0, or conversely the values of 0 corresponding 
to a prescribed r. 


In order to find the chances of a given 0, we integrate with respect to r 
in (29). We find 


4id0 dr 4sd0 

Jscos (ja-0) ^(4 — r'-^) c0 ^ 


(31) 


as the chance that 0, if positive, lies between 0 and 0 + d0. If we integrate 
(31) again with respect to 6 between 0 and ^oc, we g’et the correct v'aliio, 
as there is an equal chance of 0 being negative. 


Again, in order to find the chance of a prescribed r, when 6 is free to vary, 
we have to integrate (29) first with respect to 0. Referring to Fig. 2, we see 
that when r < 2 cos (|a), there are no corresponding values of 9, and tliat 
when r lies between 2 cos (^a) and 2, the limits for 0 are 0 and A a - cos~i (| ;•)■ 
In the first case there is no possibility of r lying between /'and ■/'■+ d/*; in 
the second case the probability is 


^do' 
00 .v/(4 - 




(32) 


which must be doubled when we admit, as we must, negative value's of 0. 
If we integrate (32) as it stands again, with respect to r, we find the correct 
value, since 


We may regard (31) and (32) as the solution of the problem in the case 
where a < tt. 


4dr 

2 COS^a tt" d (4 — 


^ (ia ^cos-^ (^r)} 


When a>ir, 0 may lie outside the limits ± | a applicable to 0, and d, , 
and^ the question becomes more complicated. It appears that we irmst 
distinguish two cases under this head, (i) where tt < a < .S 7 r/ 2 , and (ii) vvhere 
3^/2 < a < 27r. 

First for 7r< a<:37r/2. Fig. 4, where a is supposed to he 5^/4. 

From d = 0 to 0 =^(a~7r), r ranges from 0 to 2. From 0=^ (a — ^r) to 
0==icc,r ranges from 2cob{^cc-0) to 2. At the lower and upper 
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limits coincide- From to <9 = Stt/S — -l-a, there are no corresponding; 

values of r. At tlie latter limit a zero value of r enters, and from 6 = 37r/2 — 
to ff — TTy r ranges from 0 to 2 cos (27r — ^-a — 

The whole range from ^ = 0 to 6 = 7 r thus divides itself into four parts. 
In the first part from <9 = 0 to ^ = -^(a— tt), we get as the chance of 0 
from (29) 

4cZ^ p dr _ 27rd6 (33) 

J 0 V(‘^ ~ 

In the second part from 0 = ^ (a — rr) to 0 = -^ a, the chance is 

For the third part, from 0 = -^a to 0 = 3-^/2 — -^a, there is no possibility. 

For the fourth part, from 0 =37r/2 — to ^ = tt, the chance for 0 is 

4ld0 /•2cos(27T-i-a-0) ^ SttX 

— ;r / -77-a——«\ = ~o~ [h^ -t- 0 ET" (do) 


.(33) 


.(34) 


a" Jo V(4-r2) ■ 2 / ' " 

If we integrate (33), (34), and (35) over the (positive) ranges to which 
they apply and add the results, we get the correct value, viz. I-. This pxirt 
of the question might he treated more simply without introducing r at all. 

We have next to consider what in this case, viz. rr < a< 37 rj 2 , are the 
probabilities of various r s when 0 is allowed to vary. When r is less than 
its value at 6 = tt, viz. 2 cos (tt — ^a), the corresponding range for 0 is made 
up of two parts, the first from 0 = 0 to 0 = ^a — cos“^(|r), and the second 
from 0 = 27 r— ^a — cos“^(-|-r) to 0 =7r, so that the whole range of 9 is 

\a— cos~^ (^r) + TT — [27r — |-a — cos~^ ('i'''^’)} = a ~ tt. 

Thus from r = 0 to r = 2 cos (tt— l-a) the chance of r lying between r and 
r + dr is 

4dr(a— tt) /o/^x 



When r lies between 2 cos (w — ^-a) and 2, the second part disappears and 
we have only the one range of 0, equal to — cos“^ ('^^')> that the chance 
of r lying between r and r +- dr is 

4dr (ig- cos-^ (|-r) | 

aV(4 - O ^ 

Expressions (36) and (37), obtained on the supposition that 6 is positive, 
are to he doubled when we allow for the equally admissible negative values 
of 9. 

When (36), (37), as they stand, are integrated over the ranges of r to 
which they apply and added, the sum is as it should be under the supposi- 
tions made. 


.(37) 
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It still remains to consider the case where 3'7r/2 < a< 27r. From 0 = 0 
to 0 = ^{a — nr), r (as before) ranges from 0 to 2. From ^ (a — tt) to 
0 = ^ (Stt — a), r I’anges from 2 cos a — ^) to 2. At this point (Fig. 6) a 
second range enters for r. From 0 = ^ (Stt — a) to ^ ^ a, the first range is, 

as before, from 2cos(^a— d) to 2, and the second range is from 0 to 
2 cos (27r — -l-a — d). Lastly, from 0 = ^a to 0 = tt, the first range of r dis- 
appears, while the second continues to be from 0 to 2 cos (27r — 

The probabilities of various ^’s being positive and lying within specified 
ranges can be obtained as before. For the range from 0 = 0 to 0 = ^ (a — tt) 
we get the expression (33), and fi'om 0 = ^ (a — nr) to 0 = ^ (Stt — a) we get 
(34). For the third range from 0 = ^ (Stt — a) to 0 = ^a, we get 


4sd0 




T + r 

UHooBiia-e) Jo 


2 cos ( 2 ir— ia— 0 )' 


dr _^d0f SttN 

■V(4->) a" 2 7’ •••(SS) 


and from d = ^ a to 0 = tt, 


4fd0 (27r-^a — 0) 

Jo 



(39) 


If the integrations with respect to 0 are effected over the appropriate 
ranges and the results added, we get | , as was to be expected. 

Finally, for the probabilities of various rs when 0 is left open, we get for 
?• between 0 and 2 cos (tt — -J a) two ranges for 0, viz. from 0 to -^a — cos“^ ('i-^)? 
and again, from = 27 r — -I a — cos~^ (| r) to 0 = 'jr, making altogether (a — tt). 
Thus for these values of r the probability is that expressed in (36). 

When r lies between 2 cos (tt -- ^cx) and 2, we recover in like manner (37). 
And as before we may verify the results b^ showing that when the second 
integrations are carried out over the appropriate ranges Jind the integrals 
added, we recover •!•. 

It may be remarked that the latter results may be applied to the complete 
circle by making a = 27 r (Fig. 7). Tlie second range for r then disappears, 
and for the whole range now extending for all values of 0 from r = 0 to r = 2 


.(40) 


we get 

dr 

TT V(4 — ’ 

which needs to be doubled in order to take account of negative values of 0. 

This completes the investigation for an arbitrary a (less than 27r), when 
n = 2. Since even for the complete circle (a = 2'7r) the case n = 3 leads to 
elliptic integrals, there is no encouragement to try an extension to other 
values of a. 


B. VI. 
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PEESIDENTIAL ADDRESS. 

[Proceedings of the Society for Psychical Research, VoL xxx, 

pp. 275—290, 1919.] ’ 


Before entering upon the matters that I had intended to lay IxitUro you, 
it is fitting that I should refer to the loss we have sustained wiiliin the IuhI, 
few days in the death of Sir William Crookes, a formcsr Ih’esidiavt of t fie 
Society during several years from 1896—1899, and a man of woi'l(hwi«le 
scientific reputation. During his long and active life he niad(‘ many diH- 
coveries in Physics and Chemistry of the first importance. In <jnite early 
days his attention was attracted by an unknown and l)rilliantf gi-eiui Hjie 
in the spectrum, which he succeeded in tracing to a new (Element named 
Thallium, after its appearance. Later he was able so to improvt* vacma as to 
open up fresh lines of inquiry with remarkable results in more tihari one 
direction. The radiometer, a little instrument in wliicli liglif., ev('ii ciuidlt*- 
light, or ordinary day-light, causes the rotation of delicately s!is{Mynded vane.H, 
presents problems even yet onlj- partially solved. And Ids discoveries re- 
lating to electric discharge in high vacua lie near tlu^ foimdation of the 
modern theories of electricity as due to minute charged |>arti(‘les called i'lec- 
trons, capable of separation from ordinary chemical atoms, and of moving 
with speeds of the order of the speed of light. One is strmdv imt. oidy by 
the technical skill displayed in experiments more difiicull, at. l.he 1.im(‘ t hey 
were made than the younger generation ol workers can (‘a,sily tin<l(‘rst.*m«i. 
but also by the extraordinary instinct which directed Crook e.s’ choica' «.f side 

jects. In several cases their importance was hardly realized a.t tlic tame, mm 1 
only later became apparent. 


I shall have occasion presently to notice in some little <le(.a,il liin emiv 
Notes on Phenomena called Spiritual.” It was these that ntdracted m v 
own attention to the subject. In 1889 he published furtln*!* “ Not, oh of 
Stances with D. D. Home” in Yol. vi. of our Proceedings. 1 Ihncy thai lie 
was dkappointed with the reception that his views met with, haviim’ b(‘eii 
sanguine enough to expect that he would obtain the same credence wlum lu> 
wrote on psychical matters as when he was dealing with Physics or Climui.stry. 
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In later years I understand he did not often introduce the subject, but when 
questioned was firm that he had nothing to retract. One would give much 
to know whether this attitude is still maintained. 

Any hesitation that I may have felt in undertaking the honourable office 
to which you have called me was largely due to the fact that I have no 
definite conclusions to announce, and that such experiences as I have had 
were long ago, and can hardly now carry weight as evidence to anyone but 
myself. But I have always taken an interest in questions such as those con- 
sidered by the Society, and I may perhaps as well give a short account of 
what I have seen, for it will at any rate help to explain my attitude and serve 
as a foundation for comment. 

I may begin with what is now called hypnotism. This is an old story ; 
but many have forgotten, or never realized, the disbelief which was general 
in the fifties of the last century both on the part of the public and of medical 
men. As to the former, reference may be made to Punch*, and as to the 
latter I suppose there can be no doubt, although of course there were dis- 
tinguished exceptions. At the present day orthodox medical opinion has so 
far shifted its ground as to cbxini for the profession control of what was 
formerly dismissed as impossible and absurd — certainly a less unreasonable 
position. 

It was some ten or ehivcm years from the date of Punch’s cartoon that I 
witnessed in a friend’s rooms at Cambridge an exhibition of the powers of 
Madaiiie Card. 1 think eight or- ten of us were tried, including myself. We 
wei’o made to gaze for a time at a magntdac ” disk ; afterwards she made 
].)asses over our cloH(.‘.d eytjs, and finally defied us to open them. I and some 
otlnu’s expcu’ienced no (lifficvdty ; and naturjilly slie discarded us and developed 
her powers over those — about half the sitters — who had failed or found diffi- 
cidty. Among the lastin’ w<u-e pcu-sonal friimds of my own and two well-known 
ITnive.rsity ixthlctes. Oiui was told tliat lie could not give his name, another 
that lie woidd have to cross the room towards hor when she beckoned, and 
so on. In spittt of olivious (dforts to nxsist her infiuence they had to obey. 
In conversfition afterwards tlmy assured me thal, they could not help it ; and 
indeed they inii.de sucli fools of tliomselves tliat I had no difficulty in believing 
thcvm. From that civtiiiing I liave never felt any doubt as to the possibility 
of infliKmcing unwilling minds by suggestion; and I have often wished that 
on other occasions, where dubiou.s plienomena were in <piestion, some of which 
I shall presently refer- to, conviction one way or the other had followed this 
precc'dent. I ought to add that, ixl though stories were afioat to that effect, I 

^ VoL XXIV. p- 120(1853). -lj(p^inrer ori EleiUro-Iilaloyy. “Now, Sir! You can’t jump over 
that Stick I Aliem Subject, “ Jump? ‘Eh 1 Ugli I Lor blcHs rue. Jump? No, I know I can’t — 
never could jump— ^ I” 

IThundem <}f Applause Jrovi the Gentlemeii in the cane-bottom chairs-- {Le, belleverH). 

41—2 
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never saw the influence of Madame Card conveyed otherwise than by word 
or gesture. 

After this experience I was not disinclined to believe that what was, or 
at any rate had recently been, orthodox opinion might be quite wrong, and 
accordingly became interested in what I heard from friends of the doings of 
Home and other so-called mediums. Some of the stories could, as it seemed, 
he explained away only on the supposition of barefaced lying, or more 
charitably as the result of hallucination, whether self-induced, or due to the 
suggestion and influence of others. The possibility of the latter view cannot 
be left out of account, but I have never seen anything to show that it has 
the remotest application to my own experience or that of the friends with 
whom I have co-operated. 

The interest that I felt vvas greatly stimulated by the appearance of 
Sir W. Crookes’ “ Notes of an Enquiry into the Phenomena called Spiritual 
during the years 1870 — 73*.” I was acquainted with some of the author’s 
scientific work, and knew that he was a skilful experimenter and likely to be 
alive to the precautions required in order to guard against sense illusions. 
Presumably also lie would feel the difficulty of accepting conclusions so much 
out of harmony with ordinary and laboratory experience. If heavy tables in 
a dining-room can leave the floor, how is it that in the laboratory our balances 
can be trusted to deal with a tenth of a milligram ? 

I have lately read over again Sir W. Crookes’ article, and I do not wonder 
at the impression it produced upon me. I am tempted to quote one or two 
passages against which I find my old pencil marks. Under the heading — 
The Appearance of Hands, either Self-luminous or Visible by Ordinary Light, 
he writes, “ I have retained one of these hands in my own, firmly resolved 
mot to let it escape. There was no struggle or effort made to get loose, but 
it gradually seemed to resolve itself into vapour, and faded in that manner 
from my grasp.” I believe that the rationalistic explanation is that the hand 
was an inflated glove, like a rubber balloon, from which the air gradually 
leaked away, but I gave Sir W. Crookes credit for being able to retain the 
rubber. 

Another incident of an entirely different character is thus described. “ A 
lady w'as waiting automatically by means of the planchette. I was trying to 
devise a means of proving that what she wrote was not due to ‘ unconscious 
cerebration.’ The planchette, as it always does, insisted that, although it 
was moved by the hand and arm of the lady, the intelligence was that of an 
invisible being who was playing on her brain as on a musical instrument, 
and thus moving her muscles. I therefore said to this intelligence, ‘ Can 
you see the contents of this room ? ’ ‘ Yes,’ wrote the planchette. ' Can you 

see to read this newspaper ? ’ said I, putting my finger on a copy of the 


* Quarterly Journal of Science, Jan. 1874. 
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Times, whichi was on the tahle behind me, hut without looking at it. ‘ Yes, 
was the reply of the planchette. ' Well,’ I said, ‘if you can see that, write 
the word which is now covered by my finger, and I will believe you. The 
planchette commenced to move. Slowly and with great difficulty, the word 
‘however’ was written. I turned round, and saw the word ‘however was 
covered by the tip of my finger.” 

“I had purposely avoided looking at the newspaper when I tried this 
experiment, and it was impossible for the lady, had she tried, to have seen 
any of the printed words, for she was sitting at one table, and the paper was 
on another table behind, my body intervening.” 


The two mediums whose names are mentioned in the article, and with 
whom most of the observations were made, are Home and Miss Fox, after- 
wards Mrs Jencken. A highly desirable characteristic of Home’s mediumship 
was the unusual opportunity allowed to the sense of sight. Home always 
objected to darkness at his stances. “ Indeed,” says Sir William Crookes, 
“except on two occasions. ..everything that I have witnessed with him has 
taken place in the light.” 

I found (and indeed still liiid) it difficult to accept what one may call the 
“knave and fool theory” of these occurrences; but failing that, it would 
seem to follow that one must admit the possibility of much that contrasts 
strongly with ordinary experience, and I was naturally anxious to obtain 
first iisind information on which I could form an independent judgment.^ 
Home was no longer available, but I was able to obtain the co-operation of 
Mi\s J encken, who^ stayed in my country house as guest during two or three 
visits extending altogether, I suppose, ovcir fourteen days or so. She was 
accom])anied by a nui’se and bul)y, and foi: a small part of the time by 
Mr Jonckon, who seemed curiously slow to understand that we had to regard 
hiin as well as his wife witli sus]jicion, wlien 1 explained that we couhl not 
attaeli im])ortance to seances when botli wens present. It may be well to 
add tliat they received nothing l)eyond tlie usual courtesy and entertainment 

due to guests. 

Tlie results were upon the whole diaa,ppointing, and certainly far short of 
thos(^ descril)ed by Sir W. Crookes. Nevertheless, there was a good deal not 
easy to c'xplain riwjxy. Very little of importn,nce occurred in a good light. 
It is true that at any hour of the day Mrs Jenck<;u was able to get raps upon 
a door by merely placing her Hngers upon it. The listener, hearing them 
for the fii’st time, felt sure there was someone on the other side, but it was 
not so. The closest scrutiny revealed no movement of her fingers, but there 
seemed nothing to exclude the possibility of bone-cracking with the door 
acting as sounding-board. However, on one or two occasions loud thumps 
were heard, sucli as one would hardly like to make with one s knee. With 
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the exception of her fingers Mrs Jencken seemed always to stand quite clear, 
and the light was good. 

On the other hand, during s6ances the light was usually bad — gas turned 
very low. But in some other respects the conditions may be considered good. 
Before commencing, the room was searched and the doors locked. Besides 
Mrs Jencken, the sitters were usually only Lady Bayleigh and myself. Some- 
times a brother or a friend came. We sat close together at a small, but 
rather heavy, pedestal table ; and when anything appeared to be doing we 
held Mrs Jencken’s hands, with a good attempt to control her feet also with 
ours; but it was impracticable to maintain this full control during all the 
long time occupied by the stances. In contrast to some other mediums, 
Mrs Jencken was not observed to fidget or to try to release her limbs. 

As I have said, the results were disappointing ; but I do not mean that 
very little happened or that what did happen was always easy to explain. 
But most of the happenings were trifling, and not such as to preclude the 
idea of trickery. One’s coat-tails would be pulled, paper cutters, etc., would 
fly about, knocks would shake our chairs, and so on. I do not count messages, 
usually of no interest, which were spelt out alphabetically by raps that 
seemed to come from the neighbourhood of the medium’s feet. Perhaps 
what struck us most were lights which on one or two occasions floated about. 
They were real enough, but rather difficult to locate, though I do not think 
they were ever more than six or eight feet away from us. Like some of those 
described by Sir W. Crookes, they might be imitated by phosphorus enclosed 
in cotton wool; hut how Mrs Jencken could manipulate them witli htu’ 
hands and feet held, and it would seem with only her mouth at liberty, is a 
difficulty. 

Another incident hard to explain occurred at the close of a seance a.ft.er 
we had all stood up. The table at which we had been sitting gradually 
tipped over until the circular top nearly touched the floor, and then slowly 
rose again into the normal position. Mrs Jencken, as well as ourselves, vvas 
apparently standing quite clear of it. I have often tried since, to make the 
table perform a similar evolution. Holding the top with both hands, I 
can make some, though a bad, approximation; but it was impossible that 
Mrs Jencken could have worked it thus. Possibly something better' could 
be done with the aid of an apparatus of hooks and wires ; but Mrs Jencken 
was a small woman, without much apparent muscular development, and the 
table for its size is heavy. It must be admitted that the light was poor, but 
our eyes were then young, and we had been for a long time in the semi- 
darkness. 

In common, I suppose, with most witnesses of such things, I repudiate 
altogether the idea of hallucination as an explanation. The incidents were 
almost always unexpected, and our impressions of them agreed. They were 
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either tricks of the nature of conjuring tricks, or else happenings of a kind 
very remote from ordinary experience. 

A discouraging feature was that attempts to improve the conditions 
usually led to nothing. As an example, I may mention that after writing, 
supposed to be spirit writing, had appeared, I arranged pencils and paper 
inside a large glass retort, of which the neck was then hermetically sealed. 
For safety this was placed in a wooden box, and stood under the table during 
several seances. The intention was to give opportunity for evidence that 
would be independent of close watching during the semi-darkness. It is 
perhaps unnecessary to say that though scribbling appeared on the box, there 
was nothing inside the retort. Possibly this was too much to expect. I 
may add that on recently inspecting the retort I find that the opportunity 
has remained neglected for forty-five years. 

During all this time I have been in doubt what interpretation to put 
upon these experiences. In my judgment the incidents were not good 
enough, or under good enough conditions, to establish occult influences ; but 
yet I have always felt difficulty in accepting the only alternative explanation. 
Some circumstances, if of secondary importance, are also worthy of mention. 
Unlike some other mediums that I have known, Mrs Jencken never tried to 
divert one’s attention, nor did she herself seem to be observant or watching 
for opportunities. I have often said that on the unfavourable hypothesis her 
acting was as wonderful as her conjuring. Seldom, or never, during the long 
hours we were together at meals or stances did she make an intelligent 
remark. Her interests seemed to be limited to the spirits and her baby. 

Mr Jcncken is another difficulty. He, an intelligent man, was a spiritua- 
list, and, I have no rejxson to doubt, an honest one, before he married his 
wife. Could slie have continued to deceive him ? It seems almost im- 
possible. bore eye-witness to the baby — at the age of three months I 

think it was — taking a pencil and writing a spirit message, of which we saw 
wliat pui‘|)orted to be a photograph. If, on tlui other hand, he had found 
her out, would ho have permitted her to continue her deceptions? 

Aft(;r tlie, death of Horne and Mrs Jerick(vn, so-called physical manifesta- 
tions of a well attested kind seem rather to have fallen into abeyance, except 
in the case, of Kusapia Ikilladino. Although 1! attended one or two of her 
sojuices at Ciimlu-idge and saw a few curious things, other members of the 
Society have had so much bertter opjroi'tunities that 1 pass them by. There 
is no (loubt that she practiserd deception, bixt that is not the last word. 

One of the difficulties whicli beset our inquiry is the provoking attitude 
of many ^reople who might I'ender assistance. Some see nothing out of the 
way in the most marvellous occsurrences, and accordingly take no pains over 
the details of evidence on which everything depends. ' Others attribute all 
these things to the devil, and refuse to have anything to say to them. I 
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have sometimes pointed out that if during the long hours of stances we could 
keep the devil occupied in so comparatively harmless a manner we deserved 
well of our neighbours. 

A real obstacle to a decision arises from the sporadic character of the 
phenomena, which cannot be reproduced at pleasure and submitted to sys- 
tematic experimental control. The difficulty is not limited to questions 
where occult influences may be involved. This is a point which is often 
misunderstood, and it may he worth while to illustrate it by examples taken 
from the history of science. 

An interesting case is that of meteorites, discussed by Sir L. Fletcher, 
formerly Keeper of Minerals in the British Museum, from whose official 
pamphlet (published in 1896) some extracts may be quoted: — “ 1. Till the 
beginning of the present \i.e. 19th] century, the fall of stones from the sky 
was an event, the actuality of which neither men of science nor the mass of 
the people could be brought to believe in. Yet such falls have been recorded 
from the earliest times, and the records have occasionally been received as 
authentic by a whole nation. In general, however, the witnesses of such an 
event have been treated with the disrespect usually shown to reporters of 
the extraordinary, and have been laughed at for their supposed delusions : 
this is less to be wondered at when we remember that the witnesses of a 
fall have usually been few in number, unaccustomed to exact observation, 
frightened by what they both saw and heard, and have had a common ten- 
dency towards exaggeration and superstition.” 

After mention of some early stones, he continues : 

“ 3. These falls from the sky, when credited at all, have been deemed 
prodigies or miracles, and the stones have been regarded as objects for 
reverence and wonship. It has even been conjectured that the worship of 
STich stones was the earliest form of idolatry — The Diana of the Ephesians, 
'which fell down from Jupiter,’ and the image of Venus at Cyprus appear to 
have been, not statues, but conical or pja-amidal stones.” 

“ 5. Three French Academicians, one of whom was the afterwards re- 
nowned chemist Lavoisier, presented to the Academy in 1772 a report on 
the analysis of a stone said to have been seen to fall at Luc4 on September 13, 
1768. As the identity of lightning with the electric spark had been recemtly 
established by Franklin, they were in advance convinced that 'thunder-stones ’ 
existed only in the imagination ; and never dreaming of the existence of a 
‘ sky-stone ’ which had no relation to a ' thnnder-stone,’ they somewhat easily 
assured both themselves and the Academy that there was nothing unusual 
in the rnineralogical characters of the Luc4 specimen, their verdict being that 
the stone was an ordinary one which had been struck by lightning.’' 

“6. In 1794 the German philosopher Chladni, famed for his researches 
into the laws of sound, brought together numerous accounts of the fall of 
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bodies from the sky, and called the attention of the scientific world to the 
fact that several masses of iron, of which he specially considers two, had in 
all probability come from outer space to this planet.” 

In 1802 Edward Howard read a jiaper before the Royal Society of London 
giving an account of the comparative results of a chemical and mineralogical 
investigation of four stones which had fallen in different places. He found 
from the similarity of their component parts “ very strong evidence in favour 
of the assertion that they had fallen on our globe. They have been found at 
places very remote from each other, and at periods also sufficiently distant. 
The mineralogists who have examined them agree that they have no resem- 
blance to mineral substances properly so called, nor have they been described 
by mineralogical authors.” After this quotation from Howard, Fletcher con- 
tinues : 


“ 13. This paper aroused much interest in the scientific world, and, though 
Chlixdni’s theory that such stones come from outer space was still not ac- 
cepted in. France, it was there deemed more worthy of consideration after 
Poisson (following Laplace) had shown that a body shot from the moon in 
the direction of the earth, with an initial velocity of *7592 feet a second, would 
not fall hack upcjii the moon, but would actually, after a journey of sixty-four 
hours, reach the earth, upon which, neglecting the resistance of the air, it 
would fall with a velocity of about 31,508 feet a second.” 

“ 14. Whilst the minds of the scientific men of France! were in this un- 
settled condition, there came a report that another shower of stones had 
fallen, this time... within easy reach of Paris. To settle the matter finally, 
if possil)le, tlie physicist Biot was directed by the Minister of the Interior to 
inquire into the event on the spot. After a careful exam illation... Biot was 
convinct'd that on Tuesday, April 26, 1803, about 1 p.rn., there was a violent 
explosiofi in the neighbourhood of l’Aig]e...that some moments before... a 
fire hall in quick motion wais seen. ..that on the same day many stones fell 
in tlie neighbourhood of rAigle. .Biot estimated the number of the stones 
at two or throe thousand.... With tlu^ exception of a few little clouds of 
oi-dinary character, the sky was quite clear. The exhaustive report of .Biot, 
;uvd the conclusive nature of his proofs, compelled the whole of the scientific 
world to recognise the ftil l of stones on the earth from, outer space as an un- 
doubted fact,” 

I c;()rnmend this history to the notice of those scientific men who are so 
sure that they understand the cliaracter of Nature’s operations as to feel 
iustified in rtqecting without examination reports of occurrences which, seem 
to conflict with ordinary experience. Every tiro now knows that the stones 
to be seen in most museums had an origin thought impossible by some of 
the leading and most instructed men of about a century ago. 

Other cases of strange occurrences, the nature or reality of which is, I 
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suppose, still in doubt, are “Globe lightning” and “Will of the wisp. The 
evidence for globe lightning is fairly substantial, but in the judgment of 
many scientific men is outweighed by the absence of support in laboratory 
experience. At one time I was more disposed to believe in it than I am 
now, in view of the great extension of electrical experimenting during the 
last thirty years. Kelvin thought it might be explained as an ocular illusion. 
By a lightning flash the retina is powerfully impressed, it may be excen- 
trically, with the formation of a prolonged positive “spectrum” or image 
which, as the eye tries to follow it, appears to sail slowly along. Some 
seconds later, the arrival of the sound of thunder causes a shock, under which 
the luminous globe disappears and is thought to have burst explosively. I 
think this explanation, which would save the good faith and to some extent 
the good sense of the observers, deserves attention. 

Then again the Will of the wisp, for which I take it there used to be 
plenty of evidence. I have been told by the Duke of Argyll — the friend and 
colleague of Gladstone — that in his youth it was common at Inveraray, 
blit had been less seen latterly, owing, he thought, to drainage operations. 
Chemists will not readily believe in the spontaneous inflammation of “ iriarsli 
gas,” but I have heard the suggestion made of phosphoric gases arising from 
the remains of a dead sheep that had got entangled. 

The truth is that we are ill equipped for the investigation of phonomeiia 
which cannot be reproduced at pleasure under good conditions. And a clue 
is often necessary before much progress can be made. Men had every motive 
for trying to understand malaria. Exposure at night on low gi'ound wsis 
known to be bad; and it had even been suggested that mosquito nets starved 
as a protection; but before Pasteur, and indeed for some years after, it .seems 
never to have occurred to any one that the mosquito itself was the vehicle. 
Sir A. Geikie has remarked that until recent times the study of the lowtu* 
forms of life was regarded with something like contempt. Verily, the mi'Crohes 
have had their revenge. 

But when all this has been said we must not forget that the .situation is 
much wor.se w^heii it is complicated by the attempts of our neig-hbours to 
mislead us, as indeed occasionally happens in other matters of scientific 
interest where money is involved. Here also the questions before this Society 
differ from most of those dealt with by scientific men, and may often need u. 
different kind of criticism. 

Such criticism it has been the constant aim of the Society to exercise, as 
must be admitted by all who have studied carefully our publi.she<l matter. 
If my words could reach them, I would appeal to serious inquirers to gi ve 
more attention to the work of this Society, conducted by experienced men 
and women, including several of a sceptical turn of mind, and not to indulge 
in hasty conclusions on the basis of reports in the less responsible newspaper 
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press or on the careless gossip of ill-informed acquaintances. Many of our 
members are quite as much alive to a priori difficulties as any outsider can be. 

( )f l.iii _^<..ais the published work of the Society has dealt rather with 
qut stions of <inoUiei soit, involving telepathy, whether from living or other 
iiltd aiK some of the most experienced and cautious investigators 

iiro of (qniiion that a case has been made out. Certainly some of the cross- 
t oi H spoiuU iices established are very remarkable. Their evaluation, however, 
ii ({iiiies c lose al.tention and sometimes a background of information, classical 
Miul other, not at the disposal of all of us. In this department I often find 
ia\ (sstimate of probabilities differing from that of my friends. I have more 
difficulty than they feel over telepathy between the living, but if I had no 
<l(mbts thi‘j-(i I should feel less difficulty than many do in going further. I 
1 luiik cMuphasis should be laid upon the fact that the majority of scientific 
mon do not believe in telepathy, or even that it is possible. We are very 
Im'gely tin* ci'c-atures of our sense-organs. Only those physicists and physio- 
logists who have studied the subject realize what wonderful instruments 
t lu'se are. dhe eye, the ear, and the nose— even the human nose — are hard 
to beati, and within Idieur proper range are more sensitive than anything we 
can make* in fhc! labora.tory. It is true that with long exposures we can 
photograph ol)j(‘cts in the. heavens that the eye cannot detect ; hut the fairer 
comjMirison Is Ixd.wecm what we can see and what can he photographed in 
iVd'l* second — all that the eye requires. These sense-organs, shared 
with tho liiglier animals, must have taken a long time to build up, and one 
wciuli! supp<»s(* that much development in other directions must have been 
sacrificod or postponed in that interest. Why was not telepathy developed 
unt il there could be no cjuestion about it ? Think of an antelope in danger 
from a lion about to spring upon him, and gloating over the anticipation of 
his dinner, 'riie antelope is largely protected by the acuteness of his senses 
aiul his high speed when alarmed. But would it not have been simpler if 
lie eeiild knew something telepathically of the lion’s intention, even if it were 
no more than vagm? ap[)rohension warning him to be on the move? 


15y tf'lepatliy is 1,o be understood something more than is implied in the 
derivation of tlie word, the exmveying of feeling or information otherwise than 
by tis<' of tile* sc'iises, or at any rate the known senses. Distance comes into 
t he (jueslion mainly bociatiso it may exclude their ordinary operation. Some 
appear t(* think tliat all difficulty is obviated by the supposition of an unknown 
physleal a,geney capable of propagating effects from one brain to .another, 
act ing like tlu; tra,usmitter and receiver in wireless telegraphy or telephony. 
C )n a pliysical thi'ory of this kind one must expect a rapid attenuation with 
distniiee.* not. sugg(>sted by the records. If distance is an important con- 
sideration, one might expect husbands and wives with their heads within 
t.wo or thre<> fec't of one another to share their dreams habitually. But there 
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is a more fundamental o'bjection. Specific information is, and can only Toe, 
conveyed in this manner by means of a code. People seem to forget that all 
speaking and writing depend upon a code, and that even the voluntary or 
involuntary indications of feeling by facial expression or gestures involve 
something of the same nature. It will hardly be argued that telepathy acts 
by means of the usual code of common language, as written or spoken. 

The conclusion that I draw is that no pains should be spared to establish 
the reality of telepathy on such sure ground that it must be generally ad- 
mitted by all serious inquirers. It is quite natural that those who have 
already reached this position should be more interested in the question of 
communications from the dead. To my mind telepathy with the dead would 
present comparatively little difficulty when it is admitted as regards the 
living. If the apparatus of the senses is not used in one case, why should it 
be needed in the other ? 

I do not underrate the difficulties of the investigation. Yery special con- 
ditions must be satisfied if we are to be independent of the good faith of 
the persons primarily concerned. The performance of the Zanzigs may be 
recalled. When there could be no question of confederates, answers respecting 
objects suddenly exhibited were given with suck amazing rapidity that secret 
codes seemed almost excluded. But when a party, in which I was included, 
attempted to get a repetition under stricter conditions, there was an almost 
entire failure. Our requirement was simply that the husband should not 
speak after he had seen the object that was to be described by the wife. 
But I must add the inevitable qualification. Towards the end of the evening 
cards were correctly told several times, when we were unable to detect any- 
thing that could serve as audible signals. 

I have dwelt upon the difficulties besetting the acceptance of telepathy, 
hut I fully recognize that a strong case has been made out for it. I hope 
that more members of the Society will experiment in this direction. It is 
work that can be done at home, at odd times, and without the help of 
mediums, professional or other. Some very interesting cixperiences of this 
kind have been recorded by a former President, Prof. Gilbert Murray. Witlr 
perhaps an excess of caution, he abstained from formulating conclusions that 
must have seemed to most readers to follow from the facts detailed. I trust 
we may hear still more from him. 

It is hardly necessary to emphasize that in evaluating evidence it is 
quality rather than quantity with which we are concerned. No one can 
doubt the existence of apparently trustworthy reports of many occult pheno- 
mena. For this there must he a reason, and our object is to find it. But 
whatever it may be, whether reality of the phenomena, or the stupidity or 
carelessness or worse of the narrators, a larger sweep is sure to add to the 
material. However, we may hope that such additions will occasionally afford 
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clues, or at least suggestions for further inquiry. And if the phenomena, or 
any of them, are really due to supernormal causes, further solid evidence of 
this will emerge. I feel that I ought to apologize for giving utterance to 
what must seem platitudes to the more experienced working members of the 
Society. 

Some of the narratives that I have read suggest the possibility of pro- 
phecy. This is very difficult ground. But we live in times which are 
revolutionary in science as well as in politics. Perhaps some of those who' 
accept extreme “ relativity” views reducing time to merely one of the dimen- 
sions of a four-dimensional manifold, may regard the future as differing from 
the past no more than north differs from south. But here I am nearly out. 
of my depth, and had better stop. 

I fear that my attitude, or want of attitude, will be disappointing to some 
members of the Society who have out-stripped me on the road to conviction,, 
but this I cannot help. Scientific men should not rush to conclusions, but 
keep their minds open for such time as may be necessary. And what was 
at first a policy may become a habit. After forty-five years of hesitation it, 
may require some personal experience of a compelling kind to break the 
crust. Some of those who know me best think that I ought to be more con- 
vinced than I am. Perhaps they are right. 


.However this may be, I have never felt any doubt as to the importance' 
of the work carried on by the Society over many years, and I speak as onC' 
who has examined not a few of the interesting and careful papers that have 
been published in the Proceedings. Several of tlie founders of the Society 
were pcu-sonal friends, and since they have gone the same spirit has guided 
us. Our goal is the truth, whatever it may turn out to be, and our efforts 
to attain it should have the sympathy of all, and I would add especially of" 
scientific men. 
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THE TRAVELLINa CYCLONE. 

[Philosophical Magazine, YoL xxxvrii. pp. 420 — 424, 1919.] 

[Note. — -Tlie concluding paragraphs of this paper "were dictated by my 
father only five days before his death. The proofs therefore were not revised 
by him. The figure was unfortunately lost in the post, and I have redrawn 
it from the indications given in the text. — Eayleigh.] 

One of the most important questions in meteorology is the constitution 
of the travelling cyclone, for cyclones usually travel. Sir N. Shaw* says that 
“a velocity of 20 metres/second [44 miles per hour] for the centre of a cyclonic 
depression is large but not unknown, a velocity of less than 10 rnetres/second 
may be regarded as smaller than the average. A tropical revolving storm 
usually travels at about 4 metres/second.” He treats in detail the com- 
paratively simple case where the motion (relative to the groimd) is that of 
a solid body, whether a simple rotation, or such a rotation, combined with a 
uniform translation; and he draws important conclusions which must find 
approximate application to travelling cyclones in general. One objection to 
regarding this case as typical is that, unless the rotating area is infinite, a 
discontinuity is involved at the distance from the centre where it t(3rininates. 
A more general treatment is desirable, which shall allow us to su}.)p()He a 
gradual falling off of rotation as the distance from the centre increases ; anti 
I propose to tahe up the general problem in two dimensions, starting from 
the usual Eulerian equations as referred to uniformly rotating axesf. Tire 
density (p) is supposed to be constant, and gravity can be disregarded. .In 
the usual notation we have 



Idp Du 



(1) 


1 dp ^ „ Dv 

- -f.= coy — )q)U , 

p dy ^ Dt 

(2) 

where 

DjDt = d/dt + udidx +■ vdjdy 

(3) 


* Manual of Meteorology , Part iy . p. 121, Cambridge, 1919. 
t Lamb’s Hydrodijnamios, § 207, 1916. 
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Here x, y are the coordinates of a point, referred to axes revolving uniformly 
in the plane xy with angular velocity u and v are the components of 
relative velocity of the fluid in the directions of the revolving axes, that is 
the components of wind. We have now to define the motion for which we 
wish to determine the balancing pressures. 

We contemplate a motion (relatively to the ground) of rotation about a 
centre O, Fig. 1, situated on the axis of x, the successive rings JP at distance 



a from G revolving with an angular velocity f, which may be a function of R. 
And upon this is to be superposed a uniform velocity of translation U, parallel 
to X and carrying everything forward. If initially G be at O, the fixed origin, 
its distance from 0 along Ox at time t will be Ut. Thus 

u^ir-^y, v=^(x-Ut), (4) 

^ being a known function of R, where 

+ (a; _ == ( 5 ) 

These equations give u and v in terms of the coordinates find of the time, and 
the values fire to lie introduced into (1) and (2). From the maimer in which 
X and t enter (representing a uniform trfinslation of the eiitii'e system) it is 
evident that djdt = ~ Udldx. We have 

du _ 

dx~~ W ’ dy~' ^ R ’ 

dw_ dv^^'Xy 

dx~^'^ R ’ 

being written for d^jdR ; and 




JJt 


JJt 


R 

u(t 


R 


- 4 - ^ 1 + 

^ A ' 






R 


R 


4 “ V 


^'Xy 

R 


Vy- 


* In the application to a part of tho earth’s atmosphere, « is the earth’s angnlar velocity 
multiplied by the sine of the latitude. 
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Hence 

i ^ + 2<b?X + ?»X, I^=o,v-2o>(cr- r2/)+f=y. ■■■(0) 

p dx * p ay 

and on integration 

^ (ijj® ■+ — ^coUy + RdR (7) 

As might have been expected, the last term in (7) is the same function of R 
' as when U — 0, but R itself is now a function of U and t 

In the case considered by Sir N, Shaw, ^ is constant and may be removed 


from under the integral sign. Thus 

£ = + 2/’) - SaitTy + (<»? + in [y‘‘ + (» - (8) 

p 

If 27 = 0, identifies itself with of 4- y^, and we get 

= + ('0 


A constant as regards x and y, which might he a function of t, may he added 
in (8) and (9). 

We see that if co + 0, that is if the original terrestrial rotation is 
annulled by the superposed rotation, p is constant, the whole thiid mass 
being in fact' at rest. It was for the purpose of this verification that the 
terms in o>^ were retained. We may now omit them as representing a pressure 
independent of the motion under consideration. In the strictly two-dimen- 
sional problem there is a pressure increasing outwards due to “ centrifugal 
force.” In the application to the earth’s atmosphere, this pressure is balance-d 
by a component of gravity connected with the earth’s eliipticity. Thus in 
Shaw’s case we have 

= const. 4- (col; 4- 1 ( 2 / - ^ 2 ) + (16) 

showing that the field of pressure, though still circular, is no longer centred 
at 0 as when 11=0, ov even at C, where £>c= Ut, y =0, hut is displaced side- 
ways to the point where x=JJt, y = (olTKcol^ Shaw calls this the 
dynamic centre ; it is the point which is conspicuous on the weather map as 
the centre of the system of circular isobars. 

As a case where the circular motion diminishes to nothing as we go out- 
wards, let us now suppose that ^ = falling off slowly at first bub 

afterwards with great rapidity. We have 

^RdR=^ZaH'^-e-^^<^% t^RdR=\Z-a} (l_e-2W); 
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^ = const. — ^GyXJy — + 2<»)^ 

P 


■where, as usual, i2- = y^ + {x— Ut)\ 


May VI th. 


( 11 ) 


The completion of this paper was interrupted by illness. 

The two-dimensional solution requires a ceiling, as well as a floor, to take 
the pressure. In the absence of a ceiling we must introduce gravity, and 
since in the supposed motion no part of the fluid is vertically accelerated, the 
third equation of motion gives simply 


Z 

P 


const. — gz. 


Thus (10) is altered merely by the addition of the term —gz. 

I had supposed too that the solution would remain substantially unaltered 
even though p were varijible as a function of p. But these conclusions seem 
to be at variance with those put forward by Dr Jeflreys in the January No. 
of the PhiLotioph.ical Magazine. I am not able to pursue the comparison at 
present. 

June '•Zbth, IDU). 


[The following note wjis contributed by Sir Joseph Larmor, and was 
appended to the paper as originally i)ublished. 

This paper wn,s left incompl(.d.e on Lord Rayleigh’s decease on June 30. 
It may tlierofore l)e. permissible to dir(iel) a,ttmition to its main conclusion 
from another aspeet, l)y way of para, phrase. l\vo (piestions are involved. 
If a vortica,! system t:an p(u-Kist a,t r('.st, in an atmosphere rotating with the 
Earth, can it also persist., sliglitly modificsl, with a translatory velocity IT'( 
And if so, how will tlui distribution of pressure in it be modified? The 
equations of fluid motion rehitive to tlie ground are (1) and (2); in. theun the 
bust terms J)ii,jJ)t and J)vjl)t express the components <,)l relative acceleiatioii, 
and thest^ are clearly the centrifugal accelerations —^~X, - in the relative 
orbits assumed to bo circidar, a.s loun<l a,n.'ilytical]y lower down. On sub- 
stituting these valvuis, the tspnitions give tor Sp an cj.xact diffeicntial ,foim 
which is intc'grated in (7) ; tliereforc^ a modified motion is possible, and the 
first <|ueBtion is answered in tlui aflirmative, in agreement so far with fact*. 
The displacement of tin.; pressure-system due to the progressive motion is 


* The conditionH of Bfability tor flow of liquid with varying vortioity had been considered in a 
wiiries of papers, tor vvhicb rel'crencu may bo made to the section Hydrodynamics of the catalogue 
appended to thi.4 volume. 


K. VI. 


42 
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then examined for two special cases by the formulas (10) and (11), showing 
also general agreement with fact as regards displacement of the centre of the 
vortex. But the value of U is not determined by these considerations, which 
refer to frictionless fluid. When viscosity in the fluid is taken into account, 
the general argument seems to remain applicable ; for the velocity of con- 
vection U, being uniform, will not modify the viscous stresses. But, in any 
case, internal viscosity is negligible in meteorological problems. It is the 
friction against land or ocean, introducing turbulence which spreads upward, 
that disturbs and ultimately destroys the cyclonic system; and the high 
degree of permanence of the type of motion seems to permit that also to be 
left out of account. As remarked in the postscript, the changes of pressure 
arising from convection involve changes of density, which will modify the 
motion, but perhaps slightly. There does not. seem to be definite discordance 
with Dr Jeffreys' detailed discussion.] 
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\_Philoso‘phical Magazine, VoL xxxviii. pp. 738 — 740, 1919.] 


\^Note . — This paper was found in the author’s writing-table drawer after 
his death. It is not dated, but was probably written in 1917. It was no 
doubt withheld in the hope of making additions.] 


I OWE my knowledge of this subject, as well as beautiful specimens, to 
Prof. S. Leduc of Nantes. His work on the Mechanism of Life* gives an 
account of the history of the discovery and a fairly detailed description of the 
■modus operamU. “According to Prof. Quincke of Heidelberg, the first mention 
of the periodic formation of chemical precipitates must be attributed to Runge 
in 18851. Since that time these precipitates have been studied by a number 
of authors, and particularly by R. Liesegang of Dtisseldorf, who in 1907 
published a work on the subject, entitled On Stratification hy Diffusion:* In 
1901 and again in 1907 Leduc exhibited preparations showing concentric 
rings, alternately transparent and opaque, obtained by diffusion of various 
solutions in a layer of gelatine. 


“The following is the best method of demonstrating the phenomenon. 
A glass lantern slide is carefully cleaned and placed absolutely level. IVe 
then take 5 c.c. of 10 per cent, solution of gelatine and add to it one diop 
of a concentrated solution of sodium arsenate. This is poured over the glass 
plate whilst hot, and as soon as it is (piite set, l)ut before it can dry, we allow 
a dro]) of silver nitrate solution contjxining a trace of nitric acid to fall on it 
from a pi|)ette. Tire dro|) slowly spreads in the gelatine, and we thus obtain 
magnificent rings of periodic precipitates of arsenate of silver... .Ihe distance 
betwccm the rings depends on the concentration of the diffusing solution. 
Idle greater the" fall]: of concentration, the less is the interval between the 

rings.” 

* Trauslated h.y W. Deano Butclier, Rebimui Limited, Shaftesbury Avenue, London. 

[i' The year “ 18B5” agreos witli the soTirce of the qtiotation (1. c. p. 67), but it appears that 
tiie correct date is “ 1855.” For in tlio original chronologicalLy arranged historical passage in 
;Prof. Quincke’s paper “ Uber unsichtbare FliissiglceitBSchichten u.a.w.” in Annalm der Physik, 
Viertc Folge, Band 7 (1902), pp. 64a--617, the lirst mention of the subject is attributed to 
F. F. Eungo in IS.5.b; in agreement witb the translation of this passage given at length in 

subsequent pag(?a of The Mechanism of Infe (see p. 118). ^ ^ .... 

t The words “fall of” had been omitted from the quotation as printed in the original 
puh’hcatien in the Philosophical Magazine. With tliis omission, the statement appears still to 
be valid, a,nd to express more simply the fundamental property of the phenomenon. W. 1. b.] 

42—2 
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In considering an explanation, tke first question which presents itself is 
why should the precipitate he intermittent at all ? I suppose the answer is 
to be found in the difficulty of precipitation without a nucleus. At a phice 
where the second material (silver nitrate) has only just penetrated, there may 
be indeed a chemical interchange, but the resultant (silver arsenate) still 
remains in a kind of solution. Only when further concentration has ensued, 
can a precipitate in the usual sense be formed, and a visible line of silver* 
arsenate constituted. But this line will not thicken itself far outwards, since 
the silver arsenate forming a little beyond, as the diffusion progresses, will 
prefer to diffuse back and deposit itself upon the nucleus already in existence. 
In this way the space just outside the nucleus becomes denuded of the weaker 
ingredient (sodium arsenate). This process goes on for a time, hut ultimately 
when the stronger solution has penetrated to a place where a sufficiency of 
the weaker still remains, a condition of things arises where a new precipitation 
becomes possible. But between these lines of precipitation thei'e is a clear 
space. The process then recurs and, as it appears, with much regularity. 
This view harmonizes with the observed diminution of the linear period as 
the concentration increases. 

We may perhaps carry the matter a little further, considering for simplicity 
the case where the original boundary is a straight line, the strong solution 
occupying the whole of the region on one side where x (say) is negjitive. 
Bor each line of precipitation x is constant, and the linear period may bis 
called dx. According to the view taken, the data of the problem involve, 
three concentrations — the two concentrations of the original solutioiiB and 
that of arsenate of silver at which precipitation occurs without a luiclcu.s. 
The three concentrations may he reckoned chemically. There are also thnuj 
corresponding coefficients of diffusion. Let us inquire how the period d.r 
maybe expected to depend on these quantities and on the distance x from 
the boundary at which it occurs. Now dx, being a purely linear qiomtity', 
can. involve the concentrations only as ratios ; otherwise the element of inas.s 
would enter into the result uncompensated. In like manner the diffusibiliti<‘.s 
can be involved only as ratios, or the element of time would enter. And sinco 
these ratios are all pure numbers, dx must he proportional to x. In word.s, 
the linear period at any place is proportional, cmteris paribus, to the distarKu> 
from the original boundary. In this argument the thickness of the film — 
another linear quantity— is omitted, as is probably for the most part legitiimitc. 
In pagination we may suppose the film to be infinitely thin or, if it l)e of 
finite thickness, that the diffusion takes place strictly in one diniemsioii. 

The specimens that I have prepared, though inferior to M. Leduc’.s, show 
the leading features sufficiently well. I have used the arsenate of silvt.vr 
procedure, and the broadenffig of the intervals in passing outwards is very 
evident when the plate is viewed through a Coddington lens. 
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Eooklams Crystals. 


Another remarkable example of fine periodic structure was brought to my 
notice by Mr George Hookham. In this case double refi:action plays an 
important part and a careful study of the crystals requires the use of a 
polarizing microscope. I have had the advantage not only of receiving in- 
teresting specimens and a sample of one of the solutions employed, but also 
of witnessing for myself Mr Hookhara’s procedure. 

The active ingredient is copper sulphate ; but, as it is desired to obtain 
a film which is initially amorphous, other ingredients must be added. In the 
solution given me there is both salycine and sugar. Mr Hookham describes 
it as consisting of a solution saturated (in the cold) with copper sulphate and 
salycine, to which is added 3 per cent, of strong syrup. A few drops are 


placed upon a strip of glass, such as are ordinarily used for microscopic slides, 
and are spread with the finger. The slide is then warmed over a spirit lamp, 
when any excess of liquid may be thrown off. By a further application of 
heat the whole is then dried somewhat rapidly. There is usually immediate 
formation of crystals at the edges, but throughout a space in the interior the 
film should be a,morphous and nearly invisible. At this stage the amorphous 
film shows nothing in the polariscopc, but in a short time after cooling develop- 
ments set in and proceed with rapidity. There is much here to excite admira- 
tion and per|)lexity, as in other similar phenomena of crystallization, but the 
feature in whidi I am specially interested, viz. the form,ation of a structure 
periodic several thousand times in the inch, does not appear to present itself 
unless the pliite is kept warm until crystallization has set in. Mr Hookham 
mentions a tcunperature about 30 ’ F. above that of the room. I have usually 
placed the slides over hot water pipes or on the mantelpiece. 
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OI^ EESOISTANT REFLEXION" OF SOUND FBOH A 

PERFORATED WALL. 

[Philosophical Magazine, Yol. xxxix. pp. 225 — 233, 1920.] 

[Note . — This paper, ■written in 1919, was left by the Author ready for press 
except that the first two pages were missing. The preliminary sentences, 
taken from a separate rough sheet, were perhaps meant to he expanded. 

Prof. Wood* had observed highly coloured effects in the reflexion from a 
granular film of sodium or potassium, which he attributed to resonance from 
the cavities of a serrated structure of rod-like crystals.] 

This investigation was intended to illustrate some points discussed with 
Prof. R. W. Wood. But it does not seem to have much application to the 
transverse vibrations of light. Electric resonators could be got from thin 
conducting rods long ; but it would seem that these must be disposed -with 
their lengths perpendicular to the direction of propagation, not apparently 
leading to any probable structure. 

The case of sound might perhaps be dealt with experimentally with bii'd- 
call and sensitive flame. A sort of wire brush would be used. 

The investigation follows the same lines as in Theory of Sound, 2nd ed. 
§ 351 (1896), where the effect of porosity of walls on the reflecting power fox- 
sound is considered. In the complete absence of dissipative influences, what 
is not transmitted must be reflected, whatever may be the irregularities in 
the structure of the wall. In the paragraph i-eferred to, the dissipation 
regarded is that due to gaseous viscosity and heat conduction, both of which 
causes act with exaggerated power in narrow channels. For the present 
purpose it seems sufficient to employ a simpler law of dissipation. 

Let us conceive an otherwise continuous wall, presenting a flat face at !X~0^ 
to be perfox'ated by a great number of similar narrow channels, uniformly 

[See Phil. Mag. July 1919, pp. 98 — 112, especially p. Ill, wtere a verbal opinion of Lord 
Eayleigh. is quoted that in certain cases the grooves of gratings might possibly act as resonators. 
The explanation of the absorption of sound by porous bodies such as curtains, given in Theory 
of Sound, seGoui edition, §§ 348— 351, dates back to 1883 : see Scientific Papers, Vol. ii. No. 103, 
pp. 220 — 5, “ On porous bodies in relation to Sound.”] 
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distributed, and bounded by surfaces everywhere perpendicular to the face 
of the wall. If the channels be sufficiently numerous relatively to the wave- 
length of vibration, the transition, when sound impinges, from simple plane 
waves on the outside to the waves of simple form in the interior of the 
channels occupies a space which is small relatively to the wave-length, and 
then the connexion between the condition of things outside and inside admits 
of simple expression. 

On the outside, where the dissipation is neglected, the velocity potential 
(4>) of the plane waves, incident and reflected in the plane of xy, at angle 6, 


is subject to 

d‘^<pldt:- = a- {d^^ijdocr -i- d^(j>ldy% (1) 

or if oc where n is real, 

d-(i>/dx~ + =0, (2) 


k being equal to n/a. The solution of (1) appropriate to our purpose is 

^ 4- 

the first term representing the incident wave travelling towards —x, and the 
second the reflected wave. From (3) we obtain for the velocity u parallel to x, 
and the condensation s, when x = 0, 

u = = 0i:{nt+kusine) 0 — B), ( 4 ) 

( ah /* 


as' 


1 d4 

(b dt 


%n 

a 


gi(7iH-fc?/Hin0) (^A + B), 



SO that 


n „ 

— — cos 0 


as 


B-A 
ii -1“ A 


( 6 ) 


For the motion inside a channel we introduce in (1) on the left a term 
hd<f>ldt, h being positive, to represent the dissipation. Thus, if ^ be still 
proportional to we have in place of (2) 

d4lds)~ -I- dr<^ld'ff - 1 - d^cjifdA •+- k''4 = 0 , ( 7 ) 

where k'" is now complex, being given by 

k'" = ~ inhfa? (3) 

If we write h' = h ~ Be.,, where h, k, are real and positive, we have 

A'l" -- Aq- = k\ kjc.^ = I nhfa^ (9) 

At a very short distance from the mouth of the channel d4jdy‘\ dJ^jdz^ 
in (7) may be neglected, and thus 

^ I A/ cos k'x -I- B' sin k'x] 

If the channel be closed at x = — l, 

A' sin k' I + B' cos B I = 0, 


( 10 ) 
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and we-may tlake^ ■ r : 

, 4>~ A'- Qosk' {dc 1) (11) 

From (11) when is very small, 

u= d<^Jdx — -y A" sinh'l -(12) 

as = — a-'^d(pJdt = ~iJcA" oosk'l . e*‘^ (13) 

so that tan 7c'l. (14) 

Now, under the conditions supposed, where the transition from the state 
of thing’s outside to that inside, at a distance from the mouth large compared 
with the diameter of a channel, occupies a space which is small compared 
with the wave-length, we may assume that s is the same in (6) and (14), and 
that 

{cr a-') u in (6) — cru in (14), 

where cr represents the perforated area and a-' the unperforated. Accordingly, 

if we put A = 1, as we may do without loss of generality, the condition to 
determine jB is 

^ ^ <r h' tan h'l 

jB + 1 (o-+cr')cos^ (1^) 

If there be no dissipation in the channels, h = 0, and ¥ = ¥ In this case 

7? = (o' +■ cr') cos 6 cos k l — ia- sin Id 

(<r -H cr') cos (9 cos klA ia- sin Id 

^ = 1, or the reflexion is total, as of course it should be. If in 
(16) <r = 0, B = 1, the wall being unperforated. On the other hand, if cr' = O, 
the partitions between the channels being infinitely thin, 

^ _cos 6 cos Id ~ i sin kl 

cos 6 cos kl -f i sin kl 

In the case of perpendicular incidence 0=0, and 

(18) 

the wall being in effect transferred from = 0 to £c = — 1. 

We have now to consider the form assumed when ¥ is complex. In (15) 

cos A / = cos /f?!? cos + sin sin 'I 

sin k 1 = sin kd cos ik^l — cos ¥1 sinikd- / 

Before proceeding further it may he worth while to deal with the case 
where li and consequently k^, is very small, hut kj so large that vibrations 

in the channels are sensibly extinguished before the stopped end is reached 
in this case 

sin 

so that in (19), tan h'l = -i. Also by (9), fc'/ir =1, and (15) becomes 

^-1 _ ^ 

^ 4-1 (cr -f ct') cos 9’ 


( 20 ) 
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making B = 0 when, for example, cr' = 0, cos 0 = 1. The reflexion may also 
vanish when the obliquity of incidence is such as to compensate for a finite cr'. 

In examining the formula for the general case we shall write for brevity 

cos 6 {<7 + cr')l<T — 8, (^ 1 ) 

and drop I, so that ki, k», k stand respectively for 7qZ, Id. This makes no 
difference, to the first of equations (9), while the second becomes 

/q/oj = \ nhPjar‘ (9 bis) 

„ kS cos /./ — ik' sin k' 

Thus B = , ■ - — , , — (22) 

. k8 cos k 4- 'dc sin k 

Separating real and imaginary parts, we find for the numerator of B in (22) 


cos w 


7 •/ Ft « hin ih, , , 

hi €08 iho “ - " . “ — /u» t?lTl A*i 


■ { j n , 7 'ik, y , , k, tan ik,] ~ 

+ 7. 1 kk tan A’l - - “ — /»:, tan ki H — ^ 

I 't' ] _ 


...(23) 


The denominator of (22) is obtained (with altered sign) by writing — 8 
for .S' in (23). 


In what follows we arc^ concernc'd with the modulus of B. Leaving out 
factors common to tlie nunnirator and denominator, we may take 

Mod“ Numerator = |/iN ” 

+ juN •-7;ijtan7q+ — . ...(24) 

ndie evanescence of // re('[nires tliat of both the H<|nares in (24), or that 
k8 = “ -f k. tan ki = ik cot ik, — k cot k , (25) 


or a, gain with elimination of 8, 

iki (tan t'An + cot v'/n) = kn (tan A;, + cot k), 

whence /•, sin 2A'| + ik, sin 2ik, — 0, (26) 

or in tlic notation of the hyjierbolic sine 

sin 2/r, = k (27) 

If this equation, indejiendent of <t, rr', and cos 0, can bo satisfied, it allows 
us to find k from an assnivuMl k, or conversely, and thence k by moans of (9). 


The next step is i;o calculate 8 liy means of one of e<|uations (25). If 8, so 
found, > cos 0, we may choos<. a'/rr so that B shall vanish ; but if 8 < cos 6, no 
ratio a' jo- will serve to annul the refle.xion. If the incidence be perpendicular, 
8 must exce.ed unity. If S were negative, the reflexion would be finite, what- 
ever may be the angle of incidence and the ratio cr'jcr. 
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It is natural to expect an evanescence of reflexion when the damping is 
small and the tuning such as to give good resonance. In this case we may 
suppose kz and n — to be small, and then (27) gives approximately 



4>h^ \ 


h = - hi) = |(l - (28) 


By (25) kS — kx tanh k^ +- k^ tan 

= kx tanh k^ +• Aig/tan {^k^lTr) 

— 2^ "i" ki .), 

so that |l 4- (29) 

Since S is large and positive, the condition for no reflexion can be satisfied 
hy making the perforated area <t small enough. 

For a more general discussion we may trace the curves {B, A, Fig. 1) 



* So that wavelength is 4 times L 
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representing the two members of (27), regarding kx and as abscissae and 
taking as ordinates 

y — kx sin 2/ri, y' = k^ sinh 27ra (30) 

If hi and hx be both small, 


y = 2^-d (1 - I /^x“), y' = 2ki (1 + Iki), (31) 

so that at the origin both curves touch the line of abscissae and start with the 
same curvature. Subseqiiently y' >y and increases with great rapidity. On 
the other hand, y vanishes whenever hi is a multiple of although the 
successive loops increase in amplitude in virtue of the factor kj . The solutions 
of (27) correspond, of course, to the equality of the ordinates y and y'. It is 
evident that there are no solutions when y is negative. The most important 
occur when k, is small and 2/t\ just short of tt. But to the same small values 
of ka correspond also values of 27ci which fall just short of Stt, Stt, etc., or which 
just exceed 27r, -Itt, etc. More approximately these are 


where rii = 1, 2, 3, etc. 


2kx = rmr 4 - 


‘1 cos mTT . 7^2' 

m.'TT 


(32) 


In order to examine whether these solutions are really available, we must 
calculate S. By (25) 

1 1 fniTT 2 cos WTT . 7r2‘'‘\ , , , /rn.'ir , 2 cos tott . 7<;./\ 

Arb' = /.-o ( 1 - s + — + k. tan ( ^ ) . 

\ 3 / \ 2 wtt / \ 2 mTT / 


If m is odd, we have appr(>xiioatel,y 


and if m is even. 


kB 


mTT 

2 /;., 


(1 + 7%") j 


.(33) 



Since k is ap})roxima,tely A uatt, we see that when m. is odd, B is large, and 
the condition of no reflexion can be sirtisfied, as wlien m = \. On the other 
liand, wlnai ni is ev('n, B is small, and here also the condition of no reflexion 
can be satisfied, at any rate at high angles of incidence. 


It should be remarked that, higli values of m., leading to high values of k, 
corrt'spond with ovt'rt.ones of t lie resonating channels. 

A glance at Fig. I shows that there is no limitation upon the values of the 
positive <piantities ki and And since ki is always greater than k^, k, as 

derived from /.'i a,nd k.,, is always real and positive. 

So far we, have siqqiosed that the values of Arj, corresponding with small 
values of k>, are finite, as when (rH = l, 2, 3, etc. But the figure shows that 
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solutioiis of (27) may exist wlien k^, as well as k^, is small. In this case we 
obtain from (SI) 

kj^ = k^ (1 -f- (3b) 

making fc® = /ci® — k^ ~ (36) 

Hence by (25) 

kS = ki tank k^ -f Jc^ tan k^ = 2 k. 2 ^ (I H- f k^^), (37) 

and = VS - (1 + (38) 


Here again the condition of no reflexion can be satisfied, whatever the 
angle {6} of incidence, by a suitable choice of a ]cr. But the damping is no 
longer small, in spite of the smallness of 7^2, since Tja is not now small in com- 
parison with and k. On the contrary, 7ci and k^ are nearly equal, and B is 
small in comparison with k^, so that this case stands apart. 

Hot only is it always possible to find a series of values of ki satisfying (27) 
with any assumed value of k^y but the values so obtained make S positive. 
For in (25) k^, k^, tank k^ are positive, and so also is tanT^i, since 

tan k-y = sin 2ky /2 cos^ ky , 

and sin 'Zky is positive. 

It is a question of some importance to consider whether when <r, a , and 9, 
determining S, are given, the reflexion can always be annulled by a suitable 
choice of ky and k^y. It appears that the answer is in the affirmative. Let us 
consider the various loops of Fig. 1 which give possible values of k^. The 
ranges for 27?! are from 0 to nr, from 27r to Stt, from 47 r to Stt, and so on. 
As we have seen, the intermediate ranges are excluded. In the first range 
between 0 and tt we found that S may be made as great as we please by a 
sufficiently close approach to nr. At the other end where ky = 0, the value 
of B was \/3, or 1'7321. This is the smallest value which occurs. When 
2ky=^nr, it appears that fc2=’5656, = *5449, and 8= 1-776*. And again, 

when 27;i = ^7r, 7(72= ‘5797, S = 1-964. We conclude that within this range 
some value of ky with its accompanying k^ can be found which shall annul the 
reflexion, provided 8 exceed 1-7321, but not otherwise. 

In each of the other admissible ranges, 8 takes all positive values from 0 to 
oo . At the beginning of a range when 2ky slightly exceeds 27 r, 47 r, etc., 8 starts 
from 0, as appears from (34) ; and at the end of a range, as Snr, 5nr, etc. are 
approached, 8 is very great (33). Within each of these ranges it is possible 
to annul the reflexion by a suitable choice of ky, Jcq, whatever cr, cr', and 0 
may be. 

If the actual value of 8 differs from that calculated, the reflexion is finite, 
and we may ask what it then becomes. If we denote the value of 8, as 
calculated from ky, k^, by 8^, (24) gives 

Mod^ Humerator = (1 tan® 7;i tanhVrs}, 

* [This result (1’776) is a correction of the value (1-947) given in the original. W. F. S.] 
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